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PREFACE 


Tuis text contains sufficient material for the customary 
three semester courses in algebra, and will be found to meet 
adequately the varied college entrance requirements. The 
first part of the text is identical with the corresponding part 
of the authors’ First Year Algebra. Attention is directed to 
the following features of the text: 

By changing the traditional order of topics, some of the 
confusing difficulties of algebra are postponed until the third 
semester. Note the omission from Chapter VIII of certain 
types of factoring and of the generalized forms of even the 
simple types. These topics are gathered together in Chap- 
ter XVI, where they form a desirable review and extension of 
Chapter VIII. Obviously this chapter may be taken immedi- 
ately after Chapter VIII if desired. Note also that Chap- 
ter XIV contains only so much of evolution and radicals as is 
required in the solution of quadratic equations. The subjects 
exponents and radicals are treated toward the end of the 
course. These chapters also may be taken in their traditional 
order, before quadratics, if desired. Note also that Chapter IT 
contains only addition and multiplication of signed numbers, 
leaving subtraction and division until a later time. Note 


finally the Chapter XXVI containing supplementary topics. 


Many teachers will wish to use some of these topics in con- 
nection with earlier chapters. 

In the early part of the text especially, each topic taken up 
is used in the solution of equations. (See §§ 9, 10, 12, 41, 51, 


- 60, 107, ete.) In this manner the study of the topics is made | 


: 


_ purposeful and the equation receives desirable emphasis. 


Problems are introduced at short intervals. Informational, 
geometric, and physics problems are used, as well as other 


i 


valuable types. New types are introduced gradually, are 
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taught with extreme care, appearing first in classified lists and 
thereafter in miscellaneous lists. Experimental verification is 
suggested for some of the facts from geometry and physics 
that are used. (See Exercises 7, 25, 28, 39, 49, 106; §§ 13, 
142, 143, 190, etc.) 

The abstract drill examples are simple rather than complex, 
are graded with extreme care, and are sufficient in quantity to 
meet the needs of the average class. . 

Mechanical processes like “ transposition” and “ clearing of 
fractions” are not introduced until the student is familiar with 
the underlying principles. In this manner thoughtful solu- 
tion of exercises by the student is made habitual. 

Efficiency in arithmetic is maintained and increased by the 
use of fractional and decimal coefficients, by requiring evalua- 
tion of expressions, and by expressing quadratic surds in their 
approximate decimal form. (See in this connection Chapters 
XIV, XV, and XXI.) 

Formule are introduced as one of the most practical uses of 
algebra. (See §§ 17 and 146.) Other applications of algebra 
are found in §§ 44, 84, 148, 150, 190. 

The data for informational problems are, in the main, of per- 
manent rather than temporary interest, and of general rather 
than local interest. 

Graphical representation and graphical methods are intro- 
duced from the secondary school point of view. They are 
viewed as a means of instruction rather than an end. The 
data for statistical graphs contain only two, or at most three, 
significant figures. 
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ALGEBRA 


INTRODUCTION 


Atcrsra is like arithmetic in some respects. Arithmetic 
consists of the study of addition, subtraction, multiplication, 
and division of some kinds of numbers, and of the application 
of this knowledge to some of the common problems of daily 
life and of business. Algebra continues this study of numbers. 
In aiithmetic, numbers are represented by the digits 1, 2, 3, 
etc.; sometimes also, they are represented by letters, as, for 
example, in interest problems, where the principal is repre- 
sented. by P, the rate per cent by R, and the interest by J 
These letters make it possible to abbreviate rules; thus, the 
rule “the interest for one year equals the principal feultipiied 
by the rate per cent,” may be expressed by the letters as 
follows: = 

| IAI D 700° 
In algebra, letters are regularly employed to represent num- 
bers. Some new kinds of numbers and many new mathemati- 
eal ideas are studied, and, as in arithmetic, some of the uses 
_ of this knowledge are illustrated. 
Algebra has a very long history. A little was known about 
_ it centuries before the Christian Era. The oldest mathemati, 
_ eal book which we have, written by an Egyptian named Ahmes, 
_ contains some problems similar to those found in our algebras. 
_ Ahmes lived before 1700 3.c. Knowledge of algebra grew 
"very slowly indeed for many centuries; in fact it was not 
until the sixteenth century that algebra assumed the form 
which it has to-day, and since then many discoveries and im 
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provements in it have been made. Many of the wisest mathe. 
maticians of former days contributed to this growth. Thanks 
to their combined achievements and ingenuity, it is now possi- 
ble for any boy or girl in the first year of high school to get a 
much broader view of the elementary part of the subject than 
many of these men had. 

Scattered through the text, will be found historical notes 
calling attention to some of the epoch-making innovations in 
the development of algebra, together with the name and time 
of the man making the step forward. 


I. LITERAL NUMBER 


1. In arithmetic, numbers are represented by the digits 1, 
2, 3, 4, 5, 6, 7, 8, 9, and 0, and combinations of them. In 
Algebra, numbers are also represented by letters. Numbers 
represented by letters are called Literal Numbers. The follow- 
ing examples illustrate the use of letters as numbers. 


ExamptE 1. Ifa boy saves 5 cents per day, how much does 
he save: 
(a) in 3 days? (6) in 5 days? 
(c) in any number of days? 
This last result may be expressed by saying, ‘tas many cents as are 
obtained by finding the product of the number of days and 6.”° 


In algebra, it may be expressed thus: 


Let n = the number of days. 
Then, 5 x n = the number of cents saved. 
So, ifn is 6, 5 x nis 5 x 6 or 80; 
if nis 8, 5 x nis5 x 8 or 40. 


Exampie 2. How many inches are there: 


(a) in 9 feet ? (0) in any number of feet? 
Let x = the number of feet. 
Then, 12 2 = the number of inches in x feet. 


_ 12” is read ‘‘ twelve x.?? 


LITERAL NUMBER 8 


2. Sign of Multiplication. The symbol, x, is used to in- 
dicate multiplication in algebra as well as in arithmetic; it is 
read “times” or “multiplied by.” A dot, » , placed above 
the line, is also used as a sign of multiplication, and gener- 
ally even the dot is omitted, so that 12x m may be written 
12-m or 12m. @xX06 may be written a-b or abd, and is 
read “a 0b.” 


Historicat Notr.— The symbol, x, was first used by an English- 
man, Oughtred, about 1631. The symbol, - , was introduced by Leibnitz 
in 1698, Multiplication was indicated as early as the thirteenth century, 
in Hindu and Italian books, by simply writing the factors side by side. 
This method was forgotten for a time, and was reintroduced by German 
algebraists during the fifteenth century. 


3. The result obtained by multiplying two or more numbers 
together is called the Product, and the numbers are called 
the Factors of the product. 


EXERCISE 1 


1. What does 10d mean? Sr? 68? 

2. How much is 10d, whendis2? 3? 5? 6? 

8. How muchis7r, whenris4? 6? 12? $? 

Another way of expressing this example is to say: ‘* what is the value 
of 7 r when ris 4?” 
. 4. Find the value of 8a when ais 5; 15; 2.5; 4. 
5. Find the value of 9 W when Wis 8; 12; 4. 


f 6. Ifa equals the number of inches in the , , 
| line AB, what does 3a equal? Illustrate it. 

7. If b represents the number of square feet in a rectangle, 
what does 2b represent? {b? 6b? 

s. If a man earns $3 per day, what will he earn in 6 
days? in 20 days? in n days? 


4 ALGEBRA 


9 Ifa book costs 75¢, what will three of them cost? 2 of 
them? How much is 752, when a is 4? 

10 Ifa train travels at the rate of 25 miles per hour, how 
far will it go in 3 hours? in 5 hours? in # hours? 

11. One cubic foot of water weighs 62.5 pounds. How 
much do 2 cubic feet weigh? How many pounds are 62.5% 
pounds when «is 4? 5? 10? 

12. If a farm consists of 85 acres, valued at A dollars per 
acre, what is the value of the farm? What is it when A 
is 75? 

13. If a man receives y dollars per week, how much will he 
receive ina year? Find the amount if y is 22. 

14. If each of 35 persons contributes s dollars to the expense 
of an excursion, what is the total expense? Find it when s 
is 5; 6. 

15. If n represents a number, what will represent a number 
3 times as large? 5 times ? 24 times? Find the value 
of each of these when n is 2; 6; 10. 


4, The symbols ( ) are called parentheses. In mathematics, 
they mean that the numbers within are to be combined as the 
signs indicate, and that the result is to be treated as a whole. 


Thus, (8 x 5)—(7+ 8) means: multiply 8 by 5; add 7 and 3 3 subtract 
the second result from the first. 


5. An Important Multiplication Law. When several numbers 
are to be multiplied together, the product may be found by 


multiplying the first factor by the second, that result by the 
third, and so on. 


Examprtp 1, 2x3x4xX5=(2x8)x4x5=6x4x5 
=(6x 4) x5=24x5=120, 


Exampre 2. If a square contains 4a square feet, find the 
area.of a square 5 times as large. 


—pa 
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Sotution: 1. The area is 5 x 4a square feet or (5x 4)x a=20xa 
= 20 a sq. ft. 


2. This result is true for any value of a; 


if a=8, 4a=12, 
and 5x4a=5 x 12=60; 
also 20 a= 20 x 3= 60. 


The fact that the result is 60 in both cases shows that the solution is 
probably correct. 
EXERCISE 2 


Find, as in Examples 1 and 2, the results in the following examples, and 
test the results ‘as in 2 for some particular value of the literal number : 


1. 6x 8a. 3. 9X82. 5. 3xim. 7% 8x 

27x10 4 9X17z 6. 5x8k. 8. 12x24. 

9. If one number is represented by 26, what will represent 
a number 3 times as large? one third as large? 

10. If John is 4 times as old as James, and if James is 2y 
years of age, how old is John? Find both ages if y is 3. 

11. If the volume of a sphere is 163 ¢ cubic inches, what is 
the volume of a sphere 3 times as large? 

12. If the interest on a sum of a money is 25r dollars for one 
year, what is the interest for 4 years? 3 years? 6 years? 

13. There are three numbers of which the first is 4 times 
the second, and the third is 3 times the first. Represent the 
second number by s, and find ee others. Find their values 
when the number s is 5. 

14. There are three numbers of which the second is 8 times 


the first, and the third is 4 times the second. Let f represent 
_ the first, and then represent the others. 


15. The value of A’s property is 5 times that of B’s, and the 
value of O’s property is 4 times that of A’s. Represent the 
number of dollars B possesses by 6, and then represent 
the number of dollars owned by A and C. 
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6. An Important Division Law. 


Since 2x38a=6a, then6a+2=38a. 
Similarly, 407+5=82, since 5-8x%=40z¢. 


Rule. — To divide the product of an arithmetical number and a 
literal number by an arithmetical number: 


1. Find the quotient of the arithmetical numbers. 
2. Multiply the quotient of step 1 by the literal number. 


EXERCISE 3 

1. Divide each of the following numbers by 5: 

(a) 25%. (6) 302. (c) 45 rs. (d) Thy. 
2. Divide each of the following numbers by 3: 

(a) 6r. (6) 30¢. (c) 42d. (d) 54e. 
8. Divide each of the numbers in Example 2 by 2. 
4. What part of 36 w is: 

(a) 3w? (6) 4w? (c) 6w? (d) lw? 
5. What part of 44 2 is: 

(a) lla? = (b) 4a? (c) 22a? (d) 12? 
Find the following quotients: 


6. 39 y+3. 9. 49b6+49. 12. 63s +63. 
7. 96 f+12. 10. 120¢+120. 1S Mba 
8. 8la2+9. 11. 457r-+9. 14. 252+ 25. 


Historicat Notr,—The symbol, +, was introduced by John Pell 
who lived during the seventeenth century. 


7. Use of Literal Numbers in Solving Problems, Literal num- 
bers aid in solving certain kinds of problems. 


Exampte. How long will it take a bricklayer to lay 38,500 
bricks if he can lay 3500 in one day ? 


LITERAL NUMBER 4 


ARITHMETICAL SOLUTION 


Since he can lay 3500 bricks in one day, then in the unknown number 
of days he can lay 3500 times that number of bricks. Since this must be 
38,500, according to the statement of the problem, then the number of 
days must be x55 of 38,500 or 11. 


ALGEBRAIC SOLUTION 


Let nm = the unknown number of days. 
Then, 3500 m = the number of bricks laid in these days, 
and 88,500 = the number of bricks to be laid. 

So, 3500 n = 38,500. 


Since one n is 3355 of 3500 n, divide these two equal numbers by 3500. 
Then, mil. 
Test: 11 is correct, for 3500 x 11 = 38,500. 


8. The mathematical statement 3500 n = 38,500 is called 
an Equation. The literal number in the equation is called the 
Unknown Number. 

An Equation expresses the equality of two numbers. 

The numbers on the right of the equality sign form the 
Right Member of the equation, and the ones on the left, the 
Left Member. 

An equation implies a question: “for what value of the un- 
known number is the equality true?” 


For example, in the equation of §7, n can have only one value, — the 
one found, 11; thus, m cannot be 10, for 3500 x 10 is 35,000, and not 


~ 38,500. 


Finding the value of the unknown is called Solving the 
Equation. 
Historicat Norr. — The equation is implied in Ahmes’ book. To in- 


dicate the unknown number, he used a word hau corresponding to our 
word heap. Diophantus, a Greek mathematician of the fourth century, 


used for the unknown the last letter, s, of the word for number; Vieta, 


a French mathematician of the sixteenth century, used the vowels, A, #, 


Z, O, Uand Y; Harriot, an English mathematician of about the same 
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time, also used the vowels but wrote them with small letters ; Descartes, a 
French mathematician of the same period, used the last toners of the 
alphabet, x, y, and 2. 


9. In solving the equation in § 7, two equal numbers were 
divided by the same number. It is clear that if equal numbers 
are divided by equal numbers, the quotients are equal. 

This fact is used in algebra in the following form: 


Rule. — Both members of an equation may be divided by the same 
number without destroying the equality. 
Exampte. Solve the equation: 
36 k = 468. 


Sotvtion: 1. Since & is #,; of 86%, divide both members of the equa- 
tion by 36, 


om k= 48 (Rule § 9) 
3. = 13; 
EXERCISE 4 

Solve the following equations: 

1. Tp =238. 6. 27 y = 351, 

2. 8n=608. 7. 2¢@=164 

3. 99 = 423. 8. 5v = 218. 

4, 0A = 312. 9. 8m = 1864. 

5. 15¢= 240. 10. 10 w = 2345. 


The arithmetical solution of the following examples is easy. Their 
algebraic solution leads to the simplest form of equation. Give the alge- 
braic solution, 


11, What number multiplied by 18 equals 221? 


12. The product of a certain number and 17 canes 403 ; 
find the number. 


18. A farm consisting of 43 acres is offered for sale at tha 
price $3655. What is the average price per acre ? 


14. What number multiplied by 3.7 equals 8.51? 
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15. If the total expense for a picnic for a party of 18 boys 
and girls is $5.94, how much must each one contribute ? 


16. A man is compelled to make a journey of 126 miles in 
his automobile over a poor road in 7 hours; how many miles 
must he average per hour? 


17. The fastest train on the Pennsylvania Railroad between 
St. Louis and New York makes the trip in 24 hours; if the 
distance is 1052.4 miles, what is the average rate per hour? 


10. A second rule used in solving equations is: 


Rule.—Both members of an equation may be multiplied by the 
same number without destroying the equality. 


_ This fact may be illustrated by the scales. Sup- 
pose that the sugar § balances the weight W; if 
the weight is doubled, then the weight of sugar 
must also be doubled in order to keep the balance. 


ExampreE 1. The circumference of one of the large redwood 
trees of California is 70 feet. Find its diameter. (The circum- 
ference of a circle is twenty-two sevenths of its diameter.) 


Sotution: 1. Let d = the number of feet in the diameter. 


2. Then, ea = 70, the number of feet in the circumference, 
8. Multiply both members of the equation by 7. 
1 99 
Then, a. vee ee, (§ 10) 
or 22 d = 490. 
4, Divide both members of the equation by 22. 
Then, d= = = 22.8,, or 22.2+ feet. 


a 


Curcx: Does of 22 = 70? 


} 2 35 
4 22 22- -245- 
. 7 x 227; mz * 34 
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Examere 2. Solve the equation $= 142. 


Sotution: 1. §”% = 142. 
2. Multiply both members of the equation by 8. 


Then, j 3e = 8.142, (Rule, § 10). 
or 5” = 1136. 
8. Divide both members of the equation of step 2 by 5. 
Then, x = 1486 = 227.2. (Rule, § 9) 
Cuxce: Does : MOF = 5 x 28.4= 142.0? Yes, 
EXERCISE 5 

Solve the following equations and problems: 

1. 8a=280. 6. $2=81. 

2. 15 y 4345. 7. $y =188. 

3. 27-¢=1242. 8. $2=96. 

4. T6m=1444., 9, I1¢= 429. 

5. 27.5 % = 277.75. 10. §r=200. 


11. Three tenths of the ‘cost of a certain automobile is 
$210. Find the cost of the automobile. 


~~=12. The selling price of a certain book is $ of its cost. 
Find its cost if it sells for $1.50. 


13, Five eighths of a certain number is 95. Find the 
number. 


14. Thirteen ninths of a certain number is 143. Find the 
number. 


18. Two fifths of the area of Lake Michigan is 9200 square 
miles. Find the area of Lake Michigan. 


16. Three eighths of the cost of the Suez Canal was - 
$37,500,000. Find the cost of the canal. 
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17. Seven twenty-fifths of the distance from New York to 
San Francisco is 910 miles. Find the distance from New 
York to San Francisco. 


18. Many metal articles, like a brass candlestick, are made 
by pouring melted metal intoa mold. The piece taken from 
the mold is called a casting. 

In making a brass casting, 3, of the metal is lost in the 
melting. How much brass must be melted to make a casting 
which will weigh 72 pounds? (Find the second decimal.) 

19. Cottonseed meal is used as a fertilizer on farms. It 
contains about 7% of nitrogen, a necessary plant food. How 
many pounds of cottonseed meal must a farmer purchase who 
wishes to distribute 15 pounds of nitrogen over an acre of 
ground ? 

20. Tobacco stems also are used as a fertilizer. They con- 
tain about 8 % of potash, another necessary plant food. How 
many pounds of tobacco stems must a farmer purchase who 

_ wishes to obtain 12 pounds of potash? 


11. Addition and Subtraction of Numbers having a Common 
_ Factor. 
A number which isa factor of two or more numbers is 
called a Common Factor of these numbers. 
&: _ Thus, 3 is a common factor of 6 and 9. 
3 a is a common factor of 4¢ and 7 a. 
7 5 is a common factor of 3 x 5 and 2 x 5. 
7 A short method of adding numbers which have a common 
_ factor is illustrated in the following examples. 


Hisroricat Notre. —The symbol, +-, was first used in print by a Ger- 
man mathematician, Widmann, in 1489. The origin of the symbol is much 
 fndoubt. Italian writers of this period used the symbol §, the first letter 
of the Latin word plus. One explanation given for the sign, +, is that 
it comes from an inverted ¢, 7. The Latin word, et, means and, and in 
place of it this inverted ¢ was often used. It is easy to see how the 
symbol + may have been derived from the symbol, 3. 
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EXERCISE 6 
1. 3 times 7 plus 2 times 7 is 5 times 7. 
3x7 + ep eat 1 
for 21 + 14 = 35. 


2. (12 x 9)+(8 x 9)=20X9= 
3. (8x 4)4+(7 x 4)=(?)x 4=? 
4. (5xXT+(6x7I4+9xDN)=(?)xT=? 
5. 6 times n + 4 times n = (?) times n? 
6. 62+4u4=(?) x? 9. 127+60+4+3v=? 
Ta+sa=? 10. 2r+3r+57r410r= 
8. lly+8y+5y=? 
11. (5 x 4)—-(2 x 4)=3 x 4=12, for 20 — 8 = 12. 
12. 10x 7)—-4X7)=(?)XT= 
13, (12 x 8)—(5 x 8)=(?) x8=? 


= 


14. 92 —5x=(?) a? 18. 13t—5t+9t-—4t=? 
15. 166—5b=? 19. 12A4+6A—24A15A=? 
16. 200y—10y=? 20. 8r+138r—l11r+5r= 


17. dm+6m—2m= 

21. One number is four times another. Represent the 
smaller by s. Then represent the larger and find their sum. 
' 22. One number is 3 as great as another. Let b equal the 
larger. Represent the smaller and find their sum. 

23. One number is 5 times as large as another. Let s equal 
the smaller. Represent the larger and then find their difference. 

24. The base of a rectangle is three times 
the altitude. Represent the altitude by a; then aaa 
represent the base. Find also the parimelen 

(The perimeter is the sum of the lengths of the sides.) 

25. What is the perimeter of a triangle if one of its sides 


is 2t inches, if the second side is three times as long as the 
first and the third side is 2} times as long as the first? 
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26. How many inches in n feet? in n yards? in n yards + 
m feet + ninches ? 


27. How many cents in x nickels? in a dimes? in « dimes 
+ nickels + xcents ? 

Simplify the following: 
28. 2ct+tic. 30. 5a+2a. 32. 2b4.250. 34. tatiana. 
29. 3ctic. 31. 3c¢4+.2c 33. 4m+.15m. 35. gyt+hy- 


12 Addition of Literal Numbers used in Equations. 


EXAMPLE 1. The sum of two numbers is 91. The greater 
number is 12 times the smaller. Find the numbers. 


Sotution: 1. Let s = the smaller number. 
2. Then, 12 s = the larger number. 
3. Then, s+ 12s= 91, since the sum of the numbers is 91. 
4, Adding, is s= 91: 
" 6. Dividing, we 


_ Cuecx: If the smaller number is 7, the larger must be 84 and their 
gum is 91. 


EXERCISE 7 

Solve and check the following equations: 

1. 3a+4a=42. 7 3¢e+112¢24+122=130. 
2. 4m+5m=108. 8. 15t4+8t—3t=20. 

3. Tb—b= 66. 9. Tr—5r+6r=4, 

4. 32+7x2= 120. 10. 18w~—Tw+9w=65. 
5. lly—2y=81. 11. 222%+13xe—6x7=116. 
6. 62+52=99. 12. 16y—8y+4y=102. 


13. The greater of two numbers is four times the smaller. 
The sum of the numbers is 60. Find the numbers. 
14. If five times a certain number is increased by three 
times the same number, the result is 168. Find the number. 
15. Divide $56 between A and B so that A shall receive 


, 
w 


seven times as much as B. 


led aS 
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16. A,B, and C together have $96. B has twice as much as 
0, and A has as much as B and C together. How much haseach? 


17. A man had $4195. After spending a certain sum, he 
found that he had left four times as much as he had spent. 
How much did he spend? 


18. Thesum of three numbersis120. The second is five times 
the first, and the third is nine times the first. Find the numbers. 


19. The sum of three numbers is 360. ‘The second is four- 
teen times the first, and the third is the sum of the other two. 
Find the numbers. 


.20. Three men are asked to contribute toa fund. The first 
agrees to give twice as much as the second, and the third to 
give twice as much as the first. How much must each con- 
tribute to make a total of $525 ? 

21. The perimeter of the triangle ABC 
is 240 inches. Find the lengths of its 
sides. 


22. The perimeter of a rectangle is 132 a = 


inches. The base is double the altitude. 
Find the dimensions of the rectangle. 
23. The length of the fence about a 


rectangular field is.320 rods. If the long dimension is three 
times the short dimension, find the length of each. 


24. The perimeter of the quadrilateral ABCD is 220 inches, 
The side CD is twice as long as the side 


AB; the side ADis three timesaslong; A 2 

the side BC equals the sum of the sides ATES 
AD and CD, Find the length of each 8 

side. " 


25. The shortest distance by railroad from New York to 
Chicago is 10 times the distance from New York to Philadel- 
_ phia. The sum of the two distances is 990 miles. Find the 
distance from New York to Chicago and to Philadelphia. 
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PROBLEMS ABOUT ANGLES 


13. When two lines meet they form an Angle (2). 2 
The angle ABC is a Right Angle. 


Angles are measured by a wnit called a Degree (°). © 
A right angle contains 90°. | 


Two angles whose sum is a right angle are Comple- 
mentary Angles; each of the angles is called the ¢ 
Complement of the other. The angles AOB ard 
BOC are complementary ; hence a+ b= 90. b 


EXERCISE 8 
1. How many degrees are there in one half of a right 
angle? one third ? 
. What is the complement of 30°? 40°? 70°? a°? a°? 
3. Are angles of 25° and 55° complementary ? Why? 
4, If the angles 32 and 7x are complementary, what is 
' their sum? Form an equation and determine x What are 
the angles? 
; 5. Determine the angles 5a and 4a if they are comple- 
mentary. 
6. What angle is double its complement? (Let ¢ equal 
_ the number of degrees in the complement; form an equation.) 


. What angle is three times its com- 


_ plement ? ¢ 
| 8. What angle is five times its com- 
_ plement ? 
A Straight Angle equals two right 4 ) B 
. angles. 
RO B 


4 What kind of angles are the angles Aoc 4 
and BOC? How many degrees in their sum ? 
_ How many degrees in Z AOB? How many degrees in a straight angle e 
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9. Find each angle in the adjoining figure. 
3x Yor 


10. There are three angles whose sum is 180°. 
The second is double the first, and the third is the sum cf the 
other two. Draw a figure to illustrate this problem. Find 
the angles. 


Two angles whose sum is a straight angle are called Supple- 
mentary Angles; each of them is called the Supplement of the 
other. 


11. What is the supplement of 50°? 90°? 100°? 2°? 2a°? 


12. The angles 5a and 72 are supplementary. How many 
degrees are there in each? 


13. Find the angle which is four times its supplement. 


14. Find the angle which is five times its supplement. 


AL< 4x 
A B I£) 5x) 3x 
if 3x 
D 
Fie. 1 | Fia, 2 Fic. 3 


The sum of all the angles around a point is 4 right angles or 360°. 
Thus a+b+c+d+e= 360. 
15. Find each of the angles in Figure 3. 


16. There are four angles whose sum is the total angle 
around a point. The first angle contains a°; each of the 
others is double the preceding. Draw a figure to illustrate this 
problem. How many degrees are there in each angle ? 


17. There are four angles whose sum is the total angle around 
a point. The second angle is one half of the first; the third 
angle is three halves of the first; and the fourth angle is four 
times the third. Find the angles. 


ll et le ee nal 


so. 
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If the angles of triangle ABC are torn off and placed side 
by side, their sum is found to be 180°. 


Draw a triangle with a ruler, and see if 
you find this to be true. 


From this we conclude that the 
sum of the angles of a triangle is 180°. © A 


B 


18. The second angle of a triangle 
is double the first, and the third 
angle is six times the first. How PREY 


many degrees are there in each? 


19. Find the angles of a triangle when two of the angles are 
equal and the third is equal to the sum of the other two. 


20. Find the angles of a triangle if the first is 4 times the 
second, and the third is7 times the second. 


DEFINITIONS 


14. An Algebraic Expression, or simply an Expression, is a 
number expressed in algebraic symbols; as, 


2, ab, 2a—3zy, *- 
s 


The Numerical Value of an ed ineaioreisitonna by substitut- 
ing particular values for the literal numbers, and performing 
the indicated operations. 

ab indicates that a is to be multiplied by b. 

2 indicates that r is to be divided by s. 

2a” — 3yz indicates that 8 times the product of y and 2 is to be sub- 
tracted from 2 times a. 


45. If thesame number is used as a factor one or more times 
to form a product, the result is called a Power of the number. 


The number itself is called the Base. 
An integer written at the right of and above the base, to 
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indicate the number of times the base is used as a factor, is 
ealled an Exponent. Thus, 


a’, read ‘'@ square’’ or ‘a second power,’ Means @ X a; 

a’, read **a cube” or ‘a third power,’ means @ X @ Xa; 

a‘, read ‘‘a fourth” or ‘‘ a fourth power’? means@ xX @X @ Xa. 
If no exponent is written, the exponent 1 is understood. 


Historicat Notr. — Mathematicians sought suitable symbols for the 
powers of a number fora long time. At first words were used for them. 
Our ‘‘a square” and ‘‘a cube”’ owe their introduction to Greek mathe- 
maticians who called the second power by a word which means the square, 
and the third power by one which means the cube. Herigone, a French 
mathematician of the early part of the seventeenth century, wrote a2, a3, 
a4, etc., and finally Descartes, in 1637, introduced the present symbols. 
The word, power, comes from a Latin word, potentia, which corresponds 
to the Greek word used for the second power. The word, exponent, was 
introduced by Stifel about 1553. 


16. The Fundamental Operations are addition, subtraction, 
woultiplication, and division. Indicated operations are to be 
performed in the following order: first, all multiplications and 
divisions in their order from left to right; then all additions 
and subtractions from left to right. 


Examp.e. Find the numerical value of the expression, 


4ab+52— a, 
when a=4, b=3, c= 5, d=Z. 


Sotution: Substituting, 
4ad+S2— qa 4.4.84 9-8_ me 4.4.84S-5_2.9.9 
=48+10—8=50. 
EXERCISE 9 
Find the numerical value of the following expressions when 
a=2, b=5, c=3, d=4, m=4, n=3. 

1. 3a+5b. 8. 5m+3n. 5. 0? — d?. 
2 4c—2d. 4. 7+ 6. ab + ni, 
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T-2e—Shb. 12. 2a'—3a+1. 

8. 2d, 3¢, 13. m?—mn-+n?. 
ease 430% +3ab? 

Soap cle 4g a RE a te 

10. 564+6m—n2 15. 2Za+4c—3a_ 
re ae ay 

11. th are 16. ct + b¢, 


Write in symbols the following and find their value: 


17. 
18. 


19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 


Awe 


The sum of a and 0; cand d; mand n. 

The difference between a and b; c and d. 
(The difference between a and b is b— a.) 

The product of a and 6; cand d; mand n. 

The quotient of a and b; cand d; manda, 

@ increased by 26; c increased by 3d. 

The square of m increased by the square of n._ 

The cube of 6 decreased by the cube of m. 

10 more than 3a; 5 less than 4b. 

3 more than the quotient of m divided by d. 

4 less than the product of a and «. 

The sum of the squares of a and B. 


FORMULA 
When a rule of computation is expressed by means of 


algebraic symbols, the result is called a Formula. 


Exampre 1. Find the formula for the area of a rectangle, 
So.ution: The area equals the product of the base and altitude. 

Let @ = the number of units in the altitude. 

Let b = the number of units in the base. 

Let A= the number of square units in the area; 


j then, 


A=ab. 
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The following examples show how to use a formula. 


Exampue 2. Find the area of a rectangle whose altitude is 
8 inches and whose base is 15 inches. 


SoLUTIOX : 1. Use the formula A= ab. 
2. Substitute 8 for a, and 16 for b. 

Then, A =8 x 15 or 120. 
Exampte 3. Find the altitude of a rectangle whose base is 

75 feet and whose area is 675 square feet. 
Sotution; 1. Substitute in the formula A = ab. 
A= 675 > b=75. 

2. Then, 675 =a x 76, 


or 675 = 75 a. 
8. Divide both members by 75: 9=a. 


Examp.e 4. Find the base of a rectangle whose altitude 
is 11 inches and whose area is 385 square inches, 


Sotution: 1. Substitute in the formula A = ab. 


2. A= 385; @=11. 
Then, 885 = 11 x bd. 

8. Divide both members by 11: 285 = b, 
or b= 35. 


Rule. — To solve a problem by a formula: 
1. For the known letters in the formula substitute their values. — 
2. Perform all of the indicated operations. 
3. If an equation is formed, solve for the unknown letter, if pos- 
sible. 
EXERCISE 10 

1. The figure XYZW is a Parallelogram (£7). 

Find a formula for determining: its area. 

(a) Let b and @ equal the units in the base and 


the altitude, and A the square units in the area, x Ww 
‘ (b) How does XYZW compare in area with y 
FGHK? ray 


(c) What is F@HK? What is its base? allti- 


5 ‘ 
tude ? area? \ fa 7s] 
-  @) What then is the area of XYZW? S H 
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(e) Make a rule for finding the area of a parallelogram, 
(f) Expressed as a formula, this rule is 
A=a-b 
(g) Find A when a = 12 and b = 20. 
(A) Find A when a= 15 and } = 25, 
(@) Find a when A = 500 and b = 40. 
(j) Find a when A = 600 and } = 25. 
(&) Find 6 when A = 750 and a = 15. 
@® Find 6 when A = 960 and a = 82. 


2. The figure XYZ is a Triangle (A XYZ). 


Find a formula for determining its area. 
(a) Let 0, a, and A represent the units in the 
base, altitude, and area respectively. x 
(b) What is the figure XYZW? what is i ~~ 
base ? altitude ? area a aoa Ss z 
(c) What part of C7 XYZW is A XYZ? 
(d) What then is the area of A XYZ? 
(€) Make a rule for finding the area of a triangle. 
(f) Expressed as a formula, this rule is, 


1 
A ==ab. 
a 


(g) Find A when a= 10 and} =17. 
(h) Find A when a = 20 and } = 30. 
(4) Find b when A = 260 and a = 40. 
(j) Find a when A = 1200 and } = 60. 


3. The figure of the rectangular solid has the dimensions 
indicated. 
‘Find a formula for determining its volume. 
Let V represent the number of units in the volume. 
~The volume equals the product of the three dimen- 
_ sions. 
(a) Express this rule as a formula. 
(b) Find V when a =3, b=5, c= 8. 
(c) Find V whena=6, b=9, C= ie 
-@ Find c when V= 240,a=6, anddb=6 
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4. The figure XYZW is a Pyramid. 
Its volume equals one third of the product 
of its base and altitude. 
(a) Express this rule as a formula, letting V equal : 
the number of units in the volume. Ww 
(b) Find V when a = 18, b = 15. 
(c) Find b when V = 160, a = 24. 
(ad) Find @ when V = 900, b = 80. 
5. The formula for the circumference of a circle is: 
C=27R, 
where C=the number of units in the circum- 
ference, 
where R =the number of units in the radius, 
where 7 =3.1416 (a is read “ pi”). 
(a) Express this rule in words, 
(6) Find, by the formula, C when # is 10 inches. 
(c) Find, by the formula, R when C is 628.32 inches. 
6. The formula for the area of a circle is: 
A= rR’. ' 
(a) Express this rule in words. 
(6) Find, by the formula, A when RB is 10 inches, 
(c) Find, by the formula, A when FR is 5 feet. 


7. The numbers s, v, t, and g are connected by the formula: 
sS=vt+ ; gt; 
find s when v = 50, t= 3, g = 32.16. 
8. From the formula EZ = ye find # when w=75, v=50, 
g=82.16. (Carry the result to one decimal place.) 
9. From the formula V=4 rR’, find V when R is 3. 
10. From the formula S= 4 7R’, find § when R=5. 


II. POSITIVE AND NEGATIVE NUMBERS 


18. The first numbers studied in arithmetic are the integers, 
such as, 1, 4, 15, etc.; the next are the common fractions, such 
as, 4, 3, #, $, etc. and the decimals, such as, 2.03, 4.6, etc. The 
literal numbers in the first chapter represented only these 
same arithmetical numbers. One of the most distinctive 
things about algebra is its use of certain other numbers. 


19. Opposite Quantities. Suppose that the temperature at a 
certain hour of the day was 73°, and that there was a change 
of 5°. To determine the new temperature, it would be neces- 
sary to know whether the change was a rise of 5° or the oppo- 
site, a fall of 5°. 

Suppose that a person was known to weigh 85 pounds, and 
that during a certain time there was a change in his weight of 
5 pounds. To determine his new weight, it is necessary to 
know whether the change was an increase of 5 pounds or thé 
opposite, a decrease of 5 pounds. 

These are two illustrations of opposite quantities. Many 
- eoncrete quantities exist in two such opposite states. 


EXERCISE 11 
Tell the opposite of each of the following: 
1. Sailing 35 miles north. 5. Moving 5 steps forward. 
2. Sailing 25 miles east. 6. Depositing $15 in a bank. 


3. Receiving $30. 7. Rise of 10° in temperature. 
4. Gaining $5. 8. Walking 5 rods tothe right, 
9. Increasing weight by 5 pounds. 

10. Adding 7. 


23 
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11. What is the total result if any one of the changes in 
Examples 1 to 10 is followed by a second change of opposite 
kind and of like amount ? 


12. What is the total result of two transactions, one giving 
a gain of $50, and one a loss of $25? 


What single change will produce the same result as the two 
changes indicated in the following examples ? 


13. If a ship sails first 6° north and then 2° south ? 
14. Ifa ship sails first 8° east and then 10° west? 


15. If a boy, becoming ill, loses 10 pounds, and then gains 
8 pounds ? 


16. If the temperature first rises 12°, and then falls 15°? 


17. If a man first deposits $100 in a bank and then with- 
draws $125 from his account ? 


18. A vessel sails from the equator due north 28°, and then 
due south 57°. What is her latitude at the end of the voyage ? 


20. In Example 10, Exercise 11, the opposite of adding 7 is 
subtracting 7. Addition is always indicated by the sign +, 
and subtraction by the sign —. These same signs are used to 
distinguish between opposite quantities. ~A quantity pre- 
ceded by the + sign is called a Positive Quantity, and one 
_ preceded by the — sign is called a Negative Quantity. Quan- 
tities preceded by the signs plus and minus are called Signed 
Quantities. 

EXERCISE 12 


The following are naturally considered positive quantities 
What are the corresponding negative quantities ? 


1. Sailing east. 5. Rising temperature. 
2. Sailing north. 6. Forward. 
3. Right direction. 7. Upward. 


4. Increasing. 8. Deposits. 


- 


i 
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9. Assets. 10. Profits; 11. Above zero. 12. Time A.D. 


13. At 7 a.m. the temperature is — 13°; at noon 
it is 8° warmer, and at 6 p.m. it is 5° colder than 
at noon. Required the temperature at noon and 
at 6 P.M. 

14, At 7 a.m. the temperature is + 6°; at noon 
it is 14° colder, and at 6 p.m. it is 2° colder than at 
noon. Required the temperature at noon and at 
6 P.M. 

15. At 7 a.m. the temperature is — 7°, and at 
noon + 9°. How many degrees warmer is it at 
noon than at 7 a.m.? 

16. The temperature at 6 a.m. is — 14°; during 
the morning it grows warmer at the rate of 3° per 
hour. Required the temperature at 9 a.m. and at 
10 a.m. 

17. The positive quantities in this set indicate rise in tem- 
perature. What single change will produce the same result? 
(a) +12° and +10°. 

Soztution: 1. A 12° rise followed by a 10° rise gives a total of 22° rise. 

2. This may also be expressed thus: 

(+ 12°) + (4 10°) = + 22°. 


(6) 49° and —5°. @ —4°and —5%.  @ 47° and — 9 


18. In this set the positive quantities refer to gains in finan- 

cial transactions. What is the equivalent single change? 
(a) +$15, + $25, — $30. 

Sotution: 1. A gain of $15 followed by a gain of $25 gives a gain of 
$40 ; followed by a loss of $30 gives a total result of $10 gain. 

2. Expressed in symbols thus: 

(+ $15) + (+ $25) + (— $30) =(+ $40) + (— $30) = + $10. 
(b) + $20, + $30, — $50. (c) — $45, + $50, — $10. 
(d) + $35, — $20, — $25. (e) + $14, — $20, + $19 


: 
a , 
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In the following problems, select and mark the positive and 
negative quantities. Find the total result as in the preceding 
problems and express it as a signed number. 


19. A man’s income during the year is $ 1500, and his ex- 
penses are $1300. Find the result at the end of the year. 


20. A man’s monthly account book shows the items: salary 
$150, rent $40, food $50, insurance $25, interest on savings 
$15. Find the result at the end of the month. 


21. Positive and Negative Numbers. The preceding exercises 
show that positive and negative quantities exist. In dealing 
with thesc quantities, positive and negative numbers are 
necessary. 

Starting with an arithmetical number like 3, a new number 
called Negative 3 is made; 3 is then called Positive3. These 
two numbers are opposites and have the power of destroying 
each other when added, just as do opposite quantities which 
are equal in amount. Positive 3 is written, +3; negative 3 is 
written, —3. The arithmetical number 3 is called the Absolute 
Value of +3 and —3. 


The negative number must always have its sign written before it; the 
positive number is often written without its sign. 


Historicat Norge. — Hindu mathematicians, who knew about positive 
and negative numbers long before European mathematicians, in referring 
to them, used words which correspond to our words for assets and debits. 
They also were acquainted with the illustration of such numbers by means 
of the opposite directions on a straight line. To indicate that a number 
was a negative number, they placed a dot over it. European mathemati- 
cians did not arrive at an equal understanding of positive and negative 
numbers until the sixteenth century. 


EXERCISE 18 


1. Read the following numbers, write each in symbols, and 
tell the absolute value of each: 
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(a) positive nine; (6) negative seven; 

(c) positive four; (d) negative three fourths; 
(e) negative five sixths; 
(f) negative three and three tenths. 


2. Read the following numbers and tell the absolute value 
of each: 


(a) +6; (0) —2; () —5; 
(d) —2; (e) +32; (f) —2.98; 
(g) +3.41; (kh) — 45.087; () —102.34. 


22. Addition of Positive and Negative Numbers. The rules for 
addition of signed numbers are suggested by the following 
problems: 


1. Find the sum of +5 and +3. 
Just as $5 gain plus $3 gain gives $8 gain, similarly 
(+ 5)+(+3)=+8. 


2. Find the sum of —5/and —3. 
Just as $5 loss plus $3 loss gives $8 loss, similarly 
(—5)+(—8)=—8. 


3. Find the sum of +5 and — 3. 
Just as $5 gain plus $3 loss gives $2 gain, similarly 
(+5)+(—8)=+2 

4. Find the sum of —5d and +3. 

Just as $5 loss plus $8 gain gives $2 loss, similarly 
(—5)+(+8)=-2. 
~ Rule.—1. To add two positive numbers, add their absolute values 
_ G 21), and prefix the plus sign to the result. 

2. To add two negative numbers, add their absolute values and 

BD ocetix the minus sign to the result. 

. 3. To add a positive and a negative number, find the difference of 

_ their absolute values, and prefix to the result the sign of the number 
having the greater absolute value. 


} 


98 ALGEBRA 


EXERCISE 14 


1. Find the sum of +10 and —3. 
Soturion : Use Rule 8. Subtract 3 from 10; prefix + sign. 
(+ 10)+(-—3) =+7. 
2. Find the sum of —12 and + 6. 
Soxution : Use Rule 3. Subtract 6 from 12; prefix — sign. 
(— 12)+(4+ 6) =—6. 
3. Find the sum of —9 and — 5. 
Soturion: Use Rule 2. Add 9 and 5; prefix — sign. 
(- 9)+(— 5) =— 14. 
4. To each of the numbers: 
+6, +9, +14, +5, +18, +3, 
_ (a) add —4; (b) add — 12; (c) add—15. 
5. To each of the numbers: 
—5, —15, —2, —10, —16, — 20, 
(a) add +6; (b) add +15; (c) add +12; 
(d) add —5; (e) add —6; (f) add —7. 
6. To each of the numbers: 
— 36, +48, —17, —25, +24, +29, 
(a) add +9; (6) add — 8; (c) add —7%. 
Find the sum: 


7. 8. 9. 10. 11. 
of 124 — 15.2 — 1.35 + 2.10 — 10.3 
— 36 + 91 — 1.63 — 1.43 + 3.3 


12. + 9 Here 9 must be taken from 17. It is necessary to be- 
—17 come expert in subtracting the upper number from the 
— 8 lower. 


13. 14. LS 16. 17. | 18. 
Sebo AE AP fil) ee DRats 2a TO bene neh ye Seen 
4S AD Ad) 109s aT ve eee 
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19. +6 Hint: Ther@ are two ways of doing this example. Either 
—2 add in order from bottom to top, or from top to bottom - 
+4 or, add first all of the positive numbers and all of the nega- 
a tive numbers separately, and then combine the results. 


20. 21. 22. 23. 24. 25. 
+4 —T7 +15 — 5 +16 —10 
~6 —5 —12 —14 —11 +13 
a: 4-9 + 6 +11 —7 —14 
+5 —1 cue + 3 +22 met 
--3 +3 — 9 — 8 — 9 — 3 


aS 


Find the sum: 


26. —3, +4. 28. —3, —4. 30. +21, —13. 
27. —3, —7%- 29. —3, +4. 31. —34, +22. 


32. Demosthenes was born in the year — 385, and died at 
the age of 63. What was the year of his death? 

33. Pythagoras was born in the year — 580, and lived to the 
age of 79 years. What was the year of his death ? 


34. At the beginning of the month the number of pupils in 
a schoolroom is 53; 3 pupils enter during the month and 5 
leave school. How many pupils are there in the room at the 
end of the month? 


35. A principal of a school finds that his six algebra classes 


have the enrollment indicated in line 2. He decides to make 


_ the changes indicated in line 3. 


| 


, 


Classes 1 2 3 4 5 6 
Members 29 15 22 28 18 14 
Changes —8 +6 —1 —T7 +3 +7 


(a) Tell what each of the changes in line 3 means. 
(b) Find the result in the class membership. 
(© How can he check his work from line 3? 
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23. From the examples in Exercise 14 it is clear that adding 
a negative number has the same effect as subtracting the posi- 
tive number of equal absolute value. 


Thus, (+ 12)+(— 5)=12—5=7. 
(—10)+(— 5)=— 10 -—5=— 15. 


24. It is convenient to picture the positive numbers thus: 


.0 +1 +2 +3 +4 +5 

: A 
where +1 is placed at any distance from the point A, +2 
twice as far,etc. In this sense, the positive numbers form a 
scale extending to the right. Any number precedes all larger 
numbers on this scale; thus, 3 precedes 4, 5, 6, etc. 

Since (—3)+(+3)=0, it is natural to think of —3 as 
being 3 less than zero; and, similarly, of — 4 as being 4 less 
than zero. 

It is natural to think of the negative numbers as arranged 
on the left. 


—-5 -4 -3 -2 -1 0 +1 +2 43 +4 +5 
A 


Thus, the positive and negative numbers together form a 
complete scale extending in both directions from zero. 

Starting on the left, any negative number precedes the posi- 
tive numbers and may be thought of as being less than the posi- 
tive numbers. 


MULTIPLICATION OF POSITIVE AND NEGATIVE NUMBERS 


25. The terms Multiplier, Multiplicand, and Product have the 
same meaning in algebra as in arithmetic. 
The rules for multiplication of signed numbers are sug: 


gested by the following problems. In these problems, read 
the sign, x, “multiplied by.” 
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1. Find the product of +4 and +3. 


Since positive numbers are like arithmetical numbers, 
(+4 x (48) =4 12. 
2. Find the product of —4 and +3. 
In arithmetic, to multiply by 3 means to add the multiplicand three 
times. If this is done in this problem, 
(— 4 x (+8) =(-4)+ (-4 + (- =—12. 


8. Find the product of +4 and —3. 


In arithmetic, 4 x 3=8 x 4, since each equals 12. The order of the 
factors may be changed. If it is assumed that the same law holds in 
algebra, 

(+ 4) x (— 8) should equal (— 8) x (+4) or, — 12, by problem 2. 

Then, (+ 4) x (— 8) =— 12. 


_ To multiply a number by a negative number seems to be accom- 
plished by multiplying it by the absolute value of the multiplier 
and changing the sign of the product. 


4. Find the product of —4 and —3. 
The multiplier is a negative number. If the suggestion from problem 


3 is followed, the result in this problem may be obtained by multiplying 
(— 4) by 3 and changing the sign of the product. 


(—4) x 8=—12. Changing the sign of — 12 gives + 12. 


Therefore, (— 4) x (—-3) = 4+ 12. 

Gathering together the results of problems 1, 2, 3, and 4: 

1. (+4) x (43) = +12. 3. (+4) x (-3)=—12, 
2. (—4) x (+3) =—12. 4, (—4) x (—3)=+12. 


Rule. — Te multiply one signed number by another: 
E 1. Find the product of their absolute values. (See all four above.) _ 
_-—s«-2, ‘Make the product positive if the multiplicand and multiplier 
q have like signs. (See 1 and 4 above.) 

3. Make the product negative if the multiplicand and multiplier © 
have unlike signs. (See 2 and 3 above.) 


‘al 
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EXERCISE 15 
1. Multiply the numbers: 
+5, +6, +8, +7, +9, +12, 
(a) by +4; () by —3; (© —8; @ by —9. 
2. Multiply the numbers: 
—6, —10, —8, —7, —15, —12, 
(a) by +4; (6) by—9; © by —6; @ by +%. 
3. Multiply the numbers: 
+11, —9, +14, +12, —25, —15, 
(a) by —6; (0) by +7; (© by —8; @ by —10. 
Find the products of the following factors: 


era i See tats, 123.0, ee 
5. = 7, +12. 9. —9, +12. 13. —1, +4. 
6. +9, — 20. 10. —11,—20. 14 —}3,-} 
7°46, —18. TT. sets Oh Oe 


15. Find the product of —2Z, +3, —4. 
(=2) (43) =—6; (—6)-(-4) = 44 


We00e 1, oo. 20. —6, —3, —4. 
EEE 211, oe 
18. —6, —2, —5. 22. —9, +5, —4 
19. +5, —8, —3. 23. +10, —7, 4-6. 


24, If the number of negative factors is even, what is the 
sign of the product ? 


25. If the number of negative factors is odd, what is the 
sign of the product ? 
26. Powers of Positive and Negative Numbers. 
(+2)? =(+2)(+2)=44. (§ 15) 
(+2)? =(+2)(+2)(4+ 2)=+8. 
(42) = (+2)(4+2)(+2)(4+2) = 416. 
It is clear that every power of a positive number is positive. 
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(— 2)? = (— 2)(— 2) =+ 4. 
(—2)'=(— 2)(—2)(— 2) =—8. 
(—2)'=(—2)(—2)(—2)(—2) = 4.16. 
(— 2) = (— 2)(— 2)(— 2)(— 2)(— 2) = — 82. 
It is clear that every even power of a negative number is: 
positive and every odd power is negative. 


EXERCISE 16 

Find the values of the following powers: 
Lo. (= 8y 5. (—8)* 9. (—8)', 
2. (—3). 6. (—2)*% 10. (—5)% 
3. (+ 4% 7. (—4)* 11. (—6)% 
4, (—1)*° 8. (+1)% 12. (—1)6 

13. Find the value of az?+ be+c 

when a=1, b=2, c=—3, e=—2, 


ax? + be + o=1-(—2)2+ (+2)(—2) + (8) 
= 4 oo Se, 


In the following examples, let a=+1, b=—2,c=+3, and 


_g=—2. Find the values of the expressions: 
14. 3ab. 18. bc +a. 22. ab? + bc’. 
t: 15. ab’, 19. a’b+ab*. 23. BF + 2%, 


16. 5 ba, 20. ba? — ca. 24. a‘ — at. 
47. —11 dew. 21. ax? — ba, 25. a‘b?— ave. 


III. ADDITION AND SUBTRACTION OF ALGEBRAIC 
EXPRESSIONS 


DEFINITIONS 


27. A Monomial or Term is an expression whose parts are 
not separated by the signs + or —. Thus, 
2x2, — 3ab, and + 5 are the terms of the expression 2 2? — 3 ab + 5. 


In an expression, a term whose sign is plus may be called a positive 
term, and one whose sign is minus, a negative term, as the terms 2 #7, and 
— 3ab, respectively, although the algebraic value of the term depends 
upon the values of its literal factors. 


28. If two or more numbers are multiplied together, each of 
them, or the product of any number of them, is called a Factor 
of the product. 

Thus, a, b, c, ab, ac, and bc are factors of the product abc. 


29. Any factor of the product is called the Coefficient of the 
product of the remaining factors. 
Thus, in 2 ab, 2 is the coefficient of ab, 2a of b, a of 2B, etc. 


30. If one factor of a product is expressed in numerals and 
the other factor is expressed in letters, the former is called the 
Numerical Coefficient of the latter. 

Thus, in 2 ab, 2 is the numerical coefficient of ab. 


If no numerical coefficient is expressed, the coefficient 1 is understood ; 
thus, a is the same as 1 a. 


31. By § 25, (—3) xa=—3a; that is, —3a is the product 
of —3 anda. Then —38 is the numerical coefficient of a in 
—3a. 

Thus, in a negative term, the numerical coefficient includes 
the sign. 

34 
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32. Terms which are alike in their literal parts are called 
Like or Similar Terms; as, 2 xy and —7 2’y. 
Terms which are not alike in their literal parts are called 
’ Unlike or Dissimilar Terms; as, 2 2? and 7 ay’. 
Sometimes unlike terms may be like with respect to one 
or more letters. Thus, 2axy and 3 bxy are like with respect 
to ay. 


EXERCISE 17 
Tell all of the factors of the monomial + 6 ay, 
What is the numerical coefficient of the monomial — 6 ay? 
In 2, what is the coefficient of y? of x? of ay? of 6a? 
Select the sets of like terms: | 


(a) +227, —3 xy’. (6) +7m, —6n. 
(c) +5 abc, —6 ab’c. (d) —8ab, +9 ab. 


lat oh a 


33. The result obtained by adding two or more numbers is 
called the Sum. 


ADDITION OF MONOMIALS 


34. Addition of Like Terms. In paragraph 11, it was found 
that 6n+4n=10n. 6n and 4n are like terms since they 
have the common factor n ($11). The coefficients of n are 6 


~ 


_ and 4, and their sum is the coefficient, 10, of the result. 


Rule. — To add two or more like terms: 
1. Multiply their common factor by the sum of its coefficients. 


Exampte 1. Find the sum of 52? and 3 2”. 
_ Soxutron: 1, The common factor in 52? and 32? is x, The coeffi- 
_ cients are 5 and 3; their sum is 8. 
_ 2 Hence, 522+ 32? = 8x7. 
Cnecx: Let s=—2. 52? =5-(—2)?=5-4=20,8087=3 -4= 12, 
and 20 + 12 = 82.. Also, 822 =8-4= 82. 
q Exampre 2. Find the sum of — 5a’°y and + 3 a’y. 
j ‘SozuT10n : — 5 2°y + 32% = [(— 5) +(4 8) ] ay =— 2 wy. 


. 
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Curck: Let x=1 and y=1. Then, —5ay=—5-1-1=—5, 
4+3e%y —+3-1-1=4+8, and (—5)+(+3)=—2. Also, --227y= 
(—2)-1-1=—-2. 


Examprte 3. Find the sum of 16 x 19 and 14 x 19. 


Sotution : 1. The common factor is 19; its coefficients are 16 and. 14 
2. 16 x19 +14 x 19= (16 + 14) x 19 = 380 x 19 = 670. 


EXERCISE 18 
Find the sum in each of the following: 


1. 5Aand —12 A. 8. —17 2? and —152% 

2. 11 p and — 6p. 9. xyz and — 9 xyz. 

3 —Tmand —8m. 10. 8 a*y? and — 29 ay’, 

4. —4n and —9n. 11. —beand +6 be. 

5. +15 Hand —112. 12. 12 x 16 and 8 x 16. 

6. —6ab and + 13.abd. VS 8 2TScd FandsOexel 72 

7 —137*s and + 367°s. 14. 13 5¢ Zeandi 1 5c Zo. 
15. 16. 17. 18. 19. 

+7a +15 ay  +127°s — 2a? + 5m 

+9a — Aay — 3r'’s — 9 ay? —15m 
20. 

—Ta 


+9a Hint, Add first the positive terms, getting + 17 @; then 
+8a_ the negative, getting — 10a; then add these results, getting 
—3qaq +74. Allshould be done mentally. 


+Ta 
21. 22. 23. 24. 25. 
15m —1327 +8ab 16 xyz 21 ab’c 
—2m + 22? —Tab —Amyz — €ab*c 
—5m — 72 —5ab — 6 xyz — 17 ab’c 


+3m + 327 + 3ab + 3 wyz + abc 
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26. Find the sum of 9 a’, — 7 a’, and + 8 a’. 

Sotution: 9a3+(—7a3)+ 8a? =9a3 —7 02+ 803 = 104%. 

Nore. This illustrates another arrangement of an addition example. The 
terms are first connected by the +sign. Then +(—7 a8) is written as —7 a’, 
since adding a negative number is the same as subtracting the positive num 
ber of equal absolute value. (§ 21.) 

Add, as in Example 26, the following: 

27. Tab, —3ab, and +9adb. 29. 12y, —Ty, +9y,and—8y. 
28. 97°, —67°, +37°,and107*. 30. 15z, +92, —112z,and —8z. 
31. Find the sum of 12a, —52, —3y’, —5a, and 8. 
SoLurion: 12a+(—52)4+(—38y2)+(—54a)+(82) 
=12a—52—8y?—5a4+8«u. 
=Ta+3a2—3y. 

In this Example, 12¢ and —5agive7a; —5xand+8~xgive +32; 
there is no term to combine with —3y?. Only the like terms may be 
combined. 

Add, as in Example 31, the following: 

32. 8 ab, —Icd, —6 ab, and +4 cd. 

33. 62%, —102,27°,42, —9y’, and —3 2%. 

34. 127°, —37r, —8s, —57r, +358, —T?’, and 11s. 

35. 10c,—4d, —3k, +9c, —4k, +5d, —6h, and —26 
36. 11m’, —8n’, + 61, —5n’, +3 m’, and —81. 


Simplify the following: 
37. 5a—8a+10a—I12a. 
38. —32°+62%+e?—11 e427 
39. 4r’s—7 rs+5r's —67's. 
40. —8 mn —3 min +2 m'n—9 min, 
‘ 41. 6c+i11d—4d—5c—26. 
42. 20°—-32—42—52°+82. 
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43. 9742 7%—3r—47'%. 47. Fay— py, ry — Fry. 
44. Ja+}fa—jfa. 48. tP+yy—ytiy. 


45. —Lmn+4mn+4mn. 49. 2.5ay—.32y+1.2 ay. 
46. —37°s?+47°s?— 3 7°8’. 50. —3.05a+44a—134, 


DEFINITIONS 


35. A Polynomial is an algebraic expression consisting of 
two or more terms: as, a+ 0, or 2a7—3ay+5y’. 

A Binomial is a polynomial of two terms: as, a+b. 

A Trinomial is a polynomial of three terms. 


ADDITION OF POLYNOMIALS 


36. Addition of polynomials is similar to addition of de- 
nominate numbers in arithmetic. 


Exampte 1. Find the sum of 3 yd. 2 ft. and 6 in. and 
5 yd. 1 ft. and 4 in. 
SoLuTION ; 8 yd. +2 ft.+ 6 in, 
Byd. +1ft. 4+ 4in, 
8 yd. + 3 ft. + 10 in. 
Exampte 2, Find the sum of 2a+36+5c and 4a+6+2¢ 
SoLuTion : 2a+3b+5¢ 
4a+ 6+2¢ 
6a+4647c¢ 
Rule. — To add two polynomials: 
1. Rewrite the polynomials, if necessary, so that like terms are 
in the same vertical column. _ 
2. Add the columns of like terms. 
3. Write the results of step 2 with their proper signs for the sum. 
Examrrn 1, Find the sum of 6a—T7 v,32?—2a+3y’, and 
22?—a—mn. 
SoLurion : 6a—7T22 
—2a+3827+3y? 
ee od ey 
8a—222+3y2— mn 
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Cuecr: Lettinga=2, x=1, y=1, m=2, n=1: 
6a—72?=12—7=5; —2a432743y2=-44348=42; 
—a@+2227—mn=—242-—2=-2; 

and the sum of these values of the polynomials is 5 + 2—2or5. 

The value of the sum of the polynomials, 

8a—222+ 3y4—mnis6—24+3—2or5. 

Since the two values are equal, the solution is probably correct. This 
is called checking by substitution. 

Another method of checking is to add carefully in the opposite direc. 
tion, as in arithmetic. 

ExAmpte 2. Find the sum of 22—y?+3ay?—3a%y, 2a°+ 
3 ay’ + y°, and 2a°y—4 ay, Check for z=1, y= 1. 


Sorvtion: 1. 2?—32%y+3ay2?-y3=1-—843-1= 0 


228 +3ay2+ y= 2 +384+1= 6 
+ 2 x?y'— 4 xy? = 2—4 =—2 
828 — ay +2 xy? +4 


Also, 3 28 — x?y +2a2y2=3—1+4+2=+44. The solution is correct. 


37. In Example 2 of this last paragraph, notice that the 
three polynomials have been rearranged. The term containing 
the highest power of x is placed first; then the term having 
the next lower power of x, and soon. The term — 9’, not con- 
taining any 2, is thought of as containing the lowest power of 
in this expression. The polynomials are arranged in Descend- 

ing Powers of x. 

These polynomials are arranged also in Ascending Powers of 
_y. The exponents of y in the terms increase from left to right. 

In all examples in addition, subtraction, multiplication, and 
- division of polynomials, it is advisable to arrange the polynomi- 
"als, if necessary, according to ascending or descending powers 
_ of one of the letters when writing them preparatory to solving 
the example. When the polynomials are so arranged, there 
i ig less likelihood of making some error in the solution, compari- 
zon and checking of results is facilitated, and the final solution 
_has a more workmanlike and finished appearance. 


1) 


a 


tae 


40 


ALGEBRA 


EXERCISE 19 


Find the sums in the following: 


ile 2. a} 
TA—3B = 62a 5% —16an+14bn 
—9A+2B +127—137n' 6am— 5bn 
+3A— B — 8+ 1475 9am— 5bn 
4, 5. 
—2 ap +4 -6* fs — 678? 
a@+4ad—28 + 67’s —10 
— 2a?— 2ab —117— 5r’s4+ 1573? 
6. ie 
8a —5aey+2ayr—4y —T m$ + 5 mn? 
+ 6 xy +5y — 6 mn—13 mn?+2 n? 
= 52 — 7 ay’ +4mn+ 3 mn? 


Norr. In Examples 5 and 7, blank spaces are left when the first poly- 
nomial is written for powers which are not present in the polynomial. 


Sa—46+ Geand da+76=—3e. 


.4k-T4+3m,5k4+2—4m, and 3k —2, 


2a+8b—5c¢c,—3b—8c+7d,and+6c—4a42d4 


. 12r+6s—9t, 8r—9s+11¢, and15r+7s—6t. 


e+ Qay + y*, 2 —2ay +y?, and —2a7— 27+ 10 ay, 


- 4m?—4mn + n*, m?+4mn +4 nr’, and — 5 m?+ 5 n* 
. & + 307) +3 ab?-+08 and a? — 3 ab + 3 ab? — BS 


3x'+9ay—4y’, —2 vy — 5 a*—10 y, andT y’—6 wy+8a%. 


. 1b¢0—64 404160? and —2—1384a4 8a?—8 ad 
17. 
18. 


aw + ayP + ay? + ody tayo and a —arty+-ayt+ ary? uit 
12 0° — 4a + 3, —8e2+6+4152%+ 207 and silt si 


 —8e—112. 
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19. 94° + 3AB°— B, — 2 4°B+5 AB? +7 BY, and —64 
+13 A’B. 

20. $a4+36—teandta—ib tte 
21. 3m—8n+r, —Em+3,n—17, and 2m+j;n—ir. 
22. 3a—16 —Scand —%a—1b+$e. 
23. 2.3A— 6.02 B+4+3.5 Cand —16A—438B—2¢C. 
24. 2.250? —3.5 ay +4y and — 152° + 2.75 ay —3.2 y%, 
25. 3m—13n+4 and 5m4+2n —1.6. 
26. 2a?—5ab—b*,7a°+ 3ab—90?, and —4a?—6ab+8b% 


27. 4e— 32? —11+4 52%, 12 x —7 — 823 — 152, and 14 
+624102 — 92% 


28. 2° — 3 ay’?—2 a*y, 3 o*'y —5y— 4 ay’, 5 ay? — 6 —T 2, 
and 83° + 7 a — 9 a’y. 


29. 15 a3—2—9a?- 3a,13a—5a?—6—Ta’, 8+4a—8a°—7Ta’, 
and 16 a? + 3a°— 10a — 2. 


30. 12a? — 2° +4 a2?— 5 a’, 18 2 — 2 a’x — 3 a? — 13 aa, 
15 aa + 11 2? — 17 a? + 3 az’, and 6 az’? —8 aa —7 2? + 9%. 


SUBTRACTION 


38. Subtraction is the process of finding what number must 


_ be added to one given number to produce another given 
number. — 


Thus, subtracting 3 from 8 determines the number which must be 


- added to 8 to give 8; and subtracting @ from } determines the number © 


9 
zz 


which must be added to a to give b. 


‘The number subtracted is called the Subtrahend. 

The number from which the subtrahend is subtracted is 
called the Minuend. 

The result is called the Remainder or Difference. 


42 ALGEBRA 


EXERCISE 20 
What must be added to the first number to give the second ? 
1. 4,12. 4. 3a, 5a. TASC) G 
pie Ww Gi By 5. 4m, 7m. 8. 25 b, 306. 
+ an OF Eo 6. 8m, 15m. 9. 162, 222. 
How much must the temperature rise to change: 
10. + 2° into +10°? 14. —3° into +2°? 
oHE || 12. +3° into +12°? 15 —6° into +4°? 
ale || 12. —8° into —3°? 16. —5° into +7°? 
ie : 18. —6° into —2°? 17..-— 2" intol-- 92? 
o Find the number to be added: 
weld || 1s. (+3)4+?=+8 22. (—4) 4? = +6. 
ALE 19. (—3)+?=0. 23. (—5) +?=+438. 
ali | 20. (—3)+2?=42. 2ar(=8) ee 22. 
al | 21. (—3) +? =44. 25. (—6)+?=+4+6. 
How much must the temperature fall to change: 
26. + 2° into 0°? 30. +8° into —3°? 
27. + 2° into —3°? 31. — 2° into — 8°? 
28. +4° into —6°? 32. +10° into —3°? 
29. +3° into — 5°? 33. 0° into —8°? 
Find the number to be added: . 
34. (+3) 4+?=0. 40. (+7)+?=—2. 
35. (+3)+?=—2. 41. (—5)+?=—7. 
36. (+4) +?=--T7. 42. (—4)+?=-—8. 
37. (+5) +?=—6. 43, (—1)+?=-9, 
38. (+2)4+?=—5. 44. (—2)+?=~—10. 


39. (+1)+?=—-7. a5. (—3)+? = —12, 
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39. Subtraction of Positive and Negative Numbers. 


(A) (4) 

The rule for subtraction of signed numbers | gygyxs as Brae 
is suggested by the following problems: Given; | Cuaneup; 

Suprract App 


1. Subtract +2 from + 6. +6 +6 
This means: (+2) +?=+6, Result,+4.| +2 2 
Hence, (+ 6) — (4.2)=4+4. +4 +4 


. Subtract —2 from +6. +6 +6 
This means: (—2)+?=+46. Result, +8 | —2 +2 
Hence, (+6) — (— 2) =+ 8. +8 +8 


. Subtract + 2 from —6. —6 —6 
This means: (+ 2)+?=—6. Result,—8.| +2 =2 
Hence, (—6) —(+ 2) =- 8. —8 —8 


. Subtract —2 from —6. —6 —6 
This means: (—2) +?=—6, Result, —4. = +2 
Hence, (— 6) — (— 2) =--4. —4 —4 


In the column A on the right, the problem is arranged as 
usual for a subtraction problem, with the result as it was 

' obtained in the solution on the left; in the column B on the 
_ right, the sign of the subtrahend has been changed from + to —, 
_ or from — to +. Notice that the correct result is then ob- 


_ tained by adding. Hence, 
) 
q 


Rule. — To subtract one number from another, change the sign of 


/ the subtrahend and add it to the minuend. 


Historica Note.—The symbol, —, like the symbol, +, first 
appeared in print in a mathematical book by Widmann in 1489. "The 
Italian and French mathematicians of the same period used the symbol, - 

fh, derived from the first letter of the Latin word minus. 
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EXERCISE 21 

1. Subtract —6 from —15. 

SoLution: — 15 Imagine the sign of the subtrahend changed to 
— 6 + and then add by the rule in § 22. Do not 
— 9 change the sign on the paper. 

2. Find the remainders: 

+13 +9 +8 -11 -14 -16 — 8 —12 

AES ah ia ck rg OE gic 

9. —29 —34. 4+26 =—45 +387 =—19 —3b +57 

at eee G os b+ DB oe 6 


4. From each of the minuends of Example 3, subtract —11. 
5. From each of the minuends of Example 3, subtract +12. 
6. From each of the minuends of Example 3, subtract —14. 
7 The minimum temperature on a certain day in Chicago 


was —14 and the maximum was —3. What was the range 


of temperature ? 


8. The Roman nation lived under a republican form of 
government from the year —509 to the year —31; for how 
many years did the republic last? 


9. Was subtraction always possible in arithmetic ? 


10. Is subtraction always possible in algebra? Why? 


11. Find the remainders: 


+15a —12% — Tm 
— 6a 4+18a@ +15m 
(12. —167’s 4.33 ay? 
— 19 r’s —15 ay? 
Subtract : 


13. — «xy from + xy. 
14. —15a° from — 46 a’, 


+14? +27rt —32 xyz 


— 43 n? 
—17n? 


—45 xy 
+13 ay 


15. 21 abe from — 39 abe. 
16. —45 act from +19 ax 
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17. 
18. 
19. 
20. 
21. 
22. 


Subtract — 31 a% from —8 a%. 
Subtract 19 rs from — 67s. 
Take 8a from —12a. 

From —3 m? take 4 m*. 

Take 19a from — 23 a. 


Take —16 n’x from — 27 nz. 


SUBTRACTION OF POLYNOMIALS 


40. Rule. — To subtract one polynomial from another: 
1. Rewrite the minuend, if necessary, in descending powers of 


some one letter. 


2. Write below it the subtrahend, Paihia like terms in the same 


vertical column. 


3. Imagine the signs of the terms of the subtrahend changed, and 
add the resulting terms to those of the minuend. 


Exampre. Subtract 7 ab?—9a07b+86* from —207b+4 ab} 


+5 a’. 
Soturron: 1. Arrange according to descending powers of a. 
Minuend : 5 a? — 2. a2b + 4ab? 
Subtrahend: —9a2b +7ab?+863 Change signs mentally; add. 


Remainder: 5a?+7 ab —3ab?— 863 
Cuecx: The sum of the subtrahend and remainder is the minuend, 


EXERCISE 22 


Subtract; check each in some way: 


' i. 
(12a?—9a— 7 
; 8@—6a+13 
ys 
5a—S8a+2y 


ead 


—8a+Ta—3y 


3. 5. 
17m—12n4+6p , 2ab+ 5be—8ac 
20m—16n—5p —ab+11be—4ac 


PG 6. 
3a+7b—c ?+13%—11 
2a+4b—c. —3a°+ 6a— 5 
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7. 9. 11. 


10 7 +6rs a’ +-3.a°b +2 e—2ay +7? 

3872 —2rs+8rs @&—3eb+ab?— BF § #+4+2ay+77 
8. 10. 12. 

5ak— 6a ae? +yY #+ary+ay+y 

x +227 —5 g—atytayt+y w—xy+ay’—y 


13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 


27. 


From 5a—36-+4c subtract 5a+36—A4e. 

From —2m?—4mn+9n? subtract 8 m*—7 mn +14n? 
From ab+bc-+ ac subtract ab — bc + ac. 

From 4 2°—9 a?—11 24418 subtract 3 2°—8 2?—17 «+ 25. 
From —3y+8a—42 subtract —z+4+11l¢—6y. 

From 8A +2 B—T7 C subtract 8 A—2B+47C. 
Subtract 2a? — 7 —4”—62? from 52?—124-92'—2 2. 
From a? — 2 ay + y? subtract 2? — 2 ay—y% 

Take 7b—9c—2d from 6a—56b+12¢. 

Take 12a +4a—9 from 3 a*+ 8 a?— 6, 

Subtract 1 + a3—a—a? from 3a—3a?+1 — a3, 

From 102? —21a2—11 a take —15 2? — 2024-12. 

From 17 a? —12ab?+ 56° take 8 a — 3 ab +13 B8, 

Take 6c—5d—9b—4a from —10b—2c4+3a—9d. 
Subtract 4—3a2—a74+82°+102' from 9—72+622 


—12a°+ 5a 


28. 


From 7 a— se Ath 8+6a° subtract 16 a?—9+2a5+154 


—10a* 


29. From a°+3 aty—aiy?+ 5 aye — bee subtract 8 aty — ba 
— 6 a7y8 +11 ay! — y', 


30. 


Subtract 
Tn?—5—20n?+18n from —9—14n?+16n+5n3 
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$1. Subtract 
* 8+ 3 a°y —3ay?+ y° from a3 — 2 afy — 2 ay? + 9’, 

32. Subtract —22?—13+4 4123 from 7+152'—18. 

33. Subtract 4m—in+2p from gm+int+ cp. 

34. Subtract 3a—+,6+-3,¢ from 2a—1b—2e. 

35. Subtract —Zv+iw—#afrom ~v+2w— Ao. 

36. By how much does 816?+4a?—36ab exceed —30ab 
+9a?+ 256°? 

37. By how much does —5c+12a—8b6 exceed Ta—9c—b? 

38. By how much does 0 exceed —3a+2b—c? 

$9. By how much does 1 exceed —5a—46b+6? 

40. From a?—2ab+ 0? subtract the sum of —a?+2ab—0? 
and —2a?+20%, 


Hint : The last two expressions are both to be subtracted; they are there- 
fore subtrahends and should have their signs changed. Write down the min- 
uend, and, below it, the two subtrahends with their signs changed ; then add, 
thus doing the whole example at one operation. 


41. From the sum of 3a?—2ab+0? and 5a?—8ab+60? 
take 6a?—4ab—3 087, 

42. From 92?— 82+ take the sum of 5—2?+4 and 62° 
—Tx—A, 

43..From the sum of «t+y—7z and +4x2—9y take the 


_ sum of 9a—2y+zand —5a%+6y—Tz. 


44, From the sum of 2a+30—4d and 2b—4c+3d take 
the sum of 4a—4b—3c+2dand 3a+2e. 


45. Subtract .5a”+ .25y—1.2z2 from 3%—1.75y+.8z. 


41. Addition and Subtraction used in Equations. There are 
two more important rules used in solving equations. They 
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Suppose that the sugar § exactly balances the weight W on the scales 
in the figure. If a 3-lb, weight be added to the right scalepan, apd 3 Ib. 
of sugar to the left scalepan, then the scales will 
still balance. 

Similarly, if any number of pounds of weight be 
removed from the right scalepan and an equal 
weight of sugar from the left scalepan, then the scales will still balance. 


These facts illustrate the rules: 


Rule.—1. The same number may be added to both members of 
an equation without destroying the equality. 


2. The same number may be subtracted from both members of. 


an equation without destroying the equality. 


Examete 1. Solve the equation *—3=7. 


Soxution: 1. «— 8 is 8 less than x; if 3 is added to x — 8, the sum is 
therefore x Add 8 to both members of the equation in order to keep 
them equal. 

2. Adding 3 to both members, x —3+3=7+43, 

3. or e=710, 

Cueck: Does10—3=7? Yes. 


Examere 2. Solve the equation 18¢a—5=3a+4565. . 


Soxtution: 1. 18%¢—5=32%+4 55. 
2. Adding 5 to both members of the equation, 
18%=38% + 60. 
8. Subtracting 3 x from both members of the equation, 
15 a = 60. 
4, Dividing both members of the equation by 15, 
C4. 


Curox: Substitute 4 in equation 1; does 18x4—5=3x4+455? 
does 72—5=12+4 655? Yes. 


42. In order to abbreviate the explanation of the solutions 
of equations, symbols A, S, M, and D will be used. 


Thus: A, will mean “add 3 to both members of the equation.” 


S,, will mean “subtract 2 from both members of the 
equation.” 
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M_; will mean “multiply both members of the equation 
by — 3.” 

D, will mean “divide both members of the equation by 7.” 

These symbols will be used in the text from now on. 

Pupils will find them helpful when solving equations. 


EXERCISE 28 

Tell what the following symbols mean: 

Fact 3. M,,. S Dey T. Ag. 9. S.,. 

2. 8. Mage Sere 6. M_}. Sepe i0@us, 
11. Solve the equation 24—11m=6—8m. 
Soxtution: 1. 24—11m=6—8m. 
Vis Tele 24—3m=6. (Rule 1, § 41) 
3. Sea : —3m=— 18. (Rule 2, § 4i) 
4. Mi: +3m=+ 18. (Rule, § 10) 


5. Dg: m= 6. (Rule, § 9) 

CurEck: Substitute 6 in the given equation. : 

Does 24—11x6=6—8x6? does 24—66=6—48? does —42 
=—42? Yes. 

Nore 1. Instep 2, ‘‘ Agm’’ means “‘add 8m to both members of the pre- 
vious equation’’ ; the result will be equation 2. In step 4, ‘“ M-1” means 
“multiply both members of the previous equation by —1’’; the result will 
be equation 4. . 

Norse 2. Whenever the coefficient of the unknown is negative, as in step 
8, multiply both members by — 1 so as to make it positive. 


Solve the following equations and test the result: 


12. #+3=12. 19. 3k=8-+4&. 
13. y+7=15. 20. 6a4=x2+45. 
14. m—2=9. 21. Ty=3y4+12. 
*15. 2m+5=11, 22. 6z2=63—32z. 
16. 3a+7=19. 23. 107 =80—6” 
17. 5c —2=23. 24. 2s=99—9s. 


18. 44—7=21. ; 25. 3a=120—7 a. 
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26. 
27. 
28. 
29. 
30. 
31. 
32. 
33. 
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15 2=45—152 34. 
4r+5=6+4+37r. 35. 
3a49=37 —&@. 36. 
5t—8= 284 2¢. 37. 
6w—11=88 —3w. 38. 
15k—138=9k +17. 39. 
46+15=35—6. 40. 
3sc—6=c+4+14. 41. 


—2e+5=—15. 
—5y4+9=—21. 
—112+10=4-—82 
16r—1=4r+5. 
17¢—T=1-—Tt. 
1im+6=—9m-+18. 
13p—9=—2p+36. 
197177 ods. 


In order to solve problems, it is necessary to translate 


the statements which give the conditions of the problem into 
algebraic symbols. 


EXAMPLE. 


One number exceeds another number by 18. 


The product of the smaller number and 3 equals the larger 
number. Find the numbers. 


Soxtution: 1. Let s = the smaller number, 

2. Then s+ 18 = the larger number, 

3. and 38s =the product of the smaller and 3. 

4, .*. 38 =s-+ 18, since the product must equal the 
larger number, 

5. Ss: 2s=18. 

6. De $ s= 9: 

Cureck: The smaller is 9; the larger 27; and3’ x 9= =a 


Notz. The symbol, . 


*., means ‘‘ therefore.’’ 


Rule. — To solve a problem by means of an equation : 
1. Represent one of the unknown numbers by some letter. 
2. Represent the other unknown numbers by means of this same 


letter, using relations given in the problem. 


3. From the conditions of the problem form an equation between 
the numbers; solve the equation. 


4. Check the result by comparison with the statements of the . 
problem. 
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EXERCISE 24 


1, What number increased by 11 equals 19? 


2. There are two numbers of which the larger is 5 times 
the smaller. The difference between the numbers is 24. Find 
the numbers. 


3. One number exceeds another by 54. The larger number 
is 7 times the smaller. Find the numbers. 


4. Five times a certain number exceeds 8 by 37.. Find the 
number. 


5. If12 times a certain number is diminished by 3, the result 
is the same as if 4 times the number is increased by 5. Find 
the number. 


6. 15 exceeds twice a certain number by the same amount 
that 3 times the number exceeds 10. Find the number. 


7. The age of John is double that of his brother James. 
What are their ages if equal results are obtained by subtracting 
5 years from John’s age, and adding 10 to James’ age. 

8. The age of A is twice that of B, and the age of C equals 
the sum of the ages of A and B. The sum of the ages of A 
and C exceeds the age of B by 40 years. Find their ages. 

9. One angle is four times as large as a second angle; if 
their sum is increased by 5°, the result is one straight angle. 
(See §13.) Find the angles. 

10. A farmer wishes to inclose a rectangular field for a past- 
ure, making it 15 rods wide. He wants to make it as long as 
possible, using 172 rods of wire fencing, which he has on hand. 
‘How long can he make it? 
~ 11. If six times the area of Lake Superior, the largest fresh- 
water lake, be decreased by 12,000 square miles, the result 
equals the area of the Caspian Sea, the largest salt-water lake, 
180,000 square miles. Find the area of Lake Superior. 


q 
q 
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12. If twice the height of Mt. McKinley, the highest moun. 
tain in North America, be decreased by 11,798 feet, the result 
equals the height of Mt. Everest, the highest mountain in Asia, 
29,002 feet. Find the height of Mt. McKinley. 

13. The longest river in the world is the combined Mis- © 
sissippi-Missouri and the next longest is the Nile. Twice the 
length of the Nile diminished by 2800 miles equals the length 
of the Mississippi; the length of the Mississippi is 700 miles 
more than that of the Nile. Find the length of each river. 

14, The highest velocity of wind recorded in the United 
States up to January 1, 1910 exceeded 25 times the lowest 

average velocity at any point in the United States by 2 miles 
per hour; the hignest velocity exceeds the lowest by 98 miles. 
Find the highest and lowest velocity. 

15. In the United States, the lowest average annual precip- 
itation, rain and snow, is at Yuma, Arizona; and the highest 
is at Mobile, Alabama. The precipitation in inches at Mobile 
is 20 times that at Yuma; the sum of the two precipitations is 
65.1 inches. Find the precipitation at each place. 


44. Percentage and Interest Problems. Many of the problems 
involving percentage and interest may be expressed and solved 


by algebraic methods. 
EXERCISE 25 
Percentage Problems 
1. What does 4% mean? 5%? r%? m%? 
2. What is4% of 500? 6% of 250? 
3. Express decimally 4 % of p; 6 % of b; 15 % of c. 
4. Ifthe cost of an article is ¢ dollars, and the rate of 


gain is 25%, what is the gain? what is the selling price? 
(c+ .25 c=?.) 


5. Find the cost of an article sold for $165 if the ean is 
10%. (c+.10c=165.) 
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6. A grocer wishes to make 25 % on some canned goods. 
At what price must he buy them so as to be able to sell the 
goods at $1.25 per dozen ? 

7. A man wishes to sell hats at $3.50 each. At what price 
must he buy them so as to make 12 % upon the cost? 

8. A real estate agent knows that he can sell a certain lot 
for $3270. At what price must he buy the lot from the 
present owner in order that he may make a profit of 9 % ? 


Interest Problems 


9. What is the simple interest on $200 at 6 % for 1 year? 
for 2 years? for ¢ years? 

10. What is the simple interest on # dollars at 6 % for 
1 year ? for 2 years? for ¢ years? 

1i. What is the simple interest on $200 at r % for 1 year? 
for 4 years? for ¢ years? 

12. What is the simple interest on P dollars at 7% for 
lyear? for3 years? fort years? 

13. If I represents the number of dollars interest on P 
dollars invested at r % for t years, it may be expressed by the 
formula: J =i" Express this formula in words. 

Solve the following problems by substituting in this formula: 

14. If a man receives $1150 income from $3500 which has 
been invested for 4 years and 6 months, what rate of interest 
has he received ? 
> Sorution: 1. Let 7 = the rate per cent. 

i P=3500; [=1150; t = 44. 


35 - 
ia s. = Se 
-*. 1150 = 3506- name 44, (SinceeI=P. 100 t.) 


#. 1150 = 3-35-r. 
1150 = 2457. 
2300 = 315 r. 

r= 1.3+ %. 
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15. What principal must be invested at 4% to yield an 
income of $1500 per year ? 

16. For what length of time must $4000 be invested at 
5 % simple interest to yield $ 750 interest ? 

17. What rate of simple interest has been earned on an 
investment of $2500, if the income is $ 1000 in 10 years ? 


Amount in Interest Problems 


18. The sum of the principal and interest is the amount. 

Indicate the amount at the end of one year if P dollars are 
invested at 4%. (P+ .04P=1.04 P.) 

Similarly at 6%; at 7%. 

19. What is the amount at the end of two yearsif P dollars 
are invested at 4 % ? for 3 years at 5 % ? 

20. What sum of money will amount to $3500 if invested 
at 5 % simple interest for 5 years ? 

21. How long will it take $1500 to amount to $2000 if 
invested at 5%? (2000=1500 + 1500-53,-¢. Solve the 
equation for ¢.) 

22. How long will it take $ 1200 to double itself at 6 %? 

23. Letting A represent the number of dollars in the 
’ amount, and P, r, and ¢ the usual numbers, show that the 
amount may be expressed by the formula: 


Prt 
A=P+i5 100° 


Solve the following problems by substituting in this 
formula: 

24. In how many years will $3500 amount to $4550 at 5 % 
simple interest ? 

25. The members of a certain company paid $300 per 
share for some stock. At the end of 7 years, they received 
$ 800 per share for their stock. What rate of simple interest . 
did their money earn for them during that time ? 

Historican Norz.— The symbol % was used first about the year 1685. ~ 


IV. PARENTHESES 


45. Terms which are parts of a single number expression 
are often inclosed in Symbols of Grouping. 


The Parentheses, ( ), are symbols of grouping; thus, 
3 a—(2%+y—2) 
means that 2 *+y—z is to be subtracted from 3 a. 


Other symbols of grouping are the Brackets [ ], the 
Braces, § }, and the Vinculum, . 


All are used in the same manner as the parentheses, and are 
referred to collectively.as parentheses. 


Historicat Norse. — The parentheses are used most commonly now. 
They were introduced by Girard, a Dutch mathematician, about 1629. 
Previously the brackets and the braces had been used by Vieta, about 
1593, although Bombelli, an Italian, had made the first start in the direc- 
tion of their use in 1572. Descartes used the vinculum. 


REMOVAL OF PARENTHESES 


46. Parentheses preceded by a Plus Sign. 
_ Dervetorment. 1. Consider a*+a?+(a*—a). 
_ This means that a? — a is to be added to at + a?. 
z at +a? - -. a&+a?+(a—a) 
‘i ae —@ =a+a7%?+q—a. 
Sum: at+a8+a?-a 


2. Consider a—b+(¢—d). 

_ Sonurion: 

CH .a—b4+(c—d@) 
+c—d =a—b+c-—-d 

Sum: a—b+c-—da 


, 
q 
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3. Notice that the signs of the terms which are within the 
parentheses are not changed when the parentheses are re- 
moved. This fact suggests the 


Rule. — To remove parentheses preceded by a plus sign: 
Rewrite all terms which are within the parentheses without 
changing their signs. 


47. Parentheses preceded by a Minus Sign. 
DerveLopmMentT. 1. Consider a*+ a?—(a’—a). 
Sotution : This means that (a? — a) is to be subtracted from a* + a, 
at + a? -. a+ a?—(+ a3 — a) 
; + a8 —-a . =at+ a®—ai+a. 
Remainder: at§—a@+a?+a 


2. Consider a—b—(+c— 4d). 


SoLurTIon: 
a—b a—b—(+c—d) 
+c—d =a-—-b—c+d. 
Remainder: a—b—c+d 


3. Notice that the signs of the terms which are within the 


parentheses are changed when the parentheses are removed. 
This fact suggests the 


Rule. — To remove parentheses preceded by a minus sign: 


Rewrite all terms which are within the parentheses, but change 
their signs from + to —, or from — to +. 


Exampte 1. Remove the parentheses from 
Za—3b—(5a—4b)+(4a—D). 
SoxuTion; By the rules, the expression becomes 
2a—8b—5a4+4b4+4a—Db. 
When this is simplified, the result is a. 

Cuecr: Let @=1, andd=2) 

2a—3b—(5a—4b)+(4a— b)=2-—6-—(6—8)+4+(4— By 
=2—6-(—3)42 
=2-—-64+3842=41 

Also the result @4=1. 
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48. The above rules apply equally to the removal of all 
symbols of grouping (§ 45). 

It should be noticed in each case that the sign of the first 
term within the symbol of grouping is not the sign prefixed to 
the symbol of grouping; thus, in —(a—b) the term a is 
positive within the parentheses. 


49. Parentheses sometimes inclose others; in this case, the 
following rule should be observed by beginners. 


Rule. — To remove two or more parentheses, when one incloses an- 
other: 

1. Combine the terms within the innermost parentheses, if pos- 
sible ; then remove these parentheses according to the rules in §§ 46 
and 47. 

2. Combine the terms within the resulting innermost parentheses, 
and remove these parentheses. 

8. Continue doing this until all parentheses are removed. 


Exampte 2. Simplify 4%—{32+(—2a—[#—a})}. 

The brackets are the innermost symbols of grouping; they are pre- 
ceded by a minus sign. Remember that the sign of x within the brackets 
is +. 


SoLvrIon : 

ne 4x4—{82%+(—2x2—[x—a])} 

2. =4x%—-{2%4+(—2x%—x“+a)} Removing the[ ]. 

3. =47—{84+(—32+4a)} Combining within the ( ). 
4. =424—{84—-32+44} Removing the ( ). 

5. =4z—4a. Combining within the { }. 


EXERCISE 26 


_ Simplify the following expressions by removing the symbols 
of grouping : 


1. 3m—2n+t+p). 4, ee ae pias 
2 4x+(z—2y). it 5. 6r—[—3a+ 5}. 
8. 5a—(2b—o). 6. 8s+{—3m—t}. 
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7% 9k—[p—2q]. 9. 1—{m—n}. 
8 2a+(3b—c). 10. 8—[—2a+6]. 


In the following examples, since neither symbol of grouping 
incloses the other, remove both at once. Tell what each 
example means; thus in 11: “subtract the number (c—d) 
from the number (2 a —6).” 


11. (2a—b)—(c—@). 16. (@©—y)—(z—w). 
12. (a—b)— (c+). 17. [m+n]+[p—q]. 
13. [r+s]+[¢—v]. 18. jm+ni}—Sp—q}. 
14. jr—sf—ji+vj. 19. (—a+b)+(—c+d). 
15. (c—y)—(@+v). 20. (—a+6)—(—c—d). 


In the following examples, combine terms after removing 
the parentheses: 


21. 3c—(5c—6). 26. (86—11)—(406+5). 

22. (2a—b)—(5a—b). 27. (+e+y)—(—24+y). 

23. 2a—(3a—b)+26. 28. 5a?—(— 207+ 2)+6. 

24, a?+a—(a?— a). 29. (2r—s) —(8r—2s). 

25. (6%—6)—(2a—4), 30. (83p—2¢9) +(—3p—2q). 
31. Im—(4m+6n)+(8m—n). 


32. 
33. 
34. 
35. 
36. 
37. 
38. 
39. 
40. 


8r+(5r—[2s+¢]). 

3a—(2y+[52—y)). 

5a—(4a—§{3a—1}). 

6b—{7b6—(9644)—7}. 

(Tt—r) —[8t—(0r+t)—3r]}, 
3a—(5e—[72#+9a—4]—3a). 

5 ab—[(3 ab — 10)—(4 ab +7)]. 
Teo—(Gc+[12c¢—j6c+42}}). 
m—[6m—Tn)—n]—[8m+4n—(2m—3n)]. 


EEE, 
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INTRODUCTION OF PARENTHESES 


50. Sometimes it is necessary to introduce parentheses into 
an expression. 

DEVELOPMENT. 1. What is the rule for removing parenthe- 
ses preceded by a plus sign ? 

2. What, then, should be done with the signs of terms which 
are placed within parentheses preceded by a plus sign ? 

3. Inclose the last two terms of a+6-+c—d in parentheses 
preceded by a plus sign. 

4, What is the rule for removing parentheses preceded by a 
minus sign? 

5. What, then, should be done with the signs of terms which 
are placed within parentheses preceded by a minus sign ? 

6. Inclose the last two terms of a+ 6-+c¢-—d in parentheses 
preceded by a minus sign. 

Rule.—1. To inclose terms in parentheses preceded by a plus 
sign, rewrite the terms without changing their signs. 
_ 2. To inclose terms in parentheses preceded by a minus sign, re- 
write the terms, changing the signs from + to —, and from — to +. 


Exampte. Inclose the last three terms of r+s—t+v in 
parentheses preceded by a minus sign. 
Sotution: 1. r+s—t+tv=r—(—s+t—v). (Rule 2). 
Cueck: If the parentheses are removed, the result is the original 
expression. 
EXERCISE 27 
Inclose the last three terms of the following expressions in 
parentheses preceded by a plus sign: 
Si mtn—ct+d. 6. a +B°—2be+ ch 
2 atb—r—s. 7 @&—b?+ 2bc—c. 
8. e@tyte—w. 8. a? —40°?+120—9. 
4. r—s+i+. 9. 2@—-Qyz+y4+2. 
Pe. p—q—at+b. 10. nt— 5 ni —8n?+6n+T. 
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11-20. Inclose the last two terms of the foregoing expres- 
sions in parentheses preceded by a minus sign. 


21-30. Inclose the last three terms in parentheses preceded 
by a minus sign, 


EXERCISE 28 


Indicate and simplify, where possible, the following: 


1. 


a & wD 


ence. 


6. 


The sum of a and 5; a and b. 

The sum of # and (w+ 3); x and (a— 5). 

The difference between a and 5; a and b. 

The difference between (a — 2) and 3a; (a+ 7) and 3a. 
The sum of (3a +5) and (2a— 6); also their differ- 


The amount by which 15 is greater than 12; greater 


than a; greater than (a + 2). 


¥ 


The amount by which 5 a is greater than 10; greater 


than 2%; greater than (# — 4). 


8. 


The amount by which 20 exceeds 15; exceeds ¢; ex- 


ceeds (¢ — 8). 


9. The amount by which 3p exceeds 5; exceeds (p +1); 
exceeds (p — 3). 


10. 
11. 
12. 
13. 
14, 
15. 


part. 


16. 


The amount by which (2 a + 3) exceeds (a — 5). 

The smaller part of 15, if 7 is the larger part. 

The smaller part of a, if 7 is the larger part. 

The larger part of n, if 3 is the smaller part. 

The smaller part of 2 a, if (a — 3) is the larger part. 
The larger part of (3c — 2), if (¢+1) is the smaller 


The sum of twonumbers is 50; the smallerisp. Repre- 


sent the larger number. 
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17. The sum of two numbers is 37; the larger is 2, Repre- 
Bent the smaller, 


18. The difference between two numbers 1s 5; the smaller 
is s. Represent the larger. 


19. The difference between two numbers is x; the smaller 
is 3. Represent the larger. 


20. The difference between two numbers is 10; the larger 
is n. Represent the smaller. 


21. The integer which is consecutive to the integer a, 
Hint : 6 is consecutive to 5; 7 is consecutive to 6. 


22. The second integer consecutive to a. 
23. The sum of a and the consecutive integer. 
24. The sum of n and the two consecutive integers. 


25. If ais an odd number, what is the consecutive odd 
number ? 
Hint: 5 is consecutive to 3; 11to 9; 17 to 15. 


51. Parentheses are used in equations and problems. 


Exampre. The sum of two numbers is 88. The larger 
‘number exceeds the smaller by 36. Find the humbers. 


Soxtution: 1. Let 7 =the larger number. 
2. Then: (88 — 1) = the smaller number. 
3. Then Se hn (880 Be se 
4. Removing (), 7—88 +1=36. (§ 47) 
21—88 = 36. ; 
5. Ags: * 21= 124, 
6. De: 1 = 62, the larger number. 
88 — 62 = 26, the smaller number. 
CuEck:  +62— 26 = 36. 
# See § 42 for the symbol Agg. 


i a 
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EXERCISE 29 

Solve the following equations 
1. 2r—(r+6) =11. 
(8a+4)—(2%+4 9) =15. 
12A+(2A—3)=6A—(—T A—15). 
(4t—5) —(2t+5) =(2t—9) —(4t—7). 
(—102%+12) —(6a—5) = (13 —8 2) —-5+9 2). 
(8a+5)—(2a%—7) =(444+9)— (22—11). 
(6y—8)—9y+4)=(99—18y)—Ily. 
(18 —4m)— (8 m+9) = (2m—8)—(6+7m). 
(8¢—11) —(7—5 4 =12— (18+ 4%). 

10. (172—1) — (9z—10) =15 — (182 + 6) — 22. 

11. The sum of two numbers is 30. The greater number 
exceeds the smaller number by 4. Find the numbers. 


12. The sum of the ages of A and Bis115 years. A is 13 
years younger than B. What are their ages ? 


13. Divide the number 123 into two parts such that the 
greater exceeds the smaller by 67. 


14. The sum of the ages of A and Bis 102 years. <A is 26 
years older than B. Find their ages. 


15. Divide $93 between A and B so that A may receive $23 
less than B. 


16. The Library of Congress at Washington consists of three 
main stories, whose total height is 64 feet. The height of the 
second story exceeds that of the first by 7 feet, and is 8 feet 


less than that of the third story. Find the height of each of 
the three stories. 


17. The total length of the Upper Steel Arch Bridge at 
Niagara Falls is 1240 feet. Its main span, the longest of the 
kind in the world, exceeds twice the remaining part of the 
bridge by 40 feet. Find the length of its main span. 


OOO ree Sts, i” $8) 8 
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18. The first appropriation for a library for Congress was 
made in 1800. The present Library of Congress was completed 
at a total expense of over $6,000,000. The cost of the gold 
leaf on the dome of the present building increased by $1200 
equals the appropriation made in 1800; and the sum of that 
first appropriation and the cost of the gold leaf is $8800. Find 
each of these amounts. 

19. Seven major planets besides the earth revolve around the 
sun. The number of planets which are farther from the sun 
than the earth exceeds by one twice the number which are 
nearer to the sun than the earth. Find the number of planets 
nearer to and the number farther from the sun than the earth. 

20. The sum of two consecutive integers is 35. Find them. 
(See Example 21, Exercise 28.) 

21. The sum of three consecutive integers is 108. Find the 
numbers. _ 

22. The sum of four consecutive integers is 218. Find them. 


23. The sum of two consecutive odd integers is 196. Find 
them. 

24. Find the integer which is such that when increased by 
the first consecutive integer, and their sum decreased by the 
second consecutive integer, the result is 75. 

25. There are four angles which make up the total angular 

magnitude arounda point. (See §13, Example15). The second 
angle is 3 times the first; the second exceeds the third by 10°, 
and exceeds the fourth by 50°. Find the angles. Illustrate 
with a figure. 

96. An angle exceeds its supplement by 30°. Find the angle. 
(See Example 11, § 18). 

_ 27. The complement of a certain angle exceeds the angle 
“itself by 20°. Find the angle. (See § 13.) 

28. Thesum of the supplement and complement of a certain 
.. is 120°. Find the angle. 


< 


a 
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29. The fertility of farm land is maintained by adding fer- 
tilizers which contain certain plant foods, such as nitrogen, 
potash, and phosphoric acid. In 100 pounds of a good corn 
fertilizer, the amount of phosphoric acid should exceed the 
amount of nitrogen by 10 pounds, and the amount of potash 
should equal in weight the sum of the other two. Find the 
number of pounds of each plant food in the mixture. 


30. Texas is the largest state in the Union, and Rhode 
Island is the smallest. The area of Texas exceeds 213 times 
the area of Rhode Island by 72 square miles. The sum of 
their areas is 267,144 square miles. Find the area of each 
state. 


Historicat Note.—In Examples 5 and 8, negative roots are found. 
The mathematicians of the 16th century were slow to admit that such 
roots had any meaning. Cardan called them numere ficte. Even such 
men as Vieta and Harriot, who contributed so much to the growth of 
algebra, admitted only positive solutions. Girard (1590-1632) and Des- 
cartes (1673) were especially instrumental in establishing the fact that 
negative roots should have the same meaning as positive roots. 


V. MULTIPLICATION 


52. The Law of Signs for Multiplication of positive and nega- 
tive numbers (§ 25), may be written: 

Rule.—1. The product of two numbers having like signs is posi- — 
tive. ; 

2. The product of two numbers having unlike signs is negative. 


Historicat Note.— Until the time of Michael Stifel (15538), little 
progress was made toward finding the rule for multiplying powers of the 
same base, owing to the cumbersome notation that had been used pre- 
viously to denote the various powers. Some men even made a table cor- 
responding to our multiplication table, giving the products of some of the 
powers. Stifel introduced a better notation, used the word exponent, 
and gave the rule which we now use. 


53. The Law of Exponents for Multiplication. 

DrvELopMENT. 1. Review the definitions of exponent, 
base, and power of a number, given in paragraph 15. 

2. What does a? mean? 2°? r7? &? 


3. Write in exponent form: 

(a) b-b-b-b; (6) mem-m; (Ch) y-yryry ys 

(d) r-r--- 7 (if there are 10 factors); 

(e) @-a--+a (if there are 8 factors). 
4, Find the product of a? and a’, 

@=a-a-a; a=a-a-a-a. 

a3. at = (a-a+a)X(4-a+a-a) =4-4-0-a-Ga-a=a", 
_ .§. Find as in 4, the following products and write down the 
results as in part (a): 
(a) Beat=a’. (c) +9 =? 
. (0) #-at=? (d) m‘*-m =? 
’ 65 
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6. Observing the results in 5, see if you can get the follow: 
ing products mentally; check as in 4: 

(a) m?- m=? (c) a? -a =? 

(6) m3 +m =? @) y-y=? 

7. The facts observed lead to the 


Rule. — To find the exponent of any number in a product, add the 
exponents of that number in the multiplicand and multiplier. 


EXERCISE 30 
Find the indicated products 
| or OS 7m». mi, 10. 28. 2°, 
2. ata’ 5. 2? #4 8..8* «5%, ph hs 
3 mem. 60-8, C4 7 12. 5?. 5* 


54. The Commutative Law of Multiplication. 

Devetopment. 1. 3x4 and 4 x 3 each equal 12. 

2. Notice, in step 1, that the same factors occur in each 
product, but that the order is changed. Does changing the 
order of the factors change the value of the product ? 

3. Compare 3 x 4x5 and 3 x 5x4, by finding their values. 

4, Write these same factors in some other order, and com- 
pare the product with the products obtained in step 3. 

5. Arrange the factors 2, 4, and 5 in three different ways 
and compare the products. 


Rule. — The factors of a product may be arranged in any order 
without changing the value of the product. 


EXERCISE $1 
Arrange each of the following sets of factors in two ways 
and find the products, 
pr are 4. 5, 2,4. 
2. 2, 5, 6. 5. 6, 5, 3. 
8. 3, 4, 6. 6. 6, 4, 2, 
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MULTIPLICATION OF MONOMIALS 


55. DrevetopmMentT. 1. Find the product of 7a and — 2b. 


Sorution: 1. —2b=(—2)b (See § 31) 
2. Then 7a(—2b)=7:-a-(—2)-b 
Then, since the order of the factors may be changed, (§ 54) 
3. 7a(—26)=7- (—2)-a-b 

= —14ab. (§ 5) 


2. Find the product of — 5a and — 627y. 
Sorution: 1. (—52)(—62%y)= (— 5) -%-(—6)-22-y. 
= (— 5)-(—6)-a%-a8-y 
= + 80 ay. 
3. Find similarly the product of 3 mn and 2 p. 
4. Find similarly the product of + 2 a*°) and + 5ab. 
5. Give at sight, if possible, the following: 
(a) 2rs-5t. (c) Ta-3a% 
(6) 3ay-2z. (d) 4m-5 mo. 


Rule. — To find the product of two monomials: 
1. Find the product of the numerical coefficients, using the Law 


of Signs for Multiplication. 


2. Multiply this product by the literal factors, giving to each an 


exponent equal to its exponent in the multiplicand plus its exponent 
in the multiplier. 


:. 


Exampre 1. Multiply 2a° by 9 att’. 

Soxurion : (2 a5) (9 ab?) = + (2 x 9) - a+4). B 
= 18 a2, 

Exampte 2. Multiply —5 xyz* by +6 ayo. 


SoxutTion: (— 5 x8yz5)(+ 6 xy) = — (5 x6) - c+ . y+). 26. w 
= — 30 aty8z5w. 
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Lee. 11. 
2. a?-a?- at 12. 
3. oF. a? - af, eee 
4, yyy. 14. 
5. m®>-m-m? 15. 
6. a®-at- a 16. 
7. EX. H+ HE, Li: 
8. a°b®- ab. 18. 
9. xty?- ay’. 19. 
10. a®x - az’. 20. 
Multiply: 
21. Ta’ by 3a’, 31 
22. —9m?* by 8 m 32 
23. —5ab by 2a? 33 
24. —3rs* by —9rs. 34 
25. 5ayz by —11 ayz. $5 
26. —11 a’ by 9 a*y. 36 
27. —6d*% by —4 ab‘. 37 
28. —6 a7y° by +12 ay. 38 
29. —9 m’'n® by 7 mn’. 39 
80. —12 rst by —9s*. 40 
Find the product of: 
41. 3a’, 5 a5, and 6 a’. 


ALGEBRA 


EXERCISE 32 
Find the following indicated products: 


a*yZ « eye, 
rst - rst’. 
ab’c’ - ab*c, 
rs + rst, 
25. 2, 

45. 43, 
Sea 

10? - 10%. 
prt +r. 
mac? + mnae, 


» —6a%d® by — b%c%. 

. +9 aa by —9 ay’. 

~ 8 a2? by — 8 y*2’. 

. —7 AB by +12 ABC 
- 12 a’be by 6 bed’. 

. 13a by —7 abe. 

- —14m’n by — 6 mn’. 

. —16 a%dct by +5 atd'c. 
. —8 aye? by —17 a*y%z, 
. —4mn by +17 min. 


42. —4 a3, —9y*, and 22’. 

43. ay*, — yz, and az’, 

44, —12 a’b*, — dc’, and — 8 c’a’. 
45. 


a’, —3a, —5 a‘, and —4 a’. 


47. 


48. 


49. 


50. 


51. 


52. 


56. 


be represented by geometrical figures. 
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46. —7 mn, +8 mr’, and —2 nr. 
5a 


—S3and + ° 53. —9 and a7. 

3 + 2 

2 m8 
+5 and ee 54, +14 and —2. 
+4 and ain 55. —18 and +53. 
+12 nee (ee A 56. +20 and —3,a. 

3 57. tab? and — 3 a7. 
Pe ad 8, 58 —3mnand —2m’. 

59. +.57s? and —.3r’s. 

—10 and — a 60. —.12fand —.78. 


Numbers, and relations between them, may 


4 


Exampte 1... The product 4x5 may be repre- 
sented by the rectangle in Fig.1. Note that the > 


area of the rectangle is 20 square units. 


Fig. 1. 


Exampie 2. The product 4(8+7) may be represented by 
the Fig. 2. 


3 7 3 7 


Fic. 2. 
A(B4+7)=4x344%7, 
4x10= 12 + 28. 


_ Exampre 3. The product a(b-+-c) may be represented by 


the Fig. 3. 
_. b+ ¢ b C 


Fie. 3. 
a(b+c) =ab+ ac. 
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EXERCISE 33 
1. Draw a figure representing 5(3 +4), as in Example 2. 
2. Draw a figure representing 4(2+3-+ 5), as in Example 2. 
3. Draw a figure representing a(b +c+d), as in Example 3. 


MULTIPLICATION OF POLYNOMIALS BY MONOMIALS 


57. DevetopmentT. 1. From the geometrical illustration 
in § 56, it is clear that: 
(a) 5(7+3)=(5X7)+(5 x3)=35 +15 =50. 
(b) 6(44+5)=(6 x 4) +(6 x 5)= 24430 = 54. 
(c) a(6+ce+d)=ab+ac+ad. 
In every case, each term of the polynomial is multiplied by 
the monomial. 


Rule. — To multiply a polynomial by a monomial : 
- 1, Multiply each term of the polynomial by the monomial. 
2. Unite the results with the proper signs. 


Exampre. Multiply 3 a? —2ab+ 6? by —3ab. 
Sotution: (8 a? — 2 ab + b?) x (—3 ab) =— 9 ad + 6 a2b? —8 ab , 
Curck: This result is true for any values of @and 6. Let a =1, and 
d=; 
8a?—2ab+07=38—241=2, —3ab =—8, and2-(—3)=-6; 


also, — 9a%b +6 ab? —3 ab? =—-946—3 =—124+6=—6. 
EXERCISE 34 
Multiply : 
1. 4a—9 by 5a. 6. r?—2rs+s? by —1%s°, 
2. m*—mn +n? by mn. 7% 62—5 2-7 xt by —T 2% 
3. 3a°+e—5 by —9 a7. 8 —3c°—d’+5cd by 4 cd’. 
4. 8x'y—5ay by —3ay, 9. —3a°y+a°—3 ay’ by —2%y. 


5. 2a%—6a?—7 by —Ta®. 10. ab —aF +a by — 2’. 


11. 


12. 
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5 m? — 6mn — 4 nr? 13. a?-—S5ay+y? 

3m — 2 xy 
6p?—5pq+9¢ 14. a—30%+3at?—B 
4 pq — ab 


Perform the following indicated multiplications: 


15. 
16. 
17. 
18. 
23. 


Ta-(a—5d). 19. —3ab- (a?—2ab + d%. 
—6ab-(10a?—70*). 20. 825. (6a3—5 x—12). 
xy - (a —4 ay? + 7), 21. —4a°d®. (8a?—2 ab—4 0%). 
—rs-(7—rs +s). 22. —5 m4. (8 m*— m?— 3). 
Simplify the expression: 3(2 # —5)— 2(a+ 6). 


This means that (2 « — 5) is to be multiplied by 3; that (2 +6) is to be 
multiplied by 2 ; and that the second result is to be subtracted from the first. 
Sotution; 3(2%2—5)—2@+4+6)=(6x2—15)-(4+4+12). 


=6x2—15—22—12. 
=42—27. 


In the following examples, first tell what each means, as in 
Example 23; then, simplify. 


24, 5(6a+3b)+4(5a—2 5). 27. 3(2 m + 8) —2(6 —5 m). 
25. 2a(3a—y)—3a(2z+y). 28. 3c(2m—4)—6c(2 m+ 4). 
26. x(x—y)—y(e+y). 29. r(r?—s)+s(r—s’). 
Multiply and then simplify the following: 
gt ee be Sin ane fl 
30. Sets) se. 10(3! sca 
m 2n,m 3a 2,2 
31. 13 — peer b 37. 15 : a 
pal e 20,1 
32. aye att 8. 20(%—7: ae 
eS m 3m, m\. 
33. 16( +3) | 39. 24 aaa a 
34. 1(2a°-—4”+6). 40. —40°(3 o—24 2? +15). 
85. 6(42°—Layt+ty) 41. 1 mn(4 m?—4 mn+4 n’). 
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MULTIPLICATION OF A POLYNOMIAL BY A POLYNOMIAL 


58. A number may be multiplied by (2+3) by multiplying 

first by 2 and then by 3, and adding the products. Thus, 
(2-48)x6=(2 x 6)+(3 x 6) = 12 + 18 =30, for (5) x 6 = 30. 
Similarly, (248) - (a+ b6)=2(a+ 6)+ 8(a +5) 
=2a+26+38a+30b0=5a+5), 

for (5)-(@+b)=5a+5b. 

The multiplier in each case consists of the sum of 2 and 3; 
the multiplicand is multiplied separately by 2 and by 3, and 
the products are added. This illustrates the 


Rule. —To multiply one polynomial by another : 
1. Multiply the multiplicand by each term of the multiplier. 
2. Add the partial products. 


Exampirl. Multiply 3a—4b by 2a—5b. 


Soxtution : In accordance with the rule, multiply 3@—4b by 2a and 
then by — 5b, und add the partial products. A convenient arrangement 
is suggested by the arrangement of multiplication problems in arithmetic. 


43 8a— 4b 

12 2a— 5b 

86= 2x 48 6a®— 8ab = 2a(8a—45b) 
430 = 10 x 43 — 15 ab + 200?=— 5 b8a—4b) 
516 = sum 6 a? — 23 ad + 20 6? = sum 


Nore: In arithmetic, the multiplication proceeds from right to left; in 
algebra, the multiplication proceeds from left to right. 

Exampie 2. Multiply a®—8«@*— 2a’ by 24+a. 

Soxurron; It is convenient to arrange the multiplicand and multiplier 


in the same order of powers of some letter (§ 37) and to write the partial 


products in the same order. Leave spaces for any powers which may 
not be present in the multiplicand. 


Arranging the expressions according to the descending powers of a, we 


have, a — 2 ae — 843 
a+22 
at — 2 ax — 8 dx 
+2 abe — 4 a%x? — 16 24 


a — 4 a%x?2 — 8 ax? — 16 2 
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Cuxcx : This result should be true for all values of a and z. 
a=1land2z=1. 


Let 


Then, 


and 
also, 


@ —2a°x —823=1—2—8=-9, 
@+22%=142=+8, 


(—9)x(+3)=—27; 


a — 4 a2? —8 ax’ — 16 ct = 1 —4— 8-16 =--27, 


Multiply : 


beets Gl Al a od 


fea 
° 


2+3 by e+5. if 
r—Tbyr~—4. 12. 
2s—5 by s—3. 13. 
3m +2 by m—4. 14. 
4¢—9 by #+3. 15. 
382+7 by 24%+3. 16. 
2m+5 by 5m—1. 17. 
6p—3 by 2p+ 7. 18. 
5y—1 by 6y—8. 19. 
724-10 by 4z2—5. 20. 

21. m?—m—3 by m+3. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 
31. 
32. 
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2a+bbya+b. 
3e¢—2d by 2c+d. 
5r+6sby 3r—2s, 
5a—2y by 3a—4y. 
6m—3p by 4m+5p. 
Ty—92z by 6y+ 82. 
lla+5dby 6a—4d. 
12p+7q by 8p—7Tq. 
22° —y* by # —3y’*. 
9w? —T v by 11 wv’ +3, 


20+7T7a—9 by 5a—1, 

a’ —2ay+3y' by x—3y. 

xe? —ay+y? by «+ y. 
etAay+16y by x—4y. 
m+ mn +n? by m? — mn +72. 
a+a—2—2a by a+2a—3. 
3+a2—Ta—4a' by 2a+1. 
9a+2e°—5by44+3a2°—Tx. 
6n—8+4n? by —442n?—3n. 
9r?—5y?+6ry by 8ry+4y + Tr. 
8a?—5 ab —80' by 4a?—9ab—T62 
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41. 
42. 
43. 
44. 
45. 


33. 
34. 
35. 
36. 
37. 
38. 
39. 
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a—b+cbya—b—c. 
r+s+itbyr—s—t. 

2n? + m?+3 mn by 2n?—3mn + m2 
a® + 3ab? — 3.0% — B® by a? +b? — 2 ab. 
m —3m> + 9m? — 27 m+ 81 by m+. 
4a+6b+410c by 2a—30+5¢. 
et+4e?+8e4+2 2° +16 by »— 2. 


40. 2 +0?+¢+ ab—be+ac by a—b—«. 
ta—1ibby}4a4+ib. 46. (3¢—5)* 
Lm—inby im+in. 47. (2m—38n). 
bo—by by o+dy, 48. (Ar +58 
2a—tbby a+b. 49. (2%—3)*. 
2e—3y by 8a—4y. 50. (6a—45b)'. 


Find the product of the following: 


51. 
52. 
53. 
54. 
55. 


a+3,a—4,anda+2. 

m +4, 2m— 3, and m — 5. 
a+y,o— xy +y’, and a—y% 
m+n, m? + n?, and m — n. 

a? + ay + y?, 2° — ay + y*, and 27 — y. 


PARENTHESES IN MULTIPLICATION 


59. Exampie. Simplify (a—22)?—2(8a+2)(a—2). 
Sotution: To simplify this expression, first multiply (@—22) by © 


itself (§ 15); second, find the product of 2, 34+ and a—zx; third 


subtract the second result from the first. 


1. 


a—2x 2. 83a+2 

a—2x a—x 

a — 24x 8a?+ az 
—2ax+422 —8ax — x 


@—4an +422 3a? —2 ax— a2 


2 
6a? —4ax —222 
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38. Then (a — 2x)?—2(3a+4+2)(a —2) 

4. = (a? — 4ax + 427) —(6 a?— 4ax — 22%) 

5. =a?—4ax+ 422 —6024+4ax+222 (§ 47) 
6. =—5a?+622. Answer. 


% ase Be careful to place the results of steps 1 and 2 in parentheses as 


EXERCISE 36 
Tell, as in the above solution, what must be done to simplify 

the following; then simplify: 

1. Sa+8)(@—6)+(2a+7) (4a—9). 
(2m +7) (8m —5)—(2m—5)(8m+7). 
(a—22)(a+32)+(a+22)(a—3z2), 
(2a—3 b)?—4(a—b)(a+5b). 
2(h +3) (h—2)—(h+5)(h—6). 
5 (a@— 4) (a +1)—3(@—3) (w+ 2). 
2(8 7+ 2) (4%—3)—(8a—2)(42+48). 
. 88a+5)(2a—8)—2(4a—7)(a+6). 
. 4(8e—2)(@+6)—5(24—T) (x42). 
. (a+b) (a? + b?)—(a— b) (a? — 8). 


USE OF MULTIPLICATION IN EQUATIONS 


60. Exampte 1. Seven times the complement of a certain 
angle exceeds twice its supplement by 20°. Find the angle. 


OO WIART Pw W 


roy 
i) 


Soxovrion: 1. Let a = the number of degrees in the angle. 
2. Then, 90 — a = the number of degrees in the complement, 
' 8. and, 180 — a = the number of degrees in the supplement. 
4. Hence, 7( 90 — a)= 2(180 — a) + 20. 
5. Multiplying, 630 — 7a = 360 — 2a + 20. 
6. Combining, 630—7a=380—2a. 
vo S630 : —Ta=— 250—2a4. 
8. Agog: : — 5a =— 250. 
9. M4: 5 a = 250. 
10. Dg: a= 650. 


_ Cuxrcx: The angle is one of 50°. The complement contains 40° and 
the supplement, 130°. Does 7 x 40° =2 x 180° + 20°? Yes. 
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Exampue 2. Solve the equation, 
(24+5)(8a—7)—(2a—5)(8a4+7)=4. 
Sotution: 1. (2a+5)(8a—7)—@a—5)8a4+7)=4. 


2. Multiplying, (6a? + a— 35)—(6a?— a— 35) =4. 
8. Removing ( ), 6a? +a—35—60+a+435=4, 
4. Combining terms, 2a=4. 
5. De: a=2. 
Curck: Does (2-2 +4 5)(8-2—7)—(2-2— 5) (8-.24+7)=4? 
Does (9) -(—1)—(— 1)(+ 18) = 4? 
Does -—9-(-13)=4? 
Does —9+13=—4? Yes, 


Nore: In Exercises like Example 2, be careful to put the products obtained 
in step 1, in parentheses as in step 2. 


EXERCISE 37 
Solve the following equations: 
1. 2(m—8)= 20. 2. 4(y—5)+7=15. 
8. 3(2%—4)+2(@—5)=5(@+1). 
4, 6(2—32)+3=3(4e%—5), 
6. 12—5(8a—2)=2(a—6). 
6. 2(v+9)4+3(v—4)=16. 
7 4(¢—3)+8(2t+5)=33(4—2). 
8. 10—5(31—4)=6(8—2)). 
9. Tg—6(29 —5)=6(6—g). 
10. 3n—2(2n—7)=3(n—2), 
11. 3(44m—5)—4(m—6)=3(m+17)—7. 
12. (w—5)(a@+6)—(@+3)(#—4)=0. 
13. (y¥—7)(y¥+2)—(y—9)(y¥+3)=0. 
14. (2r+3)(8r—5)—6(r—4)(r—3) 4+ 5=0. 
15. 3(28—4)(s+7)—2(8s—2)(s4+5)=—3(s—2, 
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16. The sum of two numbers is 75. The larger exceeds the 
smaller by 11. Find the numbers. 


17. The sum of two numbers is 100. If four times the 
greater be diminished by 22, the result is 5 times the smaller, 
Find the two numbers. 


18. The distance from New York to Paris exceeds the dis- 
tance from New York to London by 280 miles. Four times 
the distance to London exceeds three times the distance to 
Paris by 2900 miles. Find the two distances. 


19. One number exceeds another number by 7. If 6 times 
the smaller is diminished by 5 times the larger, the remainder 
is 5. Find the numbers. 


20. Separate 60 into two parts such that 4 times the smaller 
shall exceed 2 times the larger by 30. 


21. The sum of two numbers is 80. If twice the greater be 
decreased by 12, the result exceeds 4 times the smaller by 4. 
Find the numbers. 


22. The Library of Congress stands upon a rectangular base 
whose perimeter is 1620 feet. The length exceeds the width 
by 130 feet. Find the dimensions of the building. 


23. There are two consecutive numbers such that the sum 
of twice the smaller and three times the larger is 78. What 
are the numbers ? 


_ 24, There are two consecutive integers whose product ex- 
‘ceeds the square of the larger by 20. What are they ? 


: 25. The total population of Chicago, Philadelphia and 
Greater New York (1910 Census), was 8,501,174. The popu- 
Iation of Chicago exceeded the population of Philadelphia by 
636,275 ; the population of New York exceeded twice the pop- __ 
= of Chicago by 396,317. Find the population of each of 


the cities. 
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EXERCISE 38 
Algebraic Expression 


1. A is now 15 years of age. Express his age: 
(a) 5 years ago; (b) myearsago; (c) y years ago; 
(d@) 8 years from now; (e) m years from now. 
2. Bis b years of age. Express his age: 
- (a) 4years from now; (6) m years from now; 
(c) 6 years ago; (d) xyearsago; (e) ¢ years ago. 
3. A is now x years of age. B’s present age exceeds the age 
of A by 5 years. 
(a) Express B’s present age; (b) the sum of their ages. 
(c) Express the age of each 10 years ago. 
(d) Express the age of each 10 years from now. 


4. A is now a years of age; B is twice as old. 

(a) Express B’s present age. 

(0) Express the age of each 3 years ago. 

(c) Express the age of each 7 years from now. 

(ad) Express the fact that B’s age 5 years ago was 3 times 
A’s age at that time. 


5. Express the value of: 


(a) (15 —2) pounds of tea at 40 ¢ per pound; 
(6) # pounds of tea at 60 # per pound; 
(c) the entire amount of tea. 


6. Express the value in cents of: 

(a) «nickels; (6) 2a dimes; (¢) 3a dollars; 
(d) 4a quarters; (e) all of the coins, 

7. Express the value in cents of: 


(a) d dimes; (6) (145—d) quarters; 
(c) (15+3 d) half dollars ; (d) all of the coins. 
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8. Express in inches: 

(a) m feet; (6) 3m yards. 

(c) the combined length of m feet and 3 m yards. 
9. Express in pints: 


(a) 3 pints plus 22 quarts plus 5 x gallons. 
(0) 2¢ pints plus (8 c— 2) quarts plus (5 —3) gallons. 


EXERCISE 39 
1. The sum of the ages of A and B is 50 years; in 5 years 
A will be 5 times as old as B. Find their ages. 
' Soxvtion: 1. Let a@ =the number of years in A’s age now. 
2. Then (60 — a) = the number of years in B’s age now. 
8. Then @ +5 = the number of years in A’s age in 5 yr. 
4. and (60—a-+5) or 55—a 
= the number of years in B’s age in 5 yr. 
5. .. (a + 5) = 5(55— a). 
Complete the solution. 
Norr. Represent with care the present ages of both persons; also their 
‘ages at the other time mentioned ; then form the equation. 
_ 2. A father is now 9 times as old as his son. In 9 years 
he will be only 3 times as old as his son. What are their 
present ages? 

3. The difference between the present ages of a father and 
son is 25 years. In 10 years the father will be twice as old 
as his son. What are their present ages ? 

4. A is 5 times as old as B. In 9 years he will be only 
3 times as old as B. What are their ages? 

_ 5. Bis twice asoldas A. 35 years ago he was 7 times as 
old as A. What are their present ages ? 

- 6, Ais 68 years of age, and Bis1i1. In how many years 
will A be 4 times as old as B? 

Hit. Let WN equal the number of years. Find the age of each in ¥ 
ars, and then form the equation. 
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7. A is 25 years of age and Bis 65. How many years ago 
was B 6 times as old as A? 


s.. A grocer has two grades of tea, a 60¢ grade and a 90f 
grade. He wishes to make a mixture which he can sell for 
80¢ per pound. How many pounds of each must he use ina 
mixture of 120 pounds? 

Sotution: 1, Let n = the number of pounds of 60” tea used. 
2 .*. (120 — n) = the number of pounds of 90# tea used. 
3. .*. 60 m = the value of the 60 # tea in cents. 
4, and 90(120 — n) = the value of the 90 # tea in cents. 
5. .*. 60 n + 90(120 — n) = the value of the mixture in cents. 
6. But 120 x 80 = the value of the mixture in cents. 
7. .*. 60 n+ 90(120 — n) = 9600. 
8. From the equation n = 40, 120 —n = 80. 
Curcx: 40 pounds of tea at 60% are valued at $24, 
80 pounds of tea at 90 ¢ are valued at $72, 
Total value of the mixture is $96, 
Also, 120 pounds at 80? are valued at $96. 


9. A grocer has tea worth 70? per pound and other ter 
worth 40? per pound. How many pounds of each must he 
take to form a mixture of 50 pounds which he may sell at 49¢ 
per pound ? 


10. A grocer has coffee which he sells at 36% per pound, 
and other coffee which he sells at 20% per pound. How many 
pounds of each must he take to make a mixture of 100 pounds 
which he may sell at 25¢ per pound ? . 

11. A seedsman wishes to make a mixture of grass seed 
consisting of clover seed and blue grass seed. He sells his 
clover seed at 40¢ per pound, and his blue grass seed at 22¢ 
per pound. How many pounds of each must he take to make 
a mixture of 200 pounds which he may sell for 25¢ per pound ? 

12, A sum of money amounting to $2.80 consists of dimes 
and quarters. The number of dimes exceeds the number of 
quarters by 7. Find the number of each kind of coin, 


¢ ; 
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SorvutTion: 1, Let g=the number of quarters. 


2. Then g +7 =the number of dimes, 
3. -*. 25 q = the number of cents in the quarters, 
and 10(¢ +7) = the number of cents in the dimes, 


4. .°.25q+10(g +7) = 280. 

Complete the solution and check it. 

13. A man has two kinds of money, dimes and fifty-cent 
pieces. If he is offered $4.00 for 20 coins, how many of each 
kind must he give? 

14, A sum of money amounting to $2.20 consists of five- 
cent pieces and quarters. There are in all 16 coins. How 
many are there of each kind? 

15. A sum of money amounting to $24.90 consists of $2 
bills, fifty-cent pieces and dimes. There are 5 more fifty-cent 
pieces than $2 bills, and 3 times as many dimes as $2 bills. 
How many are there of each denomination ? 


61. Equations having Fractional Coefficients. 

Exampte 1. If the sum of a certain number and one half 
of itself be diminished by three fifths of the number, the re- 
mainder is 9.. Find the number. 


Sotution: 1. Let x = the number, 

Then x+ 5 = “8 =), 

2. The denominators must be eliminated. 

Mio: 1o( +2— 3) =10-9. (§ 10) 

5 2 

3. 10% + 18-5 10. 54 = 90, (§ 57) 
. 4, 10%+52x—62=90. 
_ 6. Combining, 9x2 =90. 
» 6. Do: x= 10. (§ 9) 

5 2 

 Cuzck: Does ee tar las | 
10+5—6=9? Yes. 


he Lowest Common Multiple of the denominators. 


-Nors. In order to eliminate the denominators, multiply the ranantn by) 
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2, fhe a SOR 
Examete 2. Solve the equation eae casey 
Sotution: 1. The L.C.M. of 6, 3, 5, and 4 is 60. 
2, Meo: os) gal (§ 10) 
3. 70 m — 100 = 36 m — 15. 
4, Ao: Ssm: 70m —86m=100—15. (§ 41) 
5. -. 84m = 85; m= $8 = $= 2.5. 


Cueck: This solution may be checked by substitution or by going over 
the solution again. If the latter method is used, great care must be taken, 
as it is easy to overlook an error. 


EXERCISE 40 
Solve the following equations: 
2: mimas. 12s m—=7 9 Le 
4. AS aE 45 14, 4q—So_d at 
6. mein, 16, a+f=11—$ 
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EXERCISE 41 


1. One fifth of a certain number exceeds one eighth of the 
same number by 3. Find the number. 

2. The sum of three numbers is 65. The second is one 
half of the first, and the third is two thirds of the first. Find 
the numbers. 

3. What number increased by one half of itself equals the 
sum of two thirds of itself and 25? 

4. What number exceeds the sum of its third, sixth, and 
fourteenth parts by 18? 

5. What number is such that if four sevenths of it be sub- 
tracted from itself, the result equals the excess of three 
fourths of the number over 18? 

6. What number is such that if two thirds of it be in- 
creased by 100, the result equals four fifths of it ? 

7. Seven eighths of a certain number is as much less than 
21 as three tenths of it exceeds 24. What is the number ? 

8. The difference between the third and fifteenth parts of 
a certain number is 28. Find the number. 

9. In a triangle commonly used by draughtsmen, the 
second angle is two thirds of the first, and the third angle is 
one half of the second. Find the angles of the triangle. (§ 13) 

10. In another triangle used by draughtsmen, there are two 
equal angles, each of which is one half of the third angle. 
Find the angles of this triangle. 

11. There are three consecutive numbers such that the sum 
of the second and third exceeds three halves of the first by 9 
Find the three numbers. 

12. A man has $4.35 in dollars, dimes, and cents. He has 
one fourth as many dollars as dimes, and five times as many 
cents as dollars. How many coins of each kind does he have ? 
| 13. The Treasury at Washington is one of the most impos- 
ing of the national buildings, Its perimeter is 1400 feet. Its 


; 
q 
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width exceeds one half of its length by 25 feet. Find its 
dimensions. 


14. The greatest depth of Lake Superior is one half that of 
Lake Michigan; the greatest depth of Lake Huron exceeds 
one sixth that of Lake Michigan by 700 feet. The depth of 
Lake Huron exceeds that of Lake Superior by 100 feet. Find 
the depth of each. 


15. Probably the largest room in the world under one roof 
is the passenger concourse of the Union Station in Washing- 
ton, D.C. Its perimeter is 1780 feet. One fifth of its length 
exceeds its width by 22 feet. Find its dimensions. 


16. Ten times the population of the United States in 1820, 
in millions, exceeded the population in 1910 by 3.8 millions; 
the population in 1910 exceeded 7 times the population in 
1820 by 25 millions. Find the population in both years. 


17. Plants feed upon certain plant foods present in the soil, 
such as potash, nitrogen, and phosphoric acid. A fair crop of 
potatoes will remove from an acre of ground about 99 pounds 
of these three foods. The amount of potash removed is 5 
times, and the amount of nitrogen 2} times that of phosphoric 
acid. Find the number of pounds of each removed. 


18. The length of the foundation of the Capitol in Wash- 
ington exceeds twice the width by 514 feet. The perimeter of 
the foundation is 22022 feet. Find the dimensions of the 
foundations of the Capitol. 


19. The average wholesale value of oak lumber in 1899 was 
$13.78 per thousand feet. This exceeded one half of the 
wholesale value in 1909 by $3.53. What was the wholesale 
value per thousand in 1909? 


20. The distance from San Francisco to London via New 
York is 6990 miles. The part of the journey by rail is 50 
miles less than 14 of the part by water. Find the part of the 
journey on land and the part on water. 


VI. DIVISION 


62. Division is the process of finding one of two numbers 
when their product and the other number are given. 

To divide 15 by 3 means to find the number by which 3 must be multi- 
plied to give the product 15. 

The Dividend is the product of the numbers; it is the num- 
ber divided. 

The Divisor is the other given number; it is the number by 
which the dividend is divided. 

The Quotient is the required number. 


63. It is clear that a+a=1; fora x1l=a. 


64. It is agreed that the product of zero and any number is 
zero. This makes division by zero impossible. 
Thus, if we try to find the quotient of 6 +0, and let q equal the quo- 
tient, we should have the relation 
6=0-gq. 
But 0-q=0 and not 6, so there cannot be any ordinary number to use 
as q. Hence, there is no number to represent the quotient of 6 + 0. 


65. Division is indicated by writing a fraction whose numera- 
tor is the dividend and whose denominator is the divisor. 
Thus, the quotient of 15 + 5 is written +2. 

_ The quotient of 7 abc + 3 xy is written i ret 
_ NOTE. The line, —, was used to indicate division long before the sym- 
bol, oa 


4 66. Division of a Product by a Number. 


\ 


: Examrpte. Divide 6 x 8 by 2. 
_ Soxrvtion: 1. 6x8+2= 
7 85 


6x 8. 
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2. If 6 is divided by 2, =e 


4 
4 
3. If 8 is divided by 2, a ea = = 24, 
4. If both 6 and 8 are divided by 2, 
3 4 
ee RIP dea BES LY 
2 P4 


5. Since we know that = 49° 2 or 24, it is clear that the results 


6x8 

2 
obtained in steps 2 and 8 are correct, but that the result in step 4 is in- 
correct. Hence, 


Rule. — To divide the product of two or more numbers by a num- 
ber, divide any one of the factors by the number, but divide only one 
of them by it. 


EXERCISE 42 
Find each of the following indicated divisions in two ways: 
1, 2x12 18 x 24 28 x 56 
- ° 2. ——_— 3. ——- 
3 6 7 


67. The Law of Signs for Division. 

Since (+ 2)x (+3) =+ 6, then (+ 6) + (4 2)=+3. 

Since (— 2) x (+3) =—6, then (— 6) + (—2)=+3. 

Since (+2) x (—3)=—6, then (—6) + (+2)=—3. 

Since (— 2) x (—8)=+6, then (+6) + (—2)=—3. 

If the signs of the dividend, the divisor, and the quotient in 


each of the previous statements are examined, the following 
rules become clear: 


Rule.—1. The quotient of two numbers having like signs is 
positive. 


2. The quotient of two numbers having unlike signs is negative. 
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EXERCISE 43 
1. Divide each of the following numbers by +3: 
+12; +15; + 27; —18; —36; —42; —857. 
2. Divide each of the following numbers by + 2: 
—18; +48; +72; —24; —96; +54; —108. 


3. Divide each of the numbers in Example 2 by: 

@) -3; @) +6; ©-2; @ —12 
4. Divide each of the numbers in Example 1 by — 3. 
5. Divide each of the numbers in Example 1 by — 2, 


68. The Law of Exponents for Division. 


DEVELOPMENT. 1. Review the definitions of exponent, base, 
and power of a number in § 15. 


2. Divide a’ by a’. 
SoLuTIon: eee a a0 


Therefore a5 +a?=a*, Cuecx: a?-a?= a5. 
Each a in the denominator is divided into one of the a’s in the numerator. 
The quotient in each case is 1, sincetw+a=1. 
3. Find as in step 2 the following quotients and write the 
results as in part a: 
© (a) a+a? =a’. (c) m’+m*=? 
(0) y+y=? (d) M®+f=? 
4, Examine carefully the exponents in the dividend, the 
‘divisor, and the quotient. In the following problems, try to 
erve the results immediately without going through the solution 
as in step 2. Test by multiplication. 
: (a) pi+pi=? (:) +a? 
(6) +a’ =? (@d) e+ a ? 
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5. Divide atd® by a°b*. 


438 .<. q8h2— att’ _@-a@-a@-a-B.- + Dis |DiciD) = he 
SoxuTion: @*b®+ a?b?= aOR at lela de 


ue pha al 


Rule. — The exponent of any number in the quotient is equal to 
its exponent in the dividend minus its exponent in the divisor. 


Hisroricat Nore. — This rule was known to Stifel (see note § 53). 


DIVISION OF MONOMIALS BY MONOMIALS 


69. Examere 1. Divide — 140°)? by +7a%. 

Sortution: Use the Law of Signs, § 67, and the Law of Exponents, 

$68. — 14 a8h? _ 
+7 a 

Curck: (+7 a%)(—2ab%) =— 14 a0?. 


ExAMpie 2. Divide 54 a’b’c* by — 9 a'b*c?. 


54 ab? _ __ g gq—Hpe-2) 8-9 — — 6 g8b°e = — 6 ake. 
— 9 atb?c? 


CuEcK: (— 6 a8c)x (— 9 atb2c?) =+ 54 a™b?c3. 

Notice that by the law of exponents, b? + 6? = 6?-? = 0°. 

No meaning has been given to the zero power of a number. 
Since b? + 0? must equal 1, we agree that 0° =1. 


— 2 a8—-2)b? =— 2 ab. 


SoLuTIon : 


The zero power of any number is 1. Thus: 

= Es 5 5? = a ; ro => Ls 

Rule. — To divide a monomial by a monomial: 

1. Make the quotient positive, if the dividend and divisor have 
like signs; make it negative, if they have unlike signs. 

2. Find the quotient of the absolute values of the numerical co- 
efficients. 

8. Multiply the quotient of step 2 by the product of the ‘literal 
factors, giving each its exponent in the dividend minus its exponent 
in the divisor. 

4. Omit any literal factor which has the same exponent in the 
dividend and divisor. 
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Exampie. Divide —33 a‘ba’y* by + 3 abaty. 
SoxuTion. (— 83 a®ba?y*) +(+ 3 ax2y)=— 11 aby’. Ans. 


Curcx: These solutions may be checked by substitution, for they must 
be correct for all values of the literal numbers (except 0 sometimes). A 
better way is to use the rule that the divisor times the quotient equals the 
dividend. 

Here, does (+ 3 a®x?y) x (— 11 aby?) =— 33 a®ba*yt? Yes. 


EXERCISE 44 
Divide: 
1. 2 by. a. 21. — 24a'b’c by —8 atd2. 
2. 7 by 2%. 22. 28 aPye by —T ay. 
3. p* by p* 23. —33 a®a’y* by —3 aty*, 
4. m* by m*. 24. 65 afy'2? by — 13 ay’. 
5. ab® by ab. 25. 28 a'b’c® by —14 a’bc’. 
6. rs? by rs. 26. —T2ay4® by —6 ay. 
eee Dy xy, 27. —40 a°bic’ by — 8 be. 
8. ab? by a’‘d. 28. —55 aPy%z® by —11 9°28 
9. 12a‘ by 2a% 29. —T0a‘b*c’ by 14 ab*c. 
10. 152° by 32°. 30. —96 m'n* by —12 mn. ~ 
11. 207°s* by 47's’. 31. 64 ab’c by —4 abe. 
B 12. 18 cd’ by 9 ca*. 32. —637's® by T 7°s*. 
13. —14mn by —2m. 33. 3mn by —6m. 
14, $16a% by —4ab. 34, —Br*s by 150% 
15. —10 ay? by +5 ay. 35. 4a°y by —Lay. 
16. —21p* by —T p’. 36. 12 ab’c by — 24 ab". 
. —18 a*y by 2 ay. 37. 10° by 10% 
(18. 2m'n® by min’. 38. 2° by 2% 
. —36 ad‘? by + bath’ 39. 35. 4? by 3. 4%, 


20. —96 xy" by —16 a%y*. 


1.82.5 by 7-5. 
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DIVISION OF POLYNOMIALS BY MONOMIALS 


70. Dzvetopment. 1. Since 2x 9=18, then 148=9. 
2x2+6 
2 


2. Since 2(4+3)=2%+6, then =a2+3. 


3. Since 3(a—5) =3 a—15, what does wee equal ? 


4. What does each of the following equal? ‘Test the result | 
by multiplying the divisor and quotient. 
2 2 6r+4 6m—9 
Oo=F oF © 
5. Since a(b+c)=ab+ac, 
then ; ore =b+e. 


° 


Rule.— To divide a polynomial by a monomial : 
1. Divide each term of the dividend by the divisor. 
2. Unite the results with their proper signs. 


ExamptE 1. Divide 12 2°—62°+3a by —3a. 


1202—6274+382 
=a w+2a 


Curck: (—4274+2%—1)-(—32) =1228 —627+32. 


SoLuUTION: 


ExamerE 2. Divide —9a*+3a?—12 a4 by —3 a. 
Sortution: (—12 a*— 9a?+3 a?) + (—8a?) =40?+38a—1. 


Curcx: Multiply the quotient by the divisor; the result should equal 
the dividend, 


EXERCISE 45 
Divide: 
1. 3a—6b by 3. 6. —3at+62? by —3 2%. 
2. 16r—8 8 by 8. % +21r°—149% by —Tr 
3. 12 27-16 ° by 4. 8. 18 m’n — 27 mn? by 9 mn. 
4. 20a?—15a by 5a. 9. — 440% + 55 a% by 110%. 


5. w— 2+ a by a. 10. 36 cd’ — 48 c’d* by 12 c’d*. 
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11. 16 2° + 28 2° — 24 2 by 427, 

12. 104 mn? — 52 m’n? by —13 mn. 

13. 6 a®b’c°— 15 a®d*c® + 3 atd’c by — 3 a®d¥c, 
14. — 63 aby®s? — 84 a®y*z” by +7 aby2?. 

15. 20 m®n® — 35 mn? — 30 m'n® by — 5 min’. 
16. — 36 a" + 108 a®— 60 a? by —12 a’. 

17. 32 a®b’e — 24 ab’c? + 48 ab’c® by — 8 abe. 
18. —63 2 —18 27 + 45 2 — 99 at by —9 at. 
19. —12 aty + 6 a*y? —16 a*y° + 20 ay* by —2 ay. 
20. 60 a*— 30 a” + 15 a® — 45 a by —15 a’. 
21. (a*b — a®d? + a°b*) + (a). 

22. (8 at—12 ay) + (— 42°). 

23. (— 21 cd? — 42 cd*) + (—T cd”). 

24. (—6m*+9m?—12m) +(—3). 

25. (—a2*+27—1)+(—1). 


DIVISION OF POLYNOMIALS BY POLYNOMIALS 


71. Division of a polynomial by a polynomial is like long 
division in arithmetic. i 


_ Divide 864 by 24. hes 
1. 86 -+24= 34. 24 B64 

mo, 94% 8=72; subtract . 2. 2 2 2 2 © [2 
3. 14+ 2=6+. 144 


p 4. 24x 6= 144; subtract. . . « « « « 144 
_ Divide 10 a — 21 2? —114%+412 by 22°—3 2-4, 


» 52— 3 

1, 1023+22?=5 2. 202-32 —4 1023-21 22—11%+412 
2. (227-8 2—4)x (5x); subtract .« . - - 10a3—1522—20% | 
8. (—6a2) + (222) =-3. — 622+ 92412 


4, (227-3 %—4) x (—83); subtract . 2. . « — 622+ fae 
‘The following explanation of the process may be given. 
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We are to find an expression which, when multiplied by the divisor, © 


2x7— 3a —4, will produce the dividend. 

The term containing the highest power of x in the product is the prod- 
uct of the terms containing the highest powers of x in the multiplicand 
and multiplier. 

Therefore, 1023 is the product of 2%? and the term containing the 
highest power of x in the quotient. Dividing 102? by 222 gives 52, 
which is the term containing the highest power of x in the quotient. 

When the dividend is formed, the divisor is multiplied by each term 
of the quotient, and the results are added. Now reversing the process, 
multiply the divisor by 5% and subtract the result, 102? — 15 2% — 202, 
from the dividend. 

The remainder, —622 +92 +12, must be the product of the divisor 
and the rest of the quotient. Consider it a new dividend. 

Its term containing the highest power of x, —6?, is the product of 
202 and the term containing the next lower power of x in the quotient. 
Dividing — 6 a? by 222 gives the next term, —8. Multiply the divisor 
by —8 and subtract the result from the previous remainder. There is 
now no remainder. 

The quotient is therefore 5% — 3. 


Rule. — To divide a polynomial by a polynomial: 

1. Arrange the dividend and the divisor in either ascending or de- 
scending powers of some common letter. 

2. Divide the first term of the dividend by the first term of the 
divisor, and write the result as the first term of the quotient. 

8. Multiply the whole divisor by the first term of the quotient; 
write the product under the dividend and subtract it from the 
- dividend. 

4. Consider the remainder a new dividend, and repeat steps 1, 2, 
and 38. 


Norr 1. The terms of the quotient are placed above the terms of the 
dividend from which they are obtained. 


Norn 2. The like terms are carefully arranged in a vertical column. 


Norsg 3. Spaces should be left for any powers of the common letter 
which are not present in the dividend. 


Norsr 4, Asin arithmetic, there may be a final remainder. 
Exampre 1, Divide 9 ab?+a°—9 b'—5 a’ by 3 b?+-a?—2 ab. 
Sotution: 1, Arrange according to descending powers of a. 
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a—3b 
2. a?+a?=a, a?—2ab+3 6? |a3—5 a2b+9ab2—9b8 
3. (a@—2ab+3 6?) xa; subtract . cats Pape 
4, —3@b+a?=—3b. —3a*b+6ab?—9b3 « 
5. (a2?—2ab+3 6?) x(—3b); subtract . . . . —8a%b+6ab?—9b8 


Cuecx: Leta=landd=1, 

Divisor: a*#—2ab+307?=1—243=2, 
Dividend: a —5a2b4+9ab?-—9B8=1-—-54+9-—-9=—4, 
Dividend + divisor: (—4)+(2)=-— 

Quotient: a@—3b6=1-—3=—- 2, 


ExampieE 2. Divide 2°y?+ 2t—7* by —ay+y?+a% 


SoLuTIoN : 
a? + xy + ¥? 


a? — xy + y? | x4 +22y2 —yt 
at — aby +072y? 
+23y — yt 
+ xy — xy? + xy? 
xy?—aye— yt 
xy? — ay + yt 


— yt 
Nore. The quotient is 22+ 2y+y?; the remainder is —2y*. As in 


arithmetic, the complete quotient may be written: 


Quotient =1+1+1 1 


@ 


Pett ey 

e—ay+y? 

Cueck: Letx2=1,andy=1. Then, dividend =1, and divisor = 1. 

ee 
—141 

Since 1 x 1 =1, the vee is correct. 

Another check would be to multiply the divisor by the quotient and 


Complete quotient: 227+ xsy+y*?+ 


= 847 =3- a 


add the remainder ; the sum should equal the dividend. 


> 

i EXERCISE 46 

4 Divide: 

I . @ +5246 by +2. 4. m? + 8m +12 by m +2. 
1 2. 247 a+12 by 2+4. 5. A’?+11 A+24 by A+3. 


3. +7 y4+10 by yt+5. 6. r?—127r +32 by r—8& 
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7. st —138+42 by s—T. ll. 2+a—6 by x—2. 
8. 2+63 —16¢t by t—9. 12. 2—t—30 by t+5. 
9. ?+72—17c by c— 8. 13. a?— 3a— 28 by a—T. 
d? —12d+ 36 by d—6 14. m?+2m—15 by m+ 5. 


10. 


15. 
16. 
17. 
18. 
19. 
20. 
al. 
22. 
23. 
24. 
25. 
26. 
. 8&—62—19 2+ 84 by x—7. 

. 6a —18 a — 11 a? + 20 by 2a —5. 

. 403 —12 98 + 17 wy? — 12 wy by 2a —3y. 
. 120 +6 ab? + 5'— 23.0%) by 4a—5b. 

. w+ 4 ay + 3 yt by 2 —2Zay+3y2 

2? —-4+4+5n3 —19n by —8n24+5n2?—3. 
. 12413 —19¢%—12e by —38a?-44+2a, 
. 2a4+8a—at+ 15 by 2a?—3a+5. 

; —9 m?— 16 +m! — 24m by 3m+ m2+4. 
» CA yt + wy? by a + y? — ay. 


nt —T n?— 30 by n? + 3. 

a? —17 aw + 60a? by + — 5a. 

a? + 5ab — 660? by a+110. 

a? — 2.02—3522 by x— Tz. 

ot + 5 ary — 24 y? by 22&—3y. 
xy? —15 xy + 36 by xy —3. 
15a —llew«—4by 3242. 

6 a? + 35 — 29a by 2a—5. 

12 a@@—28a+15 by 6a—5. 
3022+ 8 — 53a by 6a—1. 

32 a —15y? + 28 ay by 4a4+5y. 
25 m? + 40 mn + 16 n2 by 5m + 4n. 


37. 


38. 
39. 
40. 
45. 
46. 
47. 
48. 
49. 
50. 
61. 
52. 
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e+8 by «+ 2. 41. &+ybyaxt+y. 
et — 16 by x— 2. 42. e&+y> by x—y. 
at— yt by e+ y. 43. oF +32 bv ++2. 
at—yt by r—y. 44. 1—16a' by 1+2a. 


nt—16 by 2n?+8+4n + ni, 

13 8+ Tix —70a2— 2046 2' by 443 2°—Te. 

n§ +4 m?n* +16 m* by 2 mn? +4 m+n 

63 af +114 2? +49 2? —16 2+ 20 by 9a°?—5 +62, 

a +50 —70 2+ 37 a? by 10—2a+2% 

10 abt — ab? — 25 b¢ +16 at by 50? +407? —ab. 
o+8e—1by #+2. 53. 6a°—Sa—} by 2a—}. 
e@—10¢+1byr—4. 54. 1@+isa+6 by tats. 


Hisrorrcat Nore. —Stifel (1486-1567) s2ems to have been one of the 
first to divide a polynomial by a polynomial. Sir Isaac Newton (1642-— 
1727), in a book published in 1707, pointed out the advantage of arrang- 
ing the dividend and divisor according to ascending or descending powers 
of the same letter. 


VII, SIMPLE EQUATIONS 


72. An Equation expresses the equality of two numbers. 
Equations are of two kinds. 


73. An Identity or Identical Equation is an equation whose 
members are equal for all values of the literal numbers in- 
volved; as, 3u(a—b)=3ax—3 be. 

If a=8, d=1, «=2, 8x(a—b)=3-2(8—1)=6-2=12; 
also, 8ax—3 ba =3-38-2—38-1-2=18—6=12, 

Any other set of values of a, 0, and x will produce equal numerical 
results in the two members of the equation. 

An identity is like a declarative sentence; it makes a state- 
ment of actual equality. 


74. An equation is said to be satisfied by a set of values of 
the letters involved in it when, after substituting these values 
for the letters, the equation becomes an identity. 

Thus, xa — xb = 2a— 2b is satisfied by x = 2, for 

: 2a—2b=2a—2b is an identity. 
«2 —y=5 is satisfied by « = 8, y = 3, for 
8—3 = 5 is an identity. 


75. A Conditional Equation is an equation involving one or 
more literal numbers, which is not satisfied by all values of 
the literal numbers. 


Thus, (a) «-+-2= 5 is not satisfied by any value of x except « = 8. 


(b) 22 ~5a%=—6 is satisfied by x = 2 and by 2 =8, but by no other 


~ values of x. 
A conditional equation is like an interrogative sentence; 
it implies a question. 
96 
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‘Thus, 32 — 5 = 4, asks “for what value of zis 8a—5=4?” 
The answer is, ‘‘g must be 8,’ for3 x 3—5 =9—5=4. 


The word “equation” usually refers to a conditional equation. 


-76. If an equation contains only one unknown number, any 
value of the unknown number which satisfies the equation is 
called a Root of the equation. 

To solve an equation is to find its root or roots. 


Thus, 3 is the root of the equation z + 2= 5. 


77. If an equation has only one unknown number, if the 
unknown does not appear in the denominator of any fraction, 
and if the unknown appears only with the exponent 1, then 
the equation is called an Equation of the First Degree, or a 
Simple Equation. 

Thus, 82 — 5 = 4 is a simple equation. 

Historrcan Nore.—The idea of the degree of an equation was intro- 
duced by Descartes. 


PROPERTIES OF EQUATIONS 


78. Previously, in solving equations, four rules have been 
employed : 

1. The same number may be added to both members of an 
equation without destroying the equality. (§ 41.) 

2. The same number may be subtracted from both members 
of an equation without destroying the equality. (§ 41.) 
_ 3. Both members of an equation may be multiplied by the 
‘same number without destroying the equality. (§ 10.) 
4, Both members of an equation may be divided by the 
‘same number without destroying the equality. (§ 9.) 
_ All simple equations are solved by the application of one or 
nore of these rules. However, observation of the results of 
olving equations by means of these rules leads to certain more 
mechanical methods of solution which may be used. 
- . € : 
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79. Transposition. Solve the equation 10%7—5 = 3 + 30. 


Soxution: 1. 10%—5=32+4 30. 

2. Ag: 102 =32+ 30+ 5. 
8. Soa: 102—382=380+5. 

4, Vx = 35. 

5. 2=5. 


In equation 3, the term — 3. in the left member corresponds 
to the term + 3 in the right member of equation 1; and the 
term +5 in the right member of equation 3 corresponds to 
the term —5 in the left member of equation 1. These are 
two examples of transposition. The result is the same as if a 
term were taken from one member of the equation and placed 
in the other, with its sign changed. 


Rule. — A term may be transposed from one member of an equa- 
tion to the other, provided its sign is changed. 


Historicat Notr.—Our word algebra, curiously, is associated with 
this process, transposition. About the first quarter of the ninth century 
an Arabian mathematician, Mohammed ben Musa, wrote an algebra, for 
the title of which he used, Ilm al-jabr wa’l muqabalah. Al-jabr meant 
the process of transposing terms. This title was used in various forms 
in Europe until about the fifteenth century, when the last part was 
dropped and algebra came into use. 

The Greeks had no special name for their algebra. ‘The Hindu writers 
called it reckoning with unknowns. 


80. Cancelling Terms in an Equation. 


Exampte, Solve the equation *+a=b+a. 


Sonution; *«+a=b+a. 
Se: B= 0. 


Thus, the term a, which appeared in both members of the 


given equation, does not appear at all in the next equation; 
the result is the same as if the term a were simply dropped 
from both members. 


Rule. —If the same term, preceded by the same ‘sign, occurs in 
both members of an equation, it may be cancelled. 
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81. Changing Signs in an Equation. 
EXAMPLE. Solve the equationa—aw=b—c. 


Soxution: 1. a—x=b—c 
3. My: —-a+tex=—b+e. 
orz—a=c—b. 


Thus, the signs of all terms of the equation in step 2 are ex: 


actly opposite to the signs of these terms in the equation of 
step 1. The result is the same as #f the signs of all the terms 
of the equation were simply changed. 


Rule.— The signs of all of the terms of an equation may be 


changed, without destroying the equality. 


Nor. The rules given in §§79, 80, and 81 are valuable, but the student 


should endeavor to remember that they arise out of the more fundamental rules 
given in §78. 


Examere. Solve the equation 
[—~5e2—92=15-—92r—S82. 
SoLtution: 1. 7—5x2%—9x%=15—-92—32. 


2. Cancelling the term —92: 7—5x=15—8z2. (§ 80) 
8. Transposing + 7 and —32: 
—52+3e2=15—7. (§ 79) 
—2%=8. . 
4. Changing the signs of the terms: (§81) 
2%=—8. 
5. D.: g=—4. 
. Check as usual. 
EXERCISE 47 


Find the roots of the following equations; check the 


solution: 


. 


: 
5 


ig4-tpeiipee, 
brid? 1697, 


1. 5a4+5=61—34. 
2. 9m—T=3m—37. 
3. 13—62=130—6. 21 —152=—8z—7. 
4. Tt+10=16¢—17. 30 +17¢ =27¢ + 22. 
5. 15—6n=5n +48. 10. 19—16y = 27 — 28y. 


OMAR 
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11, 25m+1)4+16=44+3(m—7). 

12. 8t—5(4t4+3) =—3—4(2t—7). 

13. 5c—6(8—4c) =c—T(4+4+ 0). 

14, 2(440+7)—6(20+3) =8(3a"—4)—7T(22 —3). 
15. 10r—(87r+4+ 2) =9r— (5r—4). 

16. 19—5c(4e+1) =40—10c(2c—1). 

17. 3—(@—3)=5—22a. 

18. 4(m—7) = 5(m +10) — 6(m + 8). 

19. 2(r—1) =4(r—5) —3(r— 2). 

20. 5=3(a— 2) —10(@—6). 


82. No general rule can be given for the solution of prob- 
lems. The following suggestions will prove helpful: 

1. Every problem gives a relation between some unknown 
numbers. 

2. There are as many distinct statements as there are un- 
known numbers. 

3. Represent one of the unknown numbers by a letter; 
then, using all but one of the statements, represent the other 
unknowns in terms of that same letter. 

4, Using the remaining statement, form an equation. 


EXERCISE 48 


1. Divide 44 into two parts such that one divided by the 
other shall give 2 as the quotient and 5 as the remainder. 
Hint: The dividend = divisor x quotient ++ remainder. 
. 2. If 11 be added to a certain number, and the sum be 


multiplied by 5, the product equals — 6 times the number. 
Find the number. 


8. Divide 19 into two parts such that 7 times the less shall. 


exceed 6 times the greater by 3. 


4. Divide 38 into two parts such that twice the greater 
shall be less by 22 than 5 times the less. 
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5. The age of a father is 5 times that of his son; his age 
5 years from now will exceed 3 times his son’s age by 4 years. 
Find their present ages. 

6. There are three consecutive odd integers such that when 
three times the first is increased by the second, the sum 
exceeds 3 times the third by 5. Find the numbers. 

7. Divide $22 among A, B, and C so that A may receive 
$2.25 more than B and $1.75 less than C. 

8. Divide 49 into two parts such that one divided by the 
other may give 2 as quotient and 7 as remainder. 

9. Twice the width of the Pennsylvania Station in New 
York exceeds its length by 80 feet. Four times the length 
exceeds the perimeter by 700 feet. Find the dimensions. 

10. Find the three sides of a triangle if the perimeter is 

45 inches, if the second side is twice the third side, and if the 
first side exceeds the third by 5 inches. 

11. Divide 134 into two parts such that one divided by the 
other may give 3 as quotient and 26 as remainder. 

12. The elevation of Mt. Whitney, in California, the highest 
‘point recorded in the United States, is 14,501 feet, measured 
from sea level. The lowest point of dry land in the United 
States is in Death Valley, California. If 52 times the elevation 
of Death Valley be diminished by 45 and the result be in- 
‘ereased by the elevation of Mt. Whitney, the sum ts zero. 
Find and interpret the elevation of Death Valley. 

13. A now has one third as much money as B; after B gives 
him $ 24, he will have 3 times as much money as B has left. 
How much has each? 
3 14. A cab driver finds at the end of the day that he has 
$11.55. He has 3 less nickels than quarters, twice as many 
If-dollars as quarters, and as many dimes as he has nickels 
md quarters together. How many of each kind of coin has 


3 
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15. A gardener decides to buy $25 worth of gladiolus 
bulbs. He wants some of the pink variety which sell at $2 
a hundred; two thirds as many of the yellow variety, at $3.50 
per hundred, as of the pink variety; and four times as many 
of the scarlet variety, at $1.50 per hundred, as of the yellow 
variety. How many of each shall he order? 


c 16. In an isosceles triangle, two sides are 


equal and, also, the angles opposite these sides — 


are equal. Find the three angles of an isosce- 
les triangle if the angle between the equal sides 
A B is 70°. 
17. Find the sides of an isosceles triangle if its perimeter is 
720 inches and its base is 150 inches. 
18. The highest temperature recorded in the United States 
up to 1907 was 119°, recorded in Arizona. The lowest tem- 
perature was recorded at one time in Montana. If twice the 


lowest temperature be decreased by 9 and the result be added | 


~ to the highest temperature, the result is zero. Find and inter- 
pret the lowest temperature. 


19, The area of Nebraska exceeds the area of Virginia by 
34,893 square miles; the area of California exceeds three times 
the area of Virginia by 30,416 square miles; and the area of 
California exceeds twice the area of Nebraska by 3257 square 
miles. Find the area of each of the states. 

20. In 1910, the total number of boys and girls in the public 
secondary schools was 915,061. The number of boys exceeded 
three fourths of the number of girls by 11,123. Find the 
number of boys and of girls. 

21. The total annual income from two investments is $250. 
One sum is invested at 4 % and the other sum, which exceeds 


the first by $500, is invested at 5%. Find each of the sums — 


invested. 


Soxvurion: 1, Let s = the smaller sum in dollars. 
2. « 04s = the interest on this sum. 
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3. -. ( + 500) = the larger sum in dollars. 

4. .. .05(s + 500) = the interest on this sum. 

6. .. 048 + .05 (s + 500) = 250, 

6. -. 048 + .05s + 25 = 250. 

ie =. 09 s = 225, 

8. . $ = 2500. 

9. -. s + 500 = 3000. 

Cueck: 5 % of $3000 = $150; 4% of $2500 = $ 100; 
and $150 + $100 = $ 250. 


22. One sum of money is invested at 5 %; a second sum is 
invested at 6%. If 3 times the first sum exceeds the second 
sum by $100, and if the total income is $155, find the sums 
invested. 

23. A man has $5000 invested at 4%. How much money 
must he invest at 6 % to make the total income equivalent to 
5 % on the total amount invested ? 

24. A man has $3000 invested at 3.5 %, and $ 4500 at 4 %. 

How much must he invest at 6 % to make the total income 
equivalent to 5 % on the total sum invested ? 
_ 25. A man owns a number of shares of U.S. Steel Preferred 
Stock ($1000 par value) which pay 7% annually, and 
5 times as many bonds of the Chicago Edison Company, 
($1000 par value) which pay 5%. If his total income is 
$960, how much has he invested in each form ? 


_ 83. Distance, Rate, and Time Problems. —If a train goesa dis- _ 
‘tance of 240 miles in 6 hours, it travels at an average rate of 


40 miles per hour. 
Mf The time (t) is expressed as a number of units of time; as 


hours, minutes, days. 
The rate (r) is expressed as a number of units of distance 


‘covered in the unit of time; as, a number of miles per hour, or 
namber ge feet per second, etc. 
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The distance (d) is expressed as a number of units of distance 


covered in the total time. 
From the example and the definitions, it is clear that: 


the distance equals the rate multiplied by the time. 
d= rt. (1) 
d d. : 
From equation (1), or On) that is 
the rate equals the distance divided by the time. 
From the equation (1), =tori= ; that is, 


the time equals the distance divided by the rate; 
thus the time occupied in going 200 miles at 40 miles per hour 
is 5 hours. 
EXERCISE 49 

1. Express the distance covered by a trainin 15 hours at the 
rate of : 

(a) 5 miles per hour; (c) (+7) miles per hour; 

(®) R miles per hour; (a) (2y—8) miles per hour. 

2. Express the distance covered by a train in H hours at the 
rate of: 

(a) m miles per hour; (6) (+9) miles per hour. 

8. Express the time required by an automobile to go a dis 
tance of 300 miles at the rate of: 

(a) 30 miles per hour; (c) (@ +5) miles per day; 

(0) » miles per hour; (d) (m —4) miles per day. 

4. Express the time for a trip of NV miles at the rate of: 

(a) 10 miles per hour; (b) x miles per hour. 

5. At what rate does a man travel who goes 250 miles: 

(a) in 10 days; (c) in @ — 5) hours; 

(0) in n days; (d) in (r+ 7) days. 
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6. At what rate does a man travel who goes D miles: 
(a) in15 hours; (0) in¢days; (©) in ( —4) minutes. 

7. The rate of one train is r miles per hour. Express the 
rate of a train which travels 5 miles more per hour. 

8. Express the distance traveled by each of the trains in 
Example 7 in 15 hours. 

9. Suppose that the distance gone by the second train 
exceeds that gone by the first train by 75 miles. Form an 
equation expressing this fact. 

10. A man on foot and a man on a bicycle both travel for 
5 hours, the rate of the latter exceeding that of the former by 
7 miles per hour. Let r represent the rate of the former. 

(a) Express the rate of the second man. 

(6) Express the distance each travels. 

(c) Form an equation expressing the fact that the sum of 
the distances is 60 miles. 

Equations 

In the following problems, express the time, rate, and dis- 
tance traveled by each party, and then form the equation 
from the given relations. It is usually wise to illustrate the 
problems geometrically. 

11. Two men travel toward each other from points aia 
are 150 miles apart at rates of 5 and 15 miles an hour respec 
tively. In how many hours will they meet? 


Soturion: 1. Let k = the number of hours until they meet. 


Then for the time is the rate is the distance 


one man h hours 5 m. an hr. 5 h miles 


the other man h, hours 15 m. an hr. 15 h miles 
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12. Suppose that the more rapid traveler starts two hours 
after the other in Problem 11. When will they meet? 


13. Suppose that two men, who travel at the rate of 6 miles 
and 10 miles per hour respectively, start from the same place 
in opposite directions. In how many hours will they be 200 
miles apart ? 


14. Suppose that A, traveling 10 miles per hour, leaves a 
place 3 hours before B; suppose that B travels 15 miles per 
a hour. In how many hours will B overtake A ? 


. o| Hint: A is at C when B starts; B overtakes A 


at D. 


15. Suppose A, traveling 15 miles per hour, starts 4 hours 
before B. At what rate must B travel to overtake A in 10 
hours ? 


16. Two hours after A left, B starts after him in an auto- 
mobile at the rate of 27 miles an hour and overtakes him in 2} 
hours. At what rate was A traveling ? 


17. A and B travel toward each other from points separated 
by 250 miles, A at a rate which exceeds B’s rate by 8 miles 
an hour. If they meet in 5 hours, at what rate did each 
— travel ? 


18. Some boys who are boating on a river know that they 
can go with the current 6 miles per hour and can return against 
the current at the rate of 3 miles per hour. How far may 
they go if they have only 3 hours for the trip ? 


19, A man has 11 hours at his disposal. How far may he 
go ina buggy at the rate of 10 miles an hour if he plans to 
return at an average rate of 7 miles per hour ? 


20. An automobile is traveling at the rate of 25 miles an. 


hour. In how many hours will a second automobile overtake 
the first if the second starts 2 hours later than the first, and 
travels at the rate of 35 miles an hour ? 


OO 
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21. An express train whose rate is 36 miles an hcur starts 
54 minutes after a slow train and overtakes it in 1 hour and 
48 minutes. What is the rate of the slow train? 


22. An automobile party is traveling at the rate of 20 miles 
per hour. At what rate must a second automobile travel in 
order to overtake the first if it starts 2 hours after the first and 
wishes to overtake it in 3 hours? 


23. Chicago, and Madison, Wisconsin are about 140 miles 
apart. Suppose that a train starts from each city toward the 
other, one at the rate of 35 miles per hour and the other at 
the rate of 40 miles per hour. How soon will they meet? 


84. Problems about Thermometers, There are two kinds of 
thermometers in common use, the Fahrenheit and the Centigrade. 
The Fahrenheit is the one with which most of us are familiar. 
The Centigrade is used by scientists. throughout the world. 

It is necessary at times to change a temperature reading on 
one scale to the corresponding reading on the 
other scale. 

The temperature at which water boils and that 
at which it freezes are called the “boiling” and 
the “freezing” points. On the Fahrenheit scale 
these points are marked 212° and 32°; on the Centi- 

grade scale, 100° and 0° respectively. The num- 
ber of Fahrenheit degrees between these two points 
is 180, and the number of Centigrade is 100. Hence, 
100 Centigrade degrees correspond to 180 Fahren- 
heit degrees, or 1 Centigrade degree to $ Fahrenheit 
_ degree. 

a Norz. This does not mean that a temperature of 1° C. 
is the same as 2° F, 1° C. is one degree above 0; the 
corresponding Fahrenheit reading is 2° above 32 (the freez- 
ing point), or 834°. Thus, a temperature of 1° C, = a tem- 
oo of 834° F. 
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EXERCISE 50 


1. How many Fahrenheit degrees are equal to the following 
number of Centigrade degrees ? 


(a) 15; (0) 25; (ce) 50; += @ 100. 


2. Remembering that Centigrade degrees above freezing are 
counted from zero, and Fahrenheit from 32, what Fahrenheit 
temperature corresponds to the following Centigrade tempera 
ture ? 

(a) + 15°C. 

Soxiution: 1. 15 Centigrade degrees = 27 Fahrenheit degrees. 

2. 15° C. above freezing = 27° F. above 32 = 59° F, 

e*% 15° C. corresponds to 59° F. 


, ) 480°C; () +55°C; @ —10°C. 


3. Derive a formula for changing Centigrade temperature 
readings into Fahrenheit readings. 


Soxtution: 1. Let C° = the Centigrade reading. 

Let F° = the Fahrenheit reading. 

2. C Centigrade degrees =(2 C) Fahrenheit degrees, 

8. C@° counted from 0, the Centigrade freezing point, =(% C)° counted 
from 82, the Fahrenheit freezing point. 

» F=82420. 

Curck: LetC=0. «. F=32+2-0=82, 

Let C=100. ». F=382+ 2-100 = 32 + 180 = 212, 
_ Since the freezing and boiling temperatures correspond, the solution is 
correct. 


4, The formula can be used to change Fahrenheit into Centi- 
grade readings. 
Change — 13° F. to Centigrade. 


Soxution;: 1, —13=32+20C. (Substituting m the formula.) 
2. - —65= 160490. 
3. *. — 225 = 9 C, or CO =— 25°; 


#.e. 25° below zero Centigrade. 
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6. In Physics and Chemistry, the temperature — 273° C, 
is important. To what Fahrenheit temperature does this cor 
respond? (Substitute in the formula.) 


6. The following substances melt at the temperatures indi- 
cated. To what Fahrenheit temperatures do these correspond ? 
Paraffin + 55° C, Tron + 1200° C. 

Tin + 232° C, Mercury — 39° C. 

7. Attempts have been made to get record-breaking low 
temperatures. The following table gives low temperatures 
produced, the name of the experimenter, and the date of the 
experiment. To what Fahrenheit temperatures do these 


correspond ? 
Date TEMPERATUER EXPERIMENTER 
1714 — 17°C. Fahrenheit 
1823 — 102°C. Faraday 
1898 — 262° C. Dewar 
1908 — 269° C. Onnes 


8. The temperatures at three places in the United States 
On a certain day were: 
(a) +50° F.; (6) +12°F.; © —8°F. 
What would these temperatures be on a Centigrade scale? 
9. The following liquids boil at the temperatures indicated : 
Alcohol 172.4° F. -Turpentine 320° F. 


. 

¥. Give the boiling temperatures on the Centigrade scale. 

= . e . 
F 10. Air can be liquefied by reducing its temperature until 


it reaches —182° C. To what Fahrenheit temperature does 


- this correspond ? 


VIII. SPECIAL PRODUCTS AND FACTORING 


85. In arithmetic, it is found necessary to memorize the 
multiplication table as an aid in multiplication, division, and 
factoring. In algebra, also, certain forms of number expres- 
sions occur frequently, which must be multiplied, divided, or 
factored by inspection. 


86. To Factor an algebraic expression is to find two or more 
expressions which will produce the given et Reece when they 
are multiplied together. 

Review the definitions of factor (§ 28) and common factor 


(§ 11). 


87. A number which has no factors except itself and unity 


is called a Prime Number; as, 3, a, and #+y. 
A monomial is expressed in items of its prime factors thus: 


12 ab’ec=2-2-3-ar-aca-beber. 


88. Squaring a Monomial. 

DEVELOPMENT. 1. What does a mean? (ay)? (29r°s)*? 

2. Find each of the following squares by multiplication : 
(@) 2a); @) Ba; © (— 249% 


3. Compare the exponent of each letter of the square with 
the exponent of that letter in the given monomial. 


Rule. — To square a monomial: 


Square its numerical crefficient, and multiply the result by each 


of the literal factors of the monomial, giving each letter twice its 
original exponent. 
, 110 . 
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89. Cubing a Monomial. 
DEVELOPMENT. 1. Find each of the following cubes by 
multiplication : 
(a) ays) Brs')?s © (—2a%y)® 
2. Compare the exponent of each letter of the cube with 
the exponent of that letter in the given monomial. 


Rule. — To cube a monomial: 

Cube its numerical coefficient, making the result negative if the 
given monomial is negative, and multiply the result by the literal 
factors of the monomial, giving each letter three times its original 
exponent. 


Examptei, Find (—5 2%’). 


SoLuTion: (— 5 x?y3)2 = + 25 aty6, 

Examprie 2. Find (—527y°)*. 

SoLurIon ; (— 5 a?y?)8 = — 125 aby, 
EXERCISE 51 


1. What sign does the square of any number have? 

2. What sign does the cube of a negative number have ? 

3, Learn thoroughly the squares of the numbers from 1 to 20. 

4. Learn thoroughly the cubes of the numbers from 1 to 6. 
Give the values of the following indicated powers: 


5. (a’b)’. 15. (—7 ay)’. 25. (—18)*% 
6. (—a’b?)*. 16. (+8 a*d*)*. 26. (—1672°)%. 
7. (2 ay)”. 17. (—5 m'n')®. 27. (+6 mn)* 
8. (+ abc)*. 18. (—97°st*)?, 28, (4a)*. 
9. (+2 7b)* 19. (+4¢d’)*. 29. (4 mn)*. 
10. (+3 a°y’2)* 20. (11 ab*’*)?. 30. (—4n2a7)%. 
‘11. (—5 m’)’, 21, (—12m'n) 31. (+ $070)’. 
12, (—22’y)* 22. (+5 min®)*, 32. (—2cd*)*® 


13. (—3.2%y’%)® 23. (—15 v*2*)’. 33. (—fay)*® 
14, (—62°y°)*. 24. (—10 cd)’. 34, (—$7°s)*. 
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90. The Square Root of a Monomial. If an expression can be 
resolved into two equal factors, it is said to be a Perfect Square, 
and one of the factors is said to be its Square Root. 


Thus, 4 a?b° is equal to 2 ab? x 2.ab8; hence it is a perfect square and 
2 ab? is its square root. 


NotE. 4266 is also equal to (— 2 ab8) x (— 2 ab8), so that — 2 ab’ is also a 
square root. In this chapter, only the positive square root will be considered. 


The following questions lead to the rule for extracting the 
square root of a perfect square monomial. 


DEVELOPMENT. 1. What sign does the square of any mo- 
nomial have ? 

2. When squaring a monomial, what do you do with the ex- 
ponents of the literal factors? with the coefficient ? 

3. In finding the square root, then, what should you do with 
the exponents of the literal factors? with the coefficient ? 

4, Find the square root of each of the following monomials, 
and test the result by multiplication : 


(a) a; (6) 4 a*y?; (c) 16 7s; (d) 25 a*y?28 


Rule.—1. A perfect square monomial is positive, has a perfect 
Square numerical coefficient, and only even numbers as exponents. 

2. To find its square root: find the square root of its numerical 
coefficient, and multiply the result by the literal factors of the mo- 
nomial, giving each letter one half of its original exponent. 


The symbol for extracting the square root is the Radical Sign, 
-/; the vinculum is usually combined with it, -V. 


Exampig, Find the square root of 25 m4n§ 
SorutTion: V25 min® = 5 m2n8. 


91. The Cube Root of a Monomial. If an expression can be 
resolved into three equal factors, it is said to be a Perfect Cube, 
and one of the factors is said to be its Cube Root. 


Thus, since 27 a°b8 is equal to 3 a2b- 3 ab - 3 a%b, it is a perfect cube, 
and 3 a%b is its cube root. 
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The following questions lead to the rule for extracting the 
cube root of a perfect cube monomial. 


DEVELOPMENT. 1. What sign does the cube of a positive 
number have? of a negative number ? 

2. When cubing a monomial, what do you do with the ex- 
ponents of the literal factors ? with the coefficient ? 

3. In finding the cube root, then, what should you do with 
the exponents of the literal factors of the monomial? with the 
coefficient ? 

4, Find the cube root of each of the following monomials 
and test the result by multiplication : 

(a) @; (0) 2; (c) 95 (d) mint; 

(e) 8a’; (pein; Gy) —<; (h) — 64 a%y%. 


Rule.—1. A perfect cube monomial has a perfect cube numerical 
coefficient, whose sign may be + or ~, and its literal factors have 
exponents which are exactly divisible by 8. 

9. To find its cube root: find the cube root of the numerical co- 
efficient, making it positive or negative, according as the sign of the 
monomial is + or —; and multiply the result by the literal factors 
of the monomial, giving each letter one third of its original exponent. 


The symbol for extracting the cube root is the radical sign 
with the Index 3, as follows: -+/ - 

Exampie. Find the cube root of — 125 a®d*. 

Sotution: V— 12545? =— 5a7b*. 


EXERCISE 52 
Find the indicated roots: 
1 Vim’. 6. V27 mn. 11. V— 64 a, 
2. V9m’*. 7. V36 a0. 12. V225 ay. 


aS. VEEL. 25 ab. 8. /—8ad. 13. 256 rt. 

9. */— 125 mn. 14. V- + 216 ea’e. 
5. Bae 10. V169 m'n*. 15. V—27 rt. 
* 7 
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16. -/+ 125 Bs - J. a7. VEae, 
17. VE ae N25 28. ~/, mint 
18. Vi mnt. 23. Varo 20. Vaaa, 
19. V—2160%, 24. Via at (eae 
; 49 ¢? 


20. V25 cid’. 25. Vx mnt. 
re «|. 81. 4/206 mt . 

2 Ni9 at aN 169 n8 

92. It is not always possible to factor a polynomial. Thoss 
polynomials which can be factored are the products of certain 
special forms of number expressions. 

CASE I 
Type Form: a(b+¢)=ab + ac. 


98. Multiplication, The rule for multiplying a polynomial 
by a monomial is given in § 57. 


EXERCISE 53 
Find: 
1. 22°(?-—3ay+y"). 4. +5aS8a—2ay+y’). 
2 —3ay(e'+xvy—y’). 5. ab(3 a?—2ab+*). 


3. +3 mn(m—mn+n') 6 —3sa(2a—b+0c). 


94, Factoring a Polynomial whose Terms have a Common 
Monomial Factor. 


4 
Exampte 1. Factor aw+3a—ba. 
4 Sorurion; 1, Each term has the factor a. Divide the expression 
y a. 
2. Then ax -+8a—ba=a(x+3~—b). 
CHECK: a-(*+8—b) =ax+3a—ab. 
Exampie 2. Factor 14 xy — 35 ay? 
Soturion: 1. Each term contains the factor 7 ay?. 
2. Dividing the expression by 7 xy, the quotient is 2 y2 — 5 2?. 
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8. Whence 14 ayt — 35 x8y2 = 7 xy2(2 y2 — 5 2%), 
CHECK: 7 xy2(2 y? — 6 x?) = 14 yt — 35 xy, 


Rule. — To factor a polynomial whose terms have a common mo- 
nomial factor: 

1. Find the greatest common factor of its terms. 

2. Divide the polynomial by it. 

$. The factors are the common factor found in step 21, and the 
quotient obtained in step 2. 


EXERCISE 54 
Factor the following polynomials: 
1 8a+3y. 11. 2m?+4mn+2n?. 
2. dm—Aa. 12. xytay+y 
3. 2r—6s. 13. 4a?—8ab+40% 
4. 5at—10 2s. 14. 32°—3ay+3y. 
5. 3ax?—2ay? 15. 7°? — 2 ray+rg?. 
6. 2rm?—16 rn’. 16. 12a'—20a°+4a2% 
7. o@+4o. 17. 327—152+18. 
: 8. 3m —6m. 18. a®—5ar+6a. 
9. at—ar. 19. 49 m‘t> — 16 n*. 
© 10. 307-57 20, 150°—6 0% 


21. 40°? — 20 ab’e + 25 b'a*. 
22. —2a’b+16 ab—325. 
23. 3 nyer—21 ny +18 y. 
24. 5 aay —5 axy — 30 ay. 
25. 4 aba? +16 absry — 20 aby’. 
26. 9 mt— 6 mt—63t. 
27. 48 aty? — 144 ay? + 108 xy’. 
28. 2° —at+a2°— 2. 
.29. 3am?—6amn+3 an?—3 ap’. 
30. Sax? — 15 ax’y +15 aay? — 5 ay*. 


ee tare ris ee ic 
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31. Recall that the area of a triangle is $ of the product 


of its base and altitude. Thus, the area A 

of A ABC=i4a.-b. (§ 17) /\~ 
Indicate the area of a triangle of base 

m and altitude p. B—> Cc 


32. Suppose that the polygon ABCDEF can be divided 
into six triangles, such that their altitudes are all equal. Call 
the altitudes each a, and the bases 6, ¢, d, e, 
J, and 9g. 

(a) What is the area of AOBC? AODC? 
A ODE? etc. ? 

(b) Indicate the sum of these areas. 

(c) Simplify that sum by removing the 
monomial factor. 

(d) Simplify the result by substituting p for 


(6+c+d+e+f+g). 
' The final result should be: area=i ap. 


33. Suppose that the altitude of A RXT'is a, and the alti: 
tude of A RST is c. The base of each : 


P Es 


is b. Ree 
(a) Represent the area of each. . ray: : 
(6) Indicate the sum of these areas. law 
(c) Simplify the result by removing the x r 


monomial factor. 


34. The area of a circle whose radius is r is rr’. 

(a) What is the area of the circle of radius R? 

(6) How can you find the area of the ring 
between the large and small circles? Indicate 
this area. ; 

(c) Simplify the result of step 6 by removing 
the monomial factor. 

(d) Find the value of the result when R is 5 
and r is 4, 
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35. Suppose that, in the adjoining figure, the rectangles 
have equal bases of length m, and altitudes 
of length a, }, c, ete. 


(a) Represent the area of each. 

(b) Indicate the sum of these areas. 

(c) Simplify the resulting expression by Hat 
removing the monomial factor. pg oy as 


CASE II 
Type Form: (a+)? =a’+2ab+ b. 
95. The Square of a Binomial. 


DevELorpment. 1, What does (a+ 5)? mean? 

2. Find the value of the following by actual multiplication, 
as in § 58, and write the results as in part (a): 

(a) (a+ 6)? =a? +12a+36. (c) (m+5)P=? 

(@) @+4%=? @ (@+8)'=? 

3. Observe carefully the results in step 2, Then try to 
find the following squares mentally, first, and check by 
multiplication : 


- @ @+2"=? (©) @+N=? 

SO ety=" (@) (k+10)'=? 

4. Write the sum of x and y. Indicate the square of that 
sum. Find the value of the square either mentally or by 
. multiplication. 

= 5. Prove by multiplication the following fact: 

4 (a+bP=a+2 ab + 6%, 


Rule. — To square the sum of two numbers: 
Square the first number ; add twice the product of the two num- 
_ bers; add the square of the second number. 


* EXAMPLE. Square (3 a + 2 bc). 


Soxvrion: (8a +2 bc)? = (8.4)? + 2(3.a)(2 be) + @ be)? 
=9 at + 12 abe + 4 7c*. 
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The solution may be checked by substitution, but it is necessary te 
acquire such skill in doing these problems that checking in that manner 
will be unnecessary. 


Rule. — To square the difference of two numbers : 
Square the first number; subtract twice the product of the two 
numbers; add the square of the second number. 


Exampte. Square (4a?—5 b*), 
Sorution: (4 a? — 5b)? = (4 a2)? — 2(4 a) (5 8) + (5 08)? 
= 16 at — 40 a2? + 25 B®. 


Nore. In actual practice, pupils should do all of this work mentally, 
passing from the given problem to the result as follows : 


(8 m—5 n)? = 9 m2 — 30 mn + 25 72. 
This is called ‘‘ finding the result by inspection.” 
The following figure illustrates the square of (a+). 


+ + 
, |= | 


(a+ b= a?+2ab+ b*. 


EXERCISE 55 
Square the following binomials by inspection: 
1. a+5. 8. z—10. 15. m+4n, 
2. b+6. 9 7412, 16. 2p— 34q. 
3. c—T7. 10. mn—11. 17. 2—3y, 
4, d—3. 11. 2a+0. 18. 2”2+5, 
5. m+ 4, 12, 8a—e. 19. 5m—6, 
6 n?—8, 13. a4+2b. 20. 3a?—2b% 
t p+o 14. r—3s. 21. 2ay+9. 


SPECIAL PRODUCTS AND FACTORING 119 


22. 3a*— 60. 25. 9+ 5 rt. 28. 2 xy ~-9 2%. 
23. 10r4+42 BGs — 2 29. Tab—5cd. 
24. 11s—5t. 27. 8c+3 mn 30. 9at+6 b%, 


Norse. For additional drill problems, if desired, square a binomial like 
32+, making 6 successively 1, 2, 3, etc. up to 10. Then change 3 to 4 or 
any other number. Short daily drills of this sort afford good mental 
arithmetic. 


Expand the following: 


31. (m— 3). 34. («+4 37. (r+). 
32. (y—ty. 35. (n+4). 38. (s+2t). 
33. («¢+3)%. 36. (p—}’. 39. («—Zy). 


40. Square 29 mentally. 
_, Sorurion: 292 = (30 — 1)? = 900 — 60 + 1= 901— 60 = 841. 
This should be done mentally. 


41. Square 32, (Hint: 32 = 30 +2). 


Square mentally the following numbers: 


4 42> 21 46. 42. 50. 49. 64. 52. 

43. 22. 47. 33. 51. 28. 55. 43. 

44. 23.- 48. 19. 52. 39. 56. 57. 
. 45. 31. 49. 18. 53. 38. 


57. Problem. Find a rule for squaring any number ending 
in 5. 5 
di Soxtvution: 1. 35 =3x10+5; 45=4x 104+5; 55=5x 10465. 
2. Similarly, any number ending in 5 may be represented by 


10n + 5. 
Thus, for 95, n is 9, since 9 x 10+5 = 95. 
3. ; (10 n + 5)? = 100 n? + 100 n + 25 
; = 100 n(n + 1) + 25, 
(OF, n-(n + 1) hundreds + 25. 


‘Thus the square of 95, in which n = 9, is 
| 9- (9 + 1) hundreds + 25, or 9026. 
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Rule.—To square a number ending in 5, drop the 5, multiply the 
balance of the number by the consecutive integer, and affix 25 to the 
result. 


Examprie, 85?= 7225. 
Ie.8X9=72; affixing 25, the result is 7225. 


58. Find by this rule the squares of some numbers ending 
in 5, such as 35, 45, 105, 115, ete. 


96. Factoring Perfect Square Trinomials. In algebra, it is 
necessary to be able to recognize a perfect square trinomial. 

Drevetopment. 1. Square the following binomials, and 
write the result as in part (a): 

(a) (a + b)? = a? + 2ab+ 0’ (:) GBa+4y)?=? 

(6) (2a+3b)?=? (d) 4m—5n}?= 

2. How many terms are there always in the square? 

3. What sign does the first term of the square have? tbe 
third term ? 

4. Notice that the first and third terms are perfect squares 
and that the second term is twice the product of the square 
roots of these two terms. 

5. Are the following perfect squares? Give the reason for 
your opinion. Give the square roots of the perfect squares: 

(a) ?+2cd+ a (c) P—6r+9. 
(6) m?+2mn +n’. (d) 2 —10 a — 25. 

Rule.—1. A trinomial is a perfect square when two of its terms 
are perfect squares and positive, and when the remaining term is 
twice the product of the square roots of the perfect square terms. 

2. To find the square root of a perfect square trinomial: extract 
the square roots of the two perfect square terms, and connect em 
by the sign of the remaining term. 

Examete 1. Is 4a°+9 yt — 12 ay? a perfect square ? 

Sorution: 4? is a perfect square; its square root is 22. 

9 y* is a perfect square ; its square root is 8 y2. 

12 xy? = 2(2 x) (8 y2). 
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Eance 4 x? + 9 yt — 12 zy? is a perfect square, and its square root is 
22-3 y%. 

Exampte 2. Is 9a?+7ab+40'a perfect square? 

Soturion : 9a? and 4b? are perfect squares. Their square roots are 
3 a and 2 b, respectively. 

2(8 a)(2b) = 12 ab. Since the third term is 7 ad, and not 12 ab, 
9 a? + 7 ab + 4 bd? is not a perfect square. 

To be a perfect square, the term 7 ab would need to be changed to + 
or — 12 ab. 


Then V9 a+1200+407=34a420. 
EXERCISE 56 


Supply the missing term so as to make perfect square tri- 
nomials of the following expressions, and then give the square 
roots : 


1. a? + (?) + mi’. 11. m?+4m + (?). 
2. a@—(?)+% 12. 2 —62+(?). 

3. m? — (?) + 2%. 13. y®—12y+(?). 
4, 7 — (2?) +8, 14. 2—102°+ (?).] 
&. ot — (2) +997. 15. 9a?+6a-+(?). 
6. 9a? + (2?) +4y. 16. 144 A? — (?) + 25. 
7. 167° —(?) +254. 17. 90? —(?) +360. 
8. 100 m? + (?) + 47% 18. 25 at + (?) + 369%, 
9. 22&—(?) +90. 19. 49 7? — (?) +25 s?. 
10. 8ici—(?) + 25a’. 20. 9a? — (?) + 64. 


In the following, determine whether the trinomials are per- 
fect squares; find the factors when possible. 


21. 4m? — 20 mn? + 25 n'. 
Soution: 1. This is a perfect square, according to the rule. (§ 96, 
-Rulel.) + 
2. Hence, 4m?— eh + 25 nt =(2m — 5 n®)2 
=(2m — 5 n2) (2m — 5 n?). 
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22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 
31. 
32. 
33. 
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m? — 10 mn + 25 n*. 34. 
ot +12 ay + 36 y*. 35. 
ma? 4+-18 mx + 81. 36. 
640? +15ab+ 0% 37. 


100 at — 60 wy + 9y’*. 38. 
49 xy? — TO wyz + 252% 39. 
4 a? — 22 awe +- 25 x. 40. 
81 a? + 16 y? — 72 ay. 41. 
4 a? — 28 ax + 49 2? 42. 
25 a? + 16 y? — 40 ay. 43. 
9 m?n?+ 25 7*— 30 mnr*, 44. 
4t4 + 36 a? — 12 at? 45. 


169 m® — 26 min +n’. 
64 ab? + 16 abed + ed’ 
100 2 — 80 at + 16. 

49 m* + 112 m? + 64. 

9 a? + 42 ab 49 b% 
121 a}? + 130 abe + 86 c, 
64 a? + 176 ab + 121 6% 
e+e+. 

ines ale $i 

2+ tw? — $2. 

4m? + 25 n? — 1,2 mn. 
gs @ + Ip ay + Oy. 


Complete Factoring. When a number is to be factored, 
all of its prime factors should be found. The factors found 
first may sometimes be factored again. 


Thus, 48 =8-6=4.2.2.8=2.2.2.2.3. 


In algebra, this sort of factoring is frequently necessary. 


Examp.ze 1. Find the prime factors of 
5am? — 50 amn +125 an2 


SoLurion : 5 am? — 50 amn + 125 an? 
= 5a(m? — 10 mn + 25 n?) (§ 94) 
=5a(m—5n)(m—5n), (§ 96) 


Do not fail to rewrite all factors, like the 6a, which are not factored 


again. 


Rule. — To find the prime factors of an expression: 
1. First remove any monomial : ‘actor which may be present. 


2. Then factor the resulting expression, when possible, EES 
all ot erg) which cannot be factored. 
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EXERCISE 57 
Find all of the prime factors: 


1. 3 ma?+ 24 mz + 48 m. 6. 20 a®— 20 a®dc? + 5 B2c". 
2. 18¢—12at+ 2a. 7. 30 ab —120 ab +1206. 
8. 7 mn? + 70 mnt + 175n'. 8. 3ax*—3axy+3 ay’. 

4. 5272+ 70 xyz + 2452. 9. 75 cx + 48 cy? —120 cay. 
5. 11 ma*y?+ 22 maey+44m. 10. 57°s —10 rst + 20 sé. 


CASE III 
Type Form: (a+6)(a—b)=@—- Bb. 
98. The Product of the Sum and the Difference of Two Numbers. 
DEvELOPMENT. 1. Find by multiplication the following 


. products, and write the results as in part (a): 


(a) (@+8)(a@—3)=a— 9. (c) (k+10)(k—10)=? 
(6) (m+7)(m—7)=? (d) (r+9)(r—9) =? 
2. Observe the results in step 1; try to find the following 
products mentally. Check the results by multiplication. 
(a) (a+6)(a—6)=? (©) @+4)(@—-4)=? 
(6) (¢+8)(c—8)=? (@) Y¥+5)y—5)=? 
8. Write the sum of x and y; write their difference. Find 
the product of the results. 
4, Prove by multiplication the following fact: 
(a+ b)(a—b)=a?— Dd’. 
Rule. — To find the product of the sum and the difference of two 
numbers : 
1. Square each of the numbers. 
2. Subtract the second square from the first. 
Examrprtei1. Find (5a?+m)(5a’—™m). 
~ Sorution: (6a? + m) (5a? — m)=(5 a?)? — (m)? = 25 at — m2, 
“Examere 2. Find mentally the product of 24 and 16. 
Bowron : 24 x 16 =(20 + 4)(20 — 4) = 400 — 16 = 384. 
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EXERCISE 58 
Find by inspection the products: 
toilet 2y(a— 2): 11. (10 xy —11) (10 zy +11). 
2. (r—3)(r +3). 12. (13m? —12) (13 m? + 12). 
8. (s?-+ 4) (s?—4). 13. (a —b*) (a +6). 
4, (a +5y) (@—5y). 14. (e—y)(e+y’). 
5. (3m+4n)(83m—4n). 15. (@&—8y*) (a +8y%). 
6. (m*—1)(m*+1). 16. (7 xyz —10) (7 xyz +10). 
7 (2—3a)(¢+3a). 17. 42-4) G2+}). 
8. (8—91)(8H491). 18. (2m+4)(Gm—}). 
9. 3ab—Tc)(8ab+7c). 19. Gr°—-{)Gr4+%)- 


10. (4r—5s%)(4r+5s?). 20. Gn?—HGr7+H. 

21. (9+5)(9—5). 25. 32.28. 29. 55-65. 

22. (254-2)(25—2). 26. 53-47. 30. 33-37. 

23. 22-18. 27. 62.58. 31. 41-49. 

24, 23-17. 28. 98-102. 32. 22-28. 

33. Find the cost of 18 dozen of eggs at 22¢ per dozen. 
34, Find the cost of 16 yards of gingham at 24¢ per yard. 
35. Find the cost of 45 yards of scrim at 55¢ per yard. 


99. Factoring the Difference of Two Perfect Squares. 
Drevetorment. 1. What is the product of (a+2) and 
_ (a—2)? What, then, are the factors of a? —4? 
2. Find the factors of : 
(a) 9; () BAP; 
(b) m?—16; (d) 9r°— As, 
3. Write the square of r; of ¢; the difference of these 
squares. Factor the result. 
4. Similarly, the factors a?— 8? are: 


(a? — b*) = (a+ b)(a—B). 


SPECIAL PRODUCTS AND FACTORING 125 


Rule. — To factor the difference of two squares: 

1. Find the square root of the two perfect square terms. 

2. One factor is the sum of the results; the other factor is the 
difference of the results. 


Exampte 1. Find the factors of 25 7*— 16 &. 
Soxution: 25 rt — 16 & = (5 r*)?— (42)? 
= (5724 40)(5r2— 423), 
Exampte 2. Find mentally the value of 13?— 7%, 
Soxurion: 13? — 7? = (13 + 7)(13 — 7) 
=20 x 6= 120. 
This example shows how the above rule can be used to simplify arith- 
metical work. 


/ 


EXERCISE 59 
Factor the following when possible: 
1. at —b* 12. 36—49 y*. 23. 100 ac? —1. 
2. ?—9. 13. 1— 36 ab’. 24. c&§—4d?. 
3. 16—d*. 14. 2-1. 25. 81 a — 196 y'24. 
4. x?—1. 15. 100 22”?— 49. 26. 256 n* — m3. 
5. 1—y. 16. y°—4m’. 27. 225 —64 
6. 2—4y*. 17. $@—gye. 28. 8H ar? —y®, 
7. 9—m? 18. 64m*—8in. 4, 1_¢. 
8. rts? — 7. 19. 169 a?— 196. ve 
- 9, 1627-25 y% 20. 25a°—1. pane gle ae 
10. 8177-162 21. 1440%-121 4% eapee 
11. 25a8—812% 22. 4b? — dy. 
_ Find mentally the following: 
~ 31. 167-9. 36. 35°—15% 
32. 23°—77. 37. 277—13% 
33. 247-67 38. 26?— 4%. 
34. 33°—17%. 39. 95? — 5%, 


35. 247-16. 40. 75?—25%. 
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Find the prime factors of the following: 


41. 5a’?-—5y. (See § 94.) 46. 
42. mt — 25 t. 47. 
43. 3ar?—12 as". 48, 
44, 4°d—9d’. 49. 
45. 32 y—2 ay. 50. 


Find the following quotients: 


51. (@?—y’) + (a@—y). 
52. (a?—m’) + (a+m). 
53. (7?—9) + (r—3). 
54. (7? — 25) + (1+5). 


36 aw =_— av’, 
ah? — 7s’. 
4a? —4 3m’. 


m 


xo — yf’, 


—n', 


. (438°—?t) + (28-2). 

. 9-16 y)+(8ae+4y) | 
. (25 m?—16 n?)+(5m+4n), 
. (169 — 100 a”) +(18—10a). 


Tell what binomial will divide each of the following; give 


the quotient: 


59. 9a?—4y', 62. 
60. m?—16 n*. 63. 
61. 25 a’ — 36 bf. 64. 
EXERCISE 
Review 

Expand the following: 
1. (a? —y’)?, 4. 


(2 2aa+y)\(a—y). 
3. 3 m (a — y®) (a + 9). 


Factor completely the following: 
! 10. 
. 5 ma?—10 may + 5 my*. 
- 27 mt — 4 rm?n? + 2 rn'. 


%. rt— 2 rs? + 54, 
8. mct—2 mc? +m. 
9. 5 tat—5 ty’, 


5. 
6. 


144 rv? — 121. 
256 ct — 400. 
100 7? — 36 #4 


60 


2 pg? — 8') (7° + 8"). 
3 c(2a—b)% 
5 ab(a? — b%)*, 


3 ax — 6 aa’y? + 3 ay’. 
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CASE IV 
Type Form: (x+a)(x + b)=2x°+(a+ b)x+ ab, 
100. The Product of Two Binomials having a Common Term. 


Devetorpment. 1. Find by actual multiplication the fol 
lowing products, and write the results as in part (a): 


(a) (@+2)(@+3)=2+52+6. 

(0) @+5)(@+3)=? (@ (m—T)(m—2)=? 

(©) @+5)(a+6)=? () (@—5)(s—8)=? 

2. Observe carefully the results in 1. Try to find the 
following products mentally; check the results by multipli- 
cation: 

(a) (6+4)(6 +2). (©) (@—3)(@—). 

(6) (c+4)(e +3). (d) y¥—4)y—5). 


Rule. — To obtain the product of two binomials having a common 
term : 

1. Square the common term. 

2. Multiply the common term by the algebraic sum of the second 
terms of the binomials. 

3. Find the product of the second terms. 

4. Add the results. 


» 


Exampre 1. Find the product of —8 and #+5. 
Sotution: (% — 8)(@+5)=27+(-—8+ 5)a +(— 8) (+ 5) 
= 22 —3x2—40- 

Exampre 2. Find (ab +2)(ab —11). . 

Sotution : (ab + 2) (ab — 11) = ab? — 9 ab — 22. 

Nore. Here, one glances at +2 and — 11, notes that theirsum is — 9 and | 
that their product is — 22, and writes the result as above. 

Examrre 3. Find mentally the product of 23 and 24, 


Sonution : 1. 23 x 24 =(20 + 8)(20 +4) = 400 + 7-204 12 
= 400 +140 + 12 = 552. 
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EXERCISE 61 

Find the following products : 
1. (2 +2)(a +3). 26. 
2. (w+2)(e+4). 27. 
3. (a+3)(a+5). 28. 
4. (a+4)(a+6). 29. 
5. (m+ 5)(m-+ 9). 30. 
6 (6—3)(6—7). $1. 
7% (b—4)(6—8). $2. 
8. (c— 5)(¢—7). 33. 
9. (r—6)(r—8). 34. 
10. (r—9)(r—10). 35. 
11. (r+2)(r—8). 36. 
12, (m+3)(m—10). 37. 
13. (n+5)(n—11). 38. 
14. (s-+6)(s—12). 389. 
15. (¢+4)(¢—11). 40. 
16. (a—2)(*+10). 41. 
17. (y+11)(y—3). 42. 
18. (2+ 10)(2—5). 43. 
19. (w—4)(w+9). 44, 
20. (a—1)(a+ 8). 45. 
21. (s*—6)(s?+ 10). 46. 
22. (#®—12)(% +9). 47. 
23. (ay—10)(ey+15). > 48, 
24. (r—5s)(r+3s). 49. 
25. (@ —2y)(w@+8y). 50. 


51. 


(rs —8 t)(re — 31). 
(a+3 b)(a+13b). 
(c—4d)(e—12 d). 
(228 y)(a?— 10). 
@+5y)\@—2y). 
(p? +11 9)(p? + 159). 
(73 ~12)(75 + 20). 

(s8 —15) (s* + 8). 
(PF—16 w)(@—4). 
(2 — 18 y)(@* +5y). 
(a+ 17 @)(a—3?). 
(e—9 a)(a#+15 a). 
(w-+- 116) (#—8b). 
(y~—132)(y°—T2). 
(+15 r)(¢—10r). 
(a? —14b)(a?— 105). 
(e —22 x)(c+ 202). 
(@+19 y)(@—5y). 
(a ~33 b)(a +65). 
(2-25 d)(c? — 10 d). 
(%— 35) (a + 20). 

(m —4)(m —5). 
(@+4)@4+1). 
(y+4)y+8) 
(@+3)@+4) 


Find mentally the product of 62 x 68. 
Soxurion : 62 x 68 =(60 + 2)(60 + 8) = 8600 + 600 + 16 =? 
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Find mentally the following arithmetical products: 


52. 22 x 28, 65. 24 x 26. 58. 52 x 54 
53. 33 xX 37. 56. 32 x 38. 59. 23 x 25. 
54. 34 x 36. 57. 44 x 46. 60. 33 x 34 


Perform mentally the multiplications’ in the following 
problems: 


61. Find the area of a rectangle whose base is 26 inches 
and altitude is 24 inches. 


62. Find the cost of 12 yards of lawn at 18 # per yard. 
63. Find the cost of 22 yards of scrim at 25 ¢ per yard. 
64. Find the cost of 53 bushels of corn at 55 # per bushel. 
65. Find the cost of an 11-pound roast at 18 # per pound. 


101. Factoring Trinomials of the Form x?+ pr. 
A trinomial of the form 2*-+ px + q can be factored if it is 


_ the product of two binomials having a common term (§ 100). 


DevetopMentT. 1. (2+5)(@—3)=0?4+2a2—15. 
In obtaining this product, the algebraic sum of + 5 and —$ is taken 


for the coefficient of x, and the product of + 5 and ~3 is taken for the 
| third term. 


> 


} 


| 
: 
q 


is 


To factor x2 -+22~15, it is necessary to find two numbers whose 


product is ~ 15, and whose algebraic sum is + 2. 
4 


2. Factor 2? +-7 «+12. 

Two numbers whose product is + 12, are +38 and + 4, and their sum 
_is +7. Try as the factors (2 + 8) and (% + 4). 
Cuece: Does (x + 8)(4+4)=27+72+12? Yes. 


Rule. — To factor a trinomial of the form x? + pr + q: 
1. Find two numbers whose algebraic product is g and whose al- 


gebraic sum is p. 


One factor is x + one number; the other factor is x+ the 


= number. 
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Examertze 1. Factor a — 26 « —192. 


Soxurion: It is necessary to find two numbers whose sum is — 26 and 
whose product is — 192; the number of greater absolute value must be 
negative. If necessary write all possible pairs of factors of — 192, one of 
which is +- and the other —. We have: 

(+ 1)x(— 192); sum =~—191. (+4)x(— 48); sum = — 44. 

(+2)x(— 96); sum =— 94, (+ 6) x (— 32); sum = — 26, 

(+3)x(— 64); sum =-— 61. 

. +6 and — 82 are the numbers required. 
2. 22 — 26% — 192 = (x + 6)(@ — 82). 


EXERCISE 62 
Factor: 
1. o+14¢+445. 
Sonurion: 1, Find two numbers whose product is 45 and whose sum 
is + 14, 
2. Factors of 45 are, 1 and 45; 8 and 15; 5 and 9. 
8. 5+ 9 = 14, hence the factors are (@ + 5) (a + 9). 
Cueck: (@ + 5)(a +9) = 22+ 14% +4 45, 


Not. This solution should all be done mentally; decide upon a pair of 
_ factors of 45 and immediately determine their sum. 


2 +5e+6. 6. @+ila+28. 

3. a? +8a+15. 6. m?+9m+20, 

4, 724-10 r+ 21. 7 @+9¢+ 18. 
—12p+382. 


Sotution: 1. Since 32 is positive, the second terms of the factors. 
must have the same sign; since the sum of the second terms is — 12, the 
second terms are negative. 


2. (—8)x(—4)= + 32; and (—8)4+(—-4= 
Therefore the factors are (p — 8)(p —4).. 
Curck: (p~—8)(p~—4) = p?—12p + 82. 


9% 2 —Ta+12. 12. w?—10 w+ 24, 
10. y®7—9y+14, 13. a? —11a+30. 
1. 2—1124 24, 14, CP? —12¢+ 35. 
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15. 2°+62~16. 

SotutTion: Since — 16 is negative, the second terms of the factors 
must have unlike signs; since the sum of the second terms is + 6, the 
term of greater absolute value must be positive. 

2. Factors of ~ 16 of this sort are: (+ 16, —1) and (+8, —2). 

8. (+ 8)+(—2)= +6, therefore the factors are (x + 8) and (%— 2), 

Cueck: (x +8)(e—2)=27+62—16. (By § 100.) 


16. 27+32—40. 19. 22442 — 32, 
17. 2? +2a”—24. 20. w?+4w—60. 
18. 7°+4y—21. 21. 7+3a—54, 


22 m’'—4m— 21. 


Soxtution: 1. The factors of — 21 must have unlike signs; the one of 
greater absolute value is negative, since the sum is — 4. 

2. Such factors of —2l are: —2land +1; —7 and + 3. 

3. (—7)+(+ 3)=—4; therefore the tio are (m — 7) and (m + 3). 

Cueck: (m—7)(m+3)= m?—4m-—21. (See § 100.) 


23. 2? —2a2— 35. 86. 2? —13 ew + 22 w*. 
24. n?—Tn— 18. 37. m?—Tm— 44. 
25. at—8a— 33. , 38. r* +2 7's — 48 8’, 
26. 7?—4Ar — 45. 32. s?— 6st — 5507. 
27. m*—11 m? + 30. 40. w® — 18 w® + 72. 
28. a®?§—15a+ 54. 41, y+4y— 96. 

29. r+r—2. 42. a?—70—3a. (Rearrange it.) 
30. af +62°+ 8. 43. b? —24—105b. 

31. c? 4+ 15 cd + 36d’. 44, 2+ 20c + 84. 

32. 2? —12 ay +32y’. 45. 2— 36+ 52, 

33. 224+ 22— 63. 46. at -+- 25 a? — 150. 
34. cd? Pg = 6. 47. —19 m? + m* + 84, 


gb. +1042 + 928 48. at + 50 — 27 at 


132 


49, 
50. 
51. 
52. 
53. 
54. 


@— st — 2037. 

a? 4-7 ab — 60 0% 
oe? — 20 ax + 99 a?. 
+ rs — 72 8. 
+ 50 yt — 15 ay? 
@7+16a+15. 


ALGEBRA 


55. 
56. 
57. 
58. 
59. 
60. 


Find all of the prime factors: 


61. 3ab?—15ab+ 184. 


Sotution; 8ab?—15ab+18a=3 a(b?—5b +8) 
=3a(b—2)(6 — 8). 


62. 5@ + 357 + 60. 

63. mr+2 mr—15 m. 
64. 3ca?#+6ce—9e. 
65. 7 y°2+ 21 yz —126 


(0) (2r +5) (r +2). 


ca 


66. 
67. 
68. 
69. 


CASE V 
Type Form: (ax +- b) (cx + d). 

102, The Product of Two Binomials of the Form (ax + b). 
DervELopMEent. 1. Find by actual multiplication the fol- 

lowing products, and write the results as in part (a): 

(a) 2e+3)8e2+1)=6e+112+3. 

(6) @m+2)\2m+3)=? (ce) 2y+4)(By—2)=? 

2. Examine carefully the results mm 1, then try to get the 

first and third terms of the following products mentally ; pos- 


sibly you can get the second term also. Check by actual 
multiplication. 


(a) 2r+4)Br-41). 


a? 
ed? — 10 cd — 96. 
a’c? — 26 ac + 160. 
 — 7 rs — 12038". 


a’b? — 16 abe +- 28 c2 


— 21 ab? +110 04 


abn? — 7 abn + 6 ab. 
11 a? — 11 « — 66. 
822? + 48 2 ~ 56. 


mn? +- 2 mn — 63 m’. 


(c) 8s+5)(2s +41). 
(d) 4u+2y)(20+3y). 


J 


Se 
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8. Below is given the product of (5%2—4y) and (2243). 
5a —~4y 
2e+3y 
1027— 82y 


+15 ay — 12 99 


1027+ Tay —12y% 


ca 
 (S2—4y) (224+ 3y)=102? + (—8 + 15) ay —12 9%, 
Rule.—1. The first term of the product is the product of the first 
terms of the binomials. (5x-2x=10 x2.) 
2. The third term of the product is the product of the second 
terms of the binomials. (—4y)-(+3y)=—12y2, 


8. The second term of the product is the algebraic sum of the 
“cross products.” (Notice the position of these cross products on 
the left of the equation: —4y-2xand5x-3y). 


Exampte 1. Find the product (5 r— 65) (0+ 3 8). 

Sotution: In all of these examples, the only difficulty is that of find- 
ing the ** middle term.’’ 

1. 5r-3s=15rs, —6s-2r=— 12rs, and (157rs)+(—12rs)=+3 rs. 

2... (6r—6s)(2r +35) =10724+8rs— 188% 


Exampte 2, Find the product (9%+4y)(8%—6y). 
Sourion: 9-— 6 =— 54, 4-3 = 12, and (—54) + (12) =—42. 
. Qe +4y) (82 —6y)=27 2? — 42 zy — 24 y*. 


In this example, the coefficient of the middle term was found first and 
_ then xy was affixed. In practice all of this should be done mentally as in 
4 S the following example. 


7 


Exampte 3. Find the product (7m —4n)(8m+5 n). 
Soturion: (7m —4n)(8m +5n)= 56 m? + 3mn — 20 n2. 


[Middle term: 7 . 5 = 35, — 4-8 =— 32, 35 +(— 32)=3.] 
Pupils should try to acquire such skill that they can find the correct 
pra mentally. ‘This is the manner in which experts do it. 
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EXERCISE 63 

1. (2242)(@+3). 27. 9e—2)(6e+1). 
2. (2a+38)(@+2). 28. (10? +4 3)(15 n>— 4). 
3. (2a+1)(a%+3). 29. (142°—5)(2a’?+1). 
4. (32+4+1)(2"+8). 30. (168—9)(3 +2). 
5. (22+3)(8a2+42). 81. (1417s — 9)(5 rs + 8). 
6. (3a—2)(2a—1). 32. (2a—3b)(4a+5b). 
7 (3a—4)(a—2). 33. (6m+5s)(7m—4s). 
8. (3a—4)(a —8). 34. (8t—32)(9t—2). 
9. (8a—5)(2a—38). 35. (©—5y)(x@+5y). 
10. (4a—5)(2a—5). 36. (2a—3y)(244+3y). 
11. (8r+5)(2r—1). 87. (2m—5n)(2m—5n). 
12. (4r+7)(2r--3). 38. (8¢t+4n)(3t+4n). 
13. (r+4)(4r—2). 39. (9ab —4c)(Bab+5e). 
14. (Tr +6)(3r—2). 40. (6ay—7 2)(5 ay + 62). 
15. (8r+9)(4r—38). 41. (77°4+8s)(87°—9s). 
16. (6s—5)(38+ 2). 42. (10a°—11y°)(11 2°-129°), 
17. (10s—7)(4s +1). 43. (9 mn® + 4)(6 mn? — 8). 
18. (11s—12)(5s+4). 44, (2492)(3422). 
19. (9s—12)(4s+5). 45. (5—T72)(649?%). 
20. (15s—20)(3s +2). 46. (8+32%)(10—42, 
21. (6ab+2)(3 ab—5). 47. (7 —6ay)(5 4-6 ay). 
22. (7 mn —4)(6 mn — 8), 48. (9—11 ay*)(4— ay’). 
23. (8° —3)(9 7° +4). 49. (100% —6c)(9 a*b—2c). 
24. (132° + 7)(5 2*— 8), 50. (12 2°+7'y)(5a*—4y), 
25. (6p?—7)(4p?+ 3). 61. (9—5a%)(7 245.2%), 
26. (112? —4)(5m?+46). 62 


. (8m? —9n)(Am*+5n). 
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53. (Ta? +3 y*)(5 a? — 2 4%), 57. 15m—2n)(6m+5n). 
b4. (Ile? 5d(4—5d). 58. (6 m+3)(4m+4D). 

BS. (1op'+2q)(9p'—2q). 59. (8a—Fy)(92—4y). 
56. (20a—7b)(8a+30d). 60. (12a+36)10a—25). 


103. Factoring Trinomials of the Form mx? + nx + p. The 
product of two binomials like (2a+4 3) and (3+ 5) is a bi- 
nomial of the form mx + ne -+ p. 


This means that there is a term containing the second power of 2, one 
containing the first power (as a rule), and one free from z. 


The following discussion shows how to factor trinomials of 
the form ma?+na +p, when they are factorable. 


DEVELOPMENT 1. Find the products: 

(a) 22+6)(3"+2). (0) G@a—5)(4e+7). 

2. How do you obtain the “middle term ” of the product? 
3. Factor 12 a? + 23 «4-5. 


Soxvtion: 1. The first terms of the binomials might be 2x and 6 x, for 
their product is 122%, Place them in parentheses thus: (22 )(62  ). 
2. The second terms of the binomials are both positive since 5 and 
23a” are positive. Place the factors +5 and +1 in the parentheses 
and note the middle term which results. 
(a) (2%+5)(6"+1); middle term, + 322. -Incorrect. 
(6) (2%+1)(6%+5); middle term, +162. Incorrect. 


8. Step 2 shows that the factors 2x and 6x for 12z2 are incorrect. 
‘Try 3a and 4 for 122%, thus: (8% )(4" ). 

: (a) (32+1)(42 +5); middle term, +19%. Incorrect. 

(6) 82 ae 5)(4% +1); middle term, +232. Correct. 


q Cueck: (32 4 5)(42 + 1) = 1222423245. 


_ Nors. This may seem.a long process at first, but practice soon develops 
such skill that most of the trial of factors can be done mentally. 
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EXERCISE 64 
Factor: 
1. 38a79+524-2. 5. 62° +7242. 
2. 8¢7+74a4+2. 6. 127+4138¢+3. 
3. 5m? 4+7m+2. 7. T7a?+10a+3. 
4. Ty +9y+2. 8. 62+138¢+6. 


9, 12 w?—17w+6. 


Soxtution: 1. Since 6 is positive, its factors must have like signs; 
and, since —17 is negative, the cross products must both be negative. 
Therefore the factors of 6 must both be negative. 


2. To get 12w?,use (2m )(6w ). 

To get + 6, try — 2 and — 3. 

(a) (2w—8)(6w— 2); middle term, —22w. Incorrect. 

(0) (2w—2)(6w —8); middle term, —18w. Incorrect. 

8. To get 12w?,use (8w )(4w_ ). 

To get + 6, try — 2 and — 3. 

(a) (8w—2)(4w — 8); middle term,— 17. Correct. 

CuEeck: Does (8 w — 2)(4w—8)=12w?—17w+6? Yes. 

Norr. In step 2, the factors 3 and 2 were used in both ways, as in (a) and 


(b); usually this is a wise plan, although in this case an explanation could be 
given to show that it was unnecessary. 


10. 2w?—11w-+-5. 14. 2w?—9w+4, 

“11. 2w?—Tw+3. 15. 6m?—11m+3. 
12. 30719646. 16. 8a?—22a+15. 
13. 6m?—7Tm+2. 17%. 5°? —23c+12. 


18. Factor 15 2?+142—8. " 

Soturion: 1. The factors of —8 must have unlike signs. Arrange — 
the signs so that the cross product of greater absolute value is positive. 

2. For 1527, try (8% )(5% =~). For 8, try 2 and 4. 

(a) (8%—2)(5% + 4); middle term, + 2a. Incorrect. 

The sign of 4 is made +, because 4+3 is greater than 2-5. 

(6) (84+ 4)(5%— 2); middle term, + 14a. Correct. 

The sign of 4 is made +, because 4-5 is greater than 3-2. 

Cuxcs : Does (84+ 4)(5a—2 =15224142%—8? Yes. 
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19. Factor 24 m?—m—10. 
Sotution: 1. The factors of —10 must have unlike signs, 


product of greater absolute value must be negative, 


2. For 24m?, try (6m )(4m_ ). For 10, try 5 and2. 
(a) (6m + 2)(4m—5); middle term, — 22m. Incorrect. 
(6) (6m —5)(4m+2); middle term, —8m. Incorrect. 
8. For 24m?, try (83m )(8m_ ). 

(a) (8m —5)(8m-+2); middle term, — 34m. Incorrect, 
(0) (8m—2)(8m-+ 5); middle term, —m. Correct. 
Curcx: Does (3 m — 2)(8m+5)= 24m2—m—10? Yes. 
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The cross 


Nore. In this last step, for example, after placing 2 and 5 in the parenthe- 


Ses, we see that 2 x 8 is greater than 3 x 5; therefore make 2 negative and 5, 


positive. 
20. 22°7—32—5. 37. 14 m?n?— 31 mn —10. 
21. 3m?+4m—T. 38. 477s? +4 rs—15. 
22. 57—2t—T. $9. 122°+1727+6. 
23. 77? +4r—11. 40. 24m?—18m—15. 
24. 637—Ts—5. 41. 127 --13t2—3b2% 
25. 128 4+5s—3. 42. 2w?—3 wr — 207% 
26. 2a7+a—105. 43. 1577+19yz2+62. 
27. 9r?—6r—8. 44. 10n?+9nt—92 
28. 15c?—4c—3. 45. 967+3bc— 56%. 
29. 214?+2A—8. 46. 15a?— 26 ab— 218% 
30. 57?+16y+38. 47. Tx?—26ay—8y’, 
31. 1827—3x2—10. 48. 15a?+ 29ab+12b?. 
82. 4a?— 2447435. 49. 212°— 29 ay—10y. 
33. 102?—132—30. 50. 67° — 25 rs + 25 s?. 
34. 327422247. 51. 4°—8 cd —21 0. 
35. 18m? +17 m—15. 52. 9d*—6d?— 35. 
36. 627+31%2+4 35. 53. 8p'+18 p*— 365. 
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54. 10m*+19 mn ~15 n?. 57. 35 at?+at—12a. 


55. 1407+29v—15. 58. 24277 —7 ayr*® — 6 yr". 

56. 15k’ —16ke—152. 59. 55 m?a°-+-2 mna>—21 na, 

(Remove the monomial first.) 60. 24d? +2 cd*'—15d*%. 
EXERCISE 65 


Perform the various steps of the following indicated multi: 
plications mentally : 


1. 3a(2a+5)(a—4). 
Sotution: 3 a(2a + 5)(a—4) =38a(2a?—3a— 20) 
= 6a'—9a?— 60a. 
2. 2m(3m—1)2 m-+6). 5. 5(2r—5s)% 
8. 4ab(5a—2)(5%+2). 6. —3(6a—5)(2a+3). 
4. T8c+5d)8c—4d). 7 —2(7r—4s)(2r+3s) 
Solve the following equations, performing mentally all of 
the steps of the solution: 
8. 2(8a—2)(@+4)—(62+5)@—3) = 65. 
Sorution: 1. 238% —2)(%+4) — (62+ 5)(«— 8) = 65, 
2. 2(8 22 +102 —8) — (622-13 %— 15) = 65. 


3. Complete this example by removing parentheses, combining terms, 
etc. 


9. (5%—4)(80+44)—3(52+46)(@—7)=109 4+ 15). 
10. (44r—5)\8r+7) —2(r+1)(6r—7T) =382r+8). 
Find all of the prime factors in the following; remember 
to remove the monomial factor first: 

11. 24 m?a +18 mna—15 n’a. 
12. 18 bc? — 2 ba. 
13. 12 ay —8 ay? — 4 ay’, 
14. 15 c’d—10 c’d — 25 cd. 
15. 18 kr? — 60 kir? + 50 Pr’. 
16. 48 cd?-+ 120 cde + 75 ce. 
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17. 39 m’nzx? + 20 mnay — 4 mny’®, 
18. 3a*—17 2? — 56 a? 

19. 4 aty? + 2 a5y8 —7 ay? 

20. 45 r’s — 80 r°s°. 


CASE VI 
Type Form: a’— 6 = (a— b)(a® + ab+ B). 

104. Factoring the Difference of Two Cubes. 

DEVELOPMENT. 1. Divide 2°— 27 by x—3; by #+3. 

2. Divide 2? —y*° by x—y; by x+y. 

3. Write the cube of a; the cube of 0; the difference of 
these cubes. 

4. Examine the results in 1 and 2; by what do you think 
you can divide a*— b° and get an eiaat quotient ? 

5. Prove by division the following fact: 

(a —B°) + (a—b) =a? +ab4 

Hence, a’ — b? = (a — b)(a? + ab + dB”). 

Rule.—1. The difference of the cubes of two numbers may be 
divided exactly by the difference of the numbers. 


2. The quotient is the square of the first number, plus the product 
of the two numbers, plus the square of the second number. 


Examprtei. Find a divisor of 82*—27; find the quotient. 
Sotution: 1. 828 — 27 = (27) — 
2. .-. It is the difference of the cubes of 2 and 3, and can be divided 
exactly by (2x — 38). 
Soot ene quotient is (2 x)? + (2) (8) + (8)%, or 
4e7+62+49. 
Check by substitution or by multiplication. 


Exampte 2. Factor 8 2° —64y*, 


Sotution: 1. 82° — 6448 = (2 2)? — (4y)8 

2 = (20% —4y){(2.2%)2 + (22%) (4) +4y)¥ 
3. = (242?—4y){4a44 8 xy + 16 9}. 

Norz. The middle term is not twice the product of the first and second 
_ pumbers; try not to confuse this type with the one in § 96. 
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EXERCISE 66 


Factor: 
a® — 8, 

— 64, 

— 125. 
e—8 a. 

— 64 n 

7 — 8, 
s° — 125. 
go? — 64 93, 
8 b§— a’ 
64 m’ —1. 


at. er or es 


~ 
S 


What is the quotient of: 


20. (a®—a®) +(e@—a)? 
21, (18 — 2°) + (r—2*)? 


11. 8 x —125 y®. 


12. 32°—24y% 
(Remove monomial first.) 
13. 40 aS—5 B% 


14, 242°— 81 y% 
15. 4a—500 az’ 
16. 320 m’—5 n§& 
17. a—1. 

18. y°— 8 

é 


a A Ye 2 495 


24. (8— 2°) + (2—2°)? 
25. (m* — 27) + (m*— 3)? 


22. (27 a®y8—1)+ (8 ay—1)? 26. (27 w8—6405) +8 w*—4 v)? 
23. (64 a®—b°)+(4a?— 0b)? 27. 1—125 m) +A —5 m4)? 


CASE VII 


Type Form: (a+ b°)=(a+b)(@—ab+ &). 
105. Factoring the Sum of Two Cubes, 


DEVELOPMENT. 1. Divid~ (a* +427) by (w@+ 3); by a—3. 
2. Write the cube of m; of n; the sum of these results, 


Write the sum of m and n. 


3. Divide the sum of the cubes of m and n, by the sum . of 
m and n; also by their difference. 
4, rave by division the following fact: 
(a> + 0°) + (a+b) = a?—ad+B% 
Hence (a + 0°) = (a +b)(a? — ad + b%). 
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Rule 1.— The sum of the cubes of two numbers may be divided 
exactly by the sum of the two numbers. 


2. The quotient is the square of the first number, minus the prod- 
uct cf the two numbers, plus the square of the second number. 

Exampre 1, Find an exact divisor of a*+ 8; find the 
quotient. 

Soxurion: 2° + 8 = (2?)3 + (2)3. 

Since it is the sum of the cubes of two numbers, it may be divided ex- 
actly by the sum of the two numbers (x? + 2), (Rule 1.) 


The quotient is (a2)? — (a) - (2) + (2)? or at —2244, (Rule 2.) 
Nore. The middle term is not twice the product of the two numbers. 
Exampte 2. Find the prime factors of 3 ma? + 81 my’. 
SoivrTion : 3 mz? + 81 my® = 3 m(a23 + 27 y6). 

= 3 m[ (x)? + By*)3] 

= 38 m[2+3y)[a?— (By?) -2+(8y)?] 

=3m(e + 3y?)(a? —3 ry? +9 4). 


EXERCISE 67 


Change the sign in each example of Exercise 66 from minus 
to plus. This will give 27 examples. 

106. Summary. In this chapter, seven special forms of 
algebraic expressions have been considered. These type forms 
are collected here for reference: 


4 I. a(x+y+z+...) =ar+ayt+az+.... 
II. (a+ b)? =@+2ab4+R 
III. (a+b)(a—b) =a’— B’. 
IV. (x+a)(x+5) =x*+ (a+b)x+ ab, 


V. (ax-+6b)(cx+d) =acx’+ (ad+ bc)x+ bd. 
VI. (a—b)(a@’ +0040) =a —F. 
‘VII. (a+ b)(@—ab+ 0) =@+ 8. 
Familiarity with these forms makes it possible: ; 
(a) to perform many multiplications in algebra and arith- 
metic mentally ; | 
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(6) to perform many divisions mentally ; 

(c) to factor many algebraic expressions. 

These are the more important forms. Others are discussed 

in a later chapter. (XVI.) 

Rule.—To perform an indicated multiplication of two or more 
~factors by means of the type forms: 

1, First find the product of all binomial and polynomial factors. 

2. Then multiply by the monomial factor. 


Exampte. Find the product 32(22+y)(2a—y)(42?+y’). 
Sotution: 34(2%+ y)(Qx—y) (4% + y?) 
= 382+ (442 — y2)(422 + y?) 
= 8+ (162! — y) 
= 48 4° — 3 ay4. 
Rule. — To find the prime factors of a given expression: 
1. First remove any monomial factor of the expression. 
2. Factor the resulting polynomial factor or factors by the proper 
methods, until all of the prime factors have been found. — 
Exampte. Factor 3 ax’ — 21 ax®’— 24a. 
Sotution: 3 ax — 21 az? — 244 
= 8 a(a® —7 2 — 8) 
=8 a(a8— 8)(28 +1) 
=8a(x— 2)(2?+2%+4)@+4+1) (2-24 1). 


EXERCISE 68 
MISCELLANEOUS EXAMPLES 


Expand the following expressions : 


1. Ga+2y)(4e—3y). 6. (a+b)(a—b)(a?+ dB). 
2 (fa 6y)(ret6y). 1% a—2y)(e+y). 
3. (at + a? +-1)(a?—1). 8. 3a(a—b)(a+b). 
4. (2a—b*)*, 9. 6a—4b*)(5a—60%,. 


5. (7a? + b*2)(3 a? — 8 b’). 10. 3 m(m' — 4 mn? + 2 n'). 


/ 


il. 
12. 
13. 
14. 
15. 
16. 
ive 
18. 
19. 
20. 
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7 n(n? +1)(n?—1). 
3 a(a+1)@—1). 
(a? —12y)(@?+9y). 


(a+-y)(a®@—2y+y") (2° —y)). 


(@— fy. 
(m—4)(m—}). 

2 2(3 2+1)(a — 4). 
(B*—4 AC)(B?—6 AC). 
a(a’ + 3) (a? — 3). 
5(a—b)(2a +3 6). 


21. 
22. 
23. 
24, 
25. 
26. 
Sie 
28. 
29. 
30. 
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8y2—y)G+3y). 
7(3 m+1)(m— 6). 

(a? + 9") (a? —y’). 

(xy — 4)( ay + 16). 
2(a—4y)*. 

(a + 1) (a —1)(a? — 3). 
(@+3)(@—fe+4). 
(3 a? — $)(Ga'+ 
(2n—14)%. 


(@-De+). 


Find the prime factors of the following: 


31. 
32. 
33. 
34. 
35. 
36. 
37. 
38. 
39. 
40. 
41. 
42. 
43. 
44, 
45. 
46. 


5 2? —40 2+ 80 
a+ 6 az?+9a. 
xy? — 5 aby + 6 ab’. 
3 2? — 60 wy — 288 y2, 
4+ 44c— 45. 
&—64a. 

3 a + 24 9°. 

m* +. 23 m?n + 132 n?2. 
at—18 a?+ 77. 

2° — 3 ay — 108 9. 


4 wt — 28 wy +49 x 
169 mr — nt*r. 
+17 a—38. 

8 2 +132 c—135. 
oF — x, 

2 @— 26d— 136. 


47. 
48. 
49. 
50. 
51. 
52. 
53. 
54. 
55. 
56. 
57. 
58. 
59. 
60. 
61. 
62. 


125 2 — 87%, 
8a@?—5a—8. 

169 a? + 78 ab +967. 
30 m?—47 m—5. 
24 a?m + 81 ym. 

a’ +14 a? +49, 
xy — 216 74, 

31? +33k+ 72. 

9 a? —4 ay —13 
3 28—3y', 
at — 256. 

3 a®— 108 a- 

cd? +9 cd — 52. 

5 o®—5 2, 

25 7? + 60 rs +- 36 s2, 
e+eat ds. 
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63. 196 4? — 32,5, at. 67. a°z*?— 20 az — 69. 
64. —25a-+a27?+ 100. 68. 18—19c+c%. 
65. 300 m4 — 243 a”, 69. b—16 +15 6% 
66. y?+12 y —108. 70. —50a+a?+49. 


107. The skill acquired in this chapter in performing some 
multiplications mentally is of use in solving certain equations. 


Exampitr. Solve the equation: 
6(4 —2)?— 5(2 &+7)(@— 2) = 22— (2443). 


Soxution;: Perform the operations mentally. 


1 6(4— 2)? — 5(2 a +7) (a — 2) = 22 —(2 24 8)2. 
2. .*. 6(16— 82+ 22)— 5(2 02+ 84— 14) = 22 (422 + 124 49). 
8... 96— 4824622 —102?— 152+ 70 = 22—427—124—9. 
4, .. 166-6382 —422=138—12¢2—42% 
5. os —~6382+122=—18 — 166. 
6. .. — 61 2 =— 153. 
fe AG er to 
1 13 il 81 
Cueck: Does 6(4—~3)?~ 5(6 +7) (8 <2) = 22 — (6+8)?? 
Does  6—65=22—81? 
Does —59=— 59? Yes. 
EXERCISE 69 


Solve the following examples performing all of the work 
mentally : 


1. (52+7)(8e—8)=(52+44)(3 2—5). 
(4m—T7)'= (2m— 5)(8m+48)—2 
6—3r)84+4r)—-(74371—-4r) =~ 28, 
(.—3 p)"—(p +5)’=4(p +1) (2p — 8). 

2¢(¢ + 7)—(¢—5)?= (t-+8)(¢—11). 

(8 @ + )(2 ¢@—3)—6(@— 2)(@4+13)=11, 
Wa—2)Ga+5)—4a+3)?=5a(a+2)41 


Seay She ee 29 
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8. (n—6)(5n+6)—5(2n—3)?= 5(n+12)(n—1), 
9. 34a—5)’—(6a—1P =74+(2a—9)(6a—11). 
10. 2e—7)’—(Sa—2)?+ 3a(72#+5)=—4. 
11. Find two numbers whose difference is 6, and the differ. 
ence of whose squares is 120. 


12. Find two numbers whose sum is 13, and the difference 
of whose squares is 65. 

13. Divide the number 20 into 2 parts such that the square 
of one exceeds the square of the other by 40. 

14, Find four consecutive numbers such that the product of 
the first and third shall be less than the product of the second 
and fourth by 9. 

15. Find two consecutive numbers such that the difference 
of their squares, plus 5 times the greater number, exceeds 4 
times the less number by 27. ’ 

16. Find two consecutive numbers such that the sum of 
their squares exceeds twice the square of the smaller by 251. 

17. One man travels a certain distance in as many hours as 
he travels miles per hour; ancther man travels the same dis- 
tance in two hours less time by going three miles per hour 
faster. What was the rate and time of the first man? 


EXERCISE 70 
Problems about Area 
1. Express the area of each of the following figures, assum- 
ing for each an altitude of 20 inches and a base of 30 inches: 
(a) A rectangle (§ 17). (0) A triangle (§ 17). 

(c) A parallelogram (§ 17). 
2. Express the same areas if the altitude is 2a” and the © 
base (@— 5). — . 
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3. Express the same areas if the base is y and the altitude 
exceeds the base by 4. 


4. The side of a square is s inches. 


(a) Express the area of the square. 

(0) Express the dimensions of a rectangle if its base is 4 
inches more and if its altitude is 3 inches less than the side of 
the square. 

(c) Express the area of the rectangle. 

(d@) Form an equation expressing the fact that the area of 
the rectangle exceeds the area of the square by 50 square 
inches. 


5. The base of a rectangle exceeds twice its altitude by 
5 inches; the base of a triangle exceeds the base of the rec- 
tangle by 4 inches, and its altitude exceeds the altitude of the 
rectangle by 3 inches. Let a represent the altitude of the 
rectangle. 

(a) Express the dimensions and area of the rectangle. 

(6) Express the dimensions and area of the triangle. 

(c) Form an equation expressing the fact that the area of 
‘the rectangle exceeds the area of the triangle by 25 square 
inches. 


Equations 


6. The base of a certain rectangle exceeds its altitude by 
8 inches. If the base and altitude are both decreased by 2 
inches, the old area exceeds the new by 36 square inches. 
Find the dimensions of the rectangle. 


7. The base of a rectangle is 9 feet more and the altitude 
is 8 feet less than the side of a square. The area of the rec- 
_ tangle exceeds the area of the square by 15 square feet. Find 
the dimensions of the rectangle. 


8. A man planned a house whose length exceeded its 
width by 10 feet. He found that it would be too expensive to 
build the house as planned, so he decided to decrease both 
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dimensions 5 feet. He found that this made a difference of 
425 square feet in the area covered by the house, What were 
the original and the new dimensions ? 


9. The main shaft of Washington’s Monument is square 
at the bottom and top. The side of the lower square exceeds 
the side of the upper square by 21 feet. The area of the lower 
square exceeds the area of the upper square by 1869 square 
feet. Find the dimensions of the two squares. 

10. A man planned to set out an apple orchard with two 
more trees to each row than he had rows, but found that that 
plan left one tree over. He found that if he decreased the 
number of rows by 3, and increased the number of trees per 
tow by 5, he used all of his trees. How many trees had he? 


QUADRATIC EQUATIONS SOLVED BY FACTORING 


108. Not all equations are simple or first degree equations. 
(877°) 

Exampie. Find the number whose square exceeds the num- . 
ber itself by 6. 


SotutTion: 1. Let n = the number. 

2. Then n? = the square of the number, 
8. and ol=n+6. 

4 ont—n—6=0. 


5. Factoring: (n—3)(n+2) =9. 
6. If (n—3) =0, then 0- (m+ 2) would also equal zero. 
n—38=0, ieee 
7. If(n +2) =0, then (n — 8) - 0 would also equal zero. 
‘a+2=0, ifin=—Z. 

8. These values of n, +3 and — 2, should satisfy equation 4, 
Cuecx: Ifn=8, does (332-8 —6=9-—3-—-6=0? Yes. 

If n =—2, does (— 2)?— (— 2) -6=44+2—6=0? Yes. 
9. Moreover, both of these numbers satisfy the conditions of the 

problem : 82189; 9 exceeds 3 by 6. 
(—2¥is4; 4 exceeds — 2 by 6. 
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109. An equation like n?—n—6=0 is called a Quadratic 
Equation or an Equation of the Second Degree. 


Other examples are: 4x7—9=0, 
and Pee ee 


Notice that the equation has only one unknown; that this unknown 
does not appear in the denominator of any fraction; that it does appear 
with exponent 2; that it may or may not appear with exponent 1. 

Every quadratic equation has two roots, just as the equation 
in § 108. 


110. Solution of Equations by Factoring depends upon the 
following numerical fact. 
If one of the factors of a product is zero, the value of the 
product ts also zero. 
Thus, 3x 0=0; (—5) x0=0;2x0x (—8) =0x (—8) =0. 
Examptel, Solve the equation 4a?—9= 0, 
Sorution: 1, Factor: (2%—3)(22%+3)=0. 
2. If22—8=0, then (2%—8)(22+8) =0. 
24—3=0, if2%=80rxe=+ 3. 
8. If 24+8=0, then (2%—3)(2%+8) =0. 
2%4+8=0, if2%=—8, orx=— }. 
4. The roots of the equation are + $ and — §. 
5. Cuecrk: Does 4($)?— 9 = 0? 


1 
Does £-5-9=0? ice. 9—9=0? Yea 
Does 4¢— 3)2—9=0? 

il 
Doos £-7-9=07 te9—-9=0? Yes 


Rule. — To solve an equation by factoring: 

1. Transpose all terms to the left member. 

2. Factor the left member completely. 

8. Set each factor equal to zero, and solve the resulting equations. 


4. The roots obtained in step 3, are the roots of the one equation - 
Check by substitution in the given equation. 
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ExampteE 2. Solve the equation me —F=2. 


Soturion: 1. M,:* 2m2— 3m = 385d. 


2. Ss5 : 2m? —38m— 35 =0. 
8. Factor: (2m + 7)(m—5) =0. 
4, 2m+7=0 ifm=—f. 


m—5=0 if m =+ 6, 
5. The roots of the equation are +5 and — }. 
Check by substitution. 
EXERCISE 7] 


Solve by factoring the following quadratic equations, 


lL. a2? —1224+32=0. ll. 2? —52=0. 

2. y —6y= 55. 12. 5¢—2c=0. 

3. n?=63 —2n. 13. 8a?—5a—3=0. 
4. m?—18m=— 72. 14. 4p° 4+ 8p=21. 

5. x? —-217+4110=0. 15. 247°+2r=35. 
6. c= 2 —e. 16. 40°=8a—3, 

7 @—Td+6=0. 17. 3w’=—Iw—1, © 
8. v?—21=4, 18. fP+HRt=1. 

9. 9m?—4=0. 19. 2—19241=0, 
10. 362°—25=0. 20. 2 +$a+1=0. 


111. A Literal Equation is one in which some or all of the 
known quantities are represented by letters; as, 


; 22+ a=bz?— 10. 
Exampre 1. Find two numbers whose difference is a, and 
whose product is 6 times the square of a. 


Soxution: 1, Let % = the larger number. 
2 Then x —@ = the smaller number, 


* For the symbol Mg see § 42. 
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8. oe x(x = a) = 6a’, 

4. . 22— ax —6a?=0. 

5. . (© —8a)(4+2a)=0. 

6. “. ©=8a 0r x =— 2a, the larger number. 

Cuecr: If x=8a,then8a—a=2a, the smaller number; 
and 3a@-+2a does equal 6 a?. 

If x=— 2a, then —2a—a=—3a, the smaller number; and 


—2a-— 8a does equal + 6 a?. 

Each solution is correct, no matter what @ may be. 

Thus, if ais5, 8ais15, 2a@is10, and 16 x 10 is 150; 
also 6- a? = 150. 


Exampie 2. Solve the equation °- as =5 oc. 
a _ soe == pet. 

2 2 

2. M2: a? —38cx—10c?=0. 

8. Factoring: (*«—dc)(«+2c)=0. 

4. If *—5c=0, thenz=5e. 

Gone x+2c=0, then x=—2e. 

Check by substitution. 


Soxvurtion: 1. 


EXERCISE 72 


Solve the following equations for a: 


1. w+ 2ax—35a?=0. 9. 9a? =4av+138 o% 
2. 162°—90?=0. 10. Ta?+41ak=—6k 
3. 2? +23 ma+1380 m?=0. 11. © ahpieei Balt 
2 °e 
4. 250°=9c, “ 
12 #5 2 __ 2 ma, 
5. 22°+Tar+3a°=0. ee eae Bee 
6 


% 6x4+7eebe 
8. 130°=tr +142. ae 


a 
i 
ad ES 


+4n?=0, 


< 
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15 ba os Tat #£ 
15. 2?— =467, Oe a 
2 LOC NIDS AG 
16. 62 —FOme _ ant 19. a Sre_i1r? 
5 2 6 3 
82? az, a 62? das 33? 
Ce es oe Ty) 
15 3 + 5 a 5 5 2 . 


112. When solving a problem whose solution leads to a 
quadratic equation, two sets of results are obtained. In some 
cases, both sets satisfy the conditions of the problem; in other 
cases, only one set satisfies the given conditions. 


Exampre 1. Find three consecutive odd numbers such that 
when the product of the first and third is increased by twice the 
square of the second, the sum equals 23. 


Sotution: 1. Let x = the smallest number. 
2. ».%7+2 and «+ 4 are the other two numbers. 
(For example, if 3 is the smallest, 3 +2 or 5 and 3+4 or 7 are the 
other two.) 
8. we (ae + 4) + 2(x 4 2)? = 28. 
o. 0+ 44420? +424 4)= 23. 
sone + 1224-8 = 23. 
: “327 +12%—15=0, orz?+4x2—5=0. 
; . (@ + 5)(@ — 1)=0. 
g=—b5orz=+1. 
4. Whenxg= —5,%+2=—3,andx+4=—1. 
Whenx=+1,%+2=3, andx+4=6,. 
The solutions are — 5, — 3, and —1; and 1, 8, and 5. 
_Cuecr: (—5) - (—1) + 2(—8)?=5 +18=238, 1.542 -8?=5418=23. 
In this case, both solutions are satisfactory. 


Bex ere 2. Determine the base and altitude of a triangle 
hen the area is 110 square inches and the base exceeds the 


ltitude by 9 inches. 
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SoLuTion: 1. Let @ = the number of inches in the altitude. 
2. . @ + 9 = the number of inches in the base. 


B te aa +9) _ the area. 


2 
-, a+ 9) _ 110, 
ee 2 


a2 + 9a— 220=0. at9 
°. (a + 20)(a — 11)=0. 
“a= 11, or — 20. 
4, When a = 11, the base is + 20 and the area is (11 x 20) +2 or 110 
This satisfies the conditions of the problem. 


When a=— 20, the result can have meaning only if we 
have triangles with negative altitude. In such cases we agree 
to take only the positive solution. 


EXERCISE 73 


1. Twice the square of a certain number equals the excess 
of 15 over the number. Find the number. 


2. Find three consecutive numbers whose sum is equal to 
the product of the first two. 


8. Divide 18 into two parts so that the sum of the squares 
of the parts shall be 170. 


4, Find two numbers whose sum is 7 and the sum of whose 
cubes is 133. 


5. Determine the base and altitude of a triangle such that 
the area shall be 15 square feet and the altitude shall be 7 feet 
less than the base. 


6. Central Park in New York covers an area of about 800 
acres, Its length exceeds its width by 2 miles. Find the 
dimensions of the park. (A square mile contains 640 acres.) 


7 A merchant sold goods for $18.75 and lost as many per 
cent as the goods cost dollars. What was the cost ? 
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8. The length of a certain rectangular farm is three 
times its width. If its length should be increased by 20 rods, 
and its width by 8 rods, its area would be trebled. Of how 
Many square rods does the farm consist ? 


9. The standard size city lot in parts of Chicago is five 
times as long as it is wide. The lots in parts of Indianapolis 
are 10 feet wider and 5 feet longer than those in Chicago, 
Three times the area of a Chicago lot exceeds twice the area of 
an Indianapolis lot by 275 square feet. Find the dimensions 
of the lots in both cities, 


10. An architect who has made plans for a house with a 
base 30 x 42 feet finds that he must reduce the size. By what 
equal amount must he reduce the two dimensions of the house 
in order to make the area of the new base 925 square feet ? 


IX. HIGHEST COMMON FACTOR AND LOWEST 
COMMON MULTIPLE 


113. A monomial is said to be Rational and Integral when 
it is either an arithmetical number, or a single literal number 
with unity for its exponent, or the product of two or more 
such numbers. 


Thus, 8, a, 2 abc? are rational and integral. 


114. The Degree of a rational and integral monomial is the 
sum of the exponents of its literal factors. 


Thus, abc? is of the eighth degree. 


115. A polynomial is said to be rational and integral when 
each term is rational and integral; as, 2a*> —3c-+ a2. ° 

The degree of a rational and integral polynomial is the 
degree of its term of highest degree. 


Thus, 2 ab — 3c + d? is of the third degree. 
116. Recall the definition of prime factor of an expression 
(§ 87), and common factor (§ 11) of two or more expressions. 


Thus the prime factors of : 

(a) 6 m?(a2 — 1) are 2, 3, m, m, (w—1), and (4% +1). 

(b) 9m3(a3 — 1) are 3, 8, m, m, m, (@ —1), and (#2 4+ +41). 
Common factors of (a) and (b) are 3, m, m, and (a —1). 


EXERCISE 74 
Select the common factors in the following sets of ex: 


peesarons ; 1. 5+ mn%(a +1). 
3-5. mn(a — 1). 
2. 2.3-a8. (e+ 4)(e— 8). 
OF 


2-3 at. y2(a +4s). . 
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8. 7-5-9. 8?(@+3)(@— 2)(@—1). 
3-7-5-7°-s(@—3)(@—2)(@—1). 
4. 6-7 + mint(a— a) (a + a*). 
6-7-7- mn (x+a)(@’+a). 
Be Se st 2 12: 
2-2-3-5.-13. 
6. 3-7-5-2-2-2, 
2-2-7-11. 


117. The Highest Common Factor (H.C.F.) of two or more 
rational and integral expressions is the expression of highest 
degree (§ 114), with greatest numerical coefficient, which will 
divide each of them without a remainder. 


Exampre. Find the H.C. F. of 
5 mn? (@ —1)(%+ 2) and 15 m*n (@ +1)(@ + 2). 
SotutTion: 1. The greatest integer which will divide both expressions - 
is 5. 
2. The highest power of m which will divide both is m®. 
The highest power of n which will divide both is n. 
The highest power of (x + 2) which will divide both is (# + 2). 
Neither (x — 1) nor (a +1) will divide both expressions. 
3. .*. The H.C. F. is 5 m8n(a@ + 2). 
Cueck: 5 m3n?(x—1)(#@ + 2)+ 5 m3n(@ + 2) = n(4 —1). 
15 min(x +1)(@ +2) +5 m3n(x+2)=38m(a+1). 
Rule. — To find the H.C. F. of two or more expressions: 
1. Find all of the prime factors of each expression. 
; 2. Select the factors common to all of the given expressions, and 
give each the lowest exponent it has in any of the expressions. 
; 8. Form the product of the common factors selected in step 2. 
_ Exampre, Find the H.C.F. of 68 (m+n)? (m—n)* and 
; 85 (m +n)? (m —n). 
Soxtution: 1. 68(m + n)2(m—n)*=2-2-17-(m+n)2(m—n)4. 
85(m + n)2(m — n) =5-17-(m+n)2(m—n). 
- 2. .. The H. C.F. = 17(m + n)?(m— n). 
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EXERCISE 75 


Find the highest common factor of: 


1. 


Se th et 


16 and 56. 6. 14 ay, 21 ay*, and 35 a°y, 
64 a and 96 b. 7. 15 min’, 45 mnt, and 25 mn? 
72 a? and 27 xy. 8. 12 2, 18 ay’, and 24 a*y. 

5 att? and 2 a*b*. 9. 16 mn’, 56 m?n4, and 88 m'n*. 
20 ay and 15 ay’. 10. 18 7°s, 27 7°s°, and 45 rs*. 


11 


12. 


13 
14 


15. 
16. 


. (a+6)(a—b) and 2a(a+0). 
3a(e+y)(a@—y) and 2(a+y)(@—y)@+y’). 
. («+1)?(@—8) and (@+1)?(@+4+ 2). 

. (r+s)(r—s) and (r+ 8)?(r—s)*% 
3(@—2y)(a#+2y) and 6(@—2y)*%. 

2 aa +4 aa? + 2 av’ and 3 ata +3 az.’ 


Sorution: 1. 2 a®x + 4022? + 2 ax = 2 ax(a? + 2axz + x) 


=2ar(a+2)(@+2). 
8 ate + 3 axt = 3 ax(a? + 2) 
= 8 ax(a+ x) (a? — ax + 2%). 


2. The H.C.F.=a-x2-(a+2) =ax(a+2). 


17. 
18. 
19. 


20 
21 


22. 


23 


a? — b? and a? — 2 ab +- 82, 

w+ 2e—24, 2—142+40, and 2? —82+4+ 16. 
2r7—Tr+6 and 67?—117r+3. 

. e@—27 and 2? —11 2+ 24. 

. m—8 m' and m?+2m+4. 

6 a®b? — 15 a*b® and 12 a‘d + 21 a®d*. 

50 @ +192 and a?—7 a— 44, 

. 8a? —16 ay +5 y? and a? +10 ay —75 x. 


25. 27 a? +8b*, 9a?— 4b, and 9a?+12ab+4 ; 


Se 
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LOWEST COMMON MULTIPLE 


118. A Multiple of a number is any number which contains 
the given number as an exact divisor. Thus: 

(a) Some multiples of 3 are 6, 9, 12, and 30. 

(6) Some multiples of (2 + y) are 2(a@ + y) and (2+ y)(a —y). 


119. One number may be a multiple of two or more different 
numbers. Thus: 

(a) 24 is a multiple of 2, 3, 4, 6, 8, and of 12. 

(0) 5 abe is a multiple of 5, a®, b, c, and of a. 

(c) 36 m(x + y)(@ — y) is a multiple of 3, m, (a + y), and of (# — y). 

A Common Multiple of two or more numbers is a multiple of 
each of them; it can be divided exactly by each of them. 


120. In arithmetic, it is necessary at times to find the 
smallest number which is a common multiple of two or more 
numbers. Thus, 30, 45, and 60 are all common multiples of 
3 and 5; but the lowest common multiple of 3 and 5 is 15. 

Similar necessity arises in algebra. 


121. The Lowest Common Multiple of two or more rational 
and integral expressions is the expression of lowest degree 
(§ 114), with least numerical coefficient, which can be exactly 


divided by each of them. 
Examptr. Find the L. C. M. of 5 a*b' and 7 a’b*. 


Soturion: 1. The least number which will contain both 5 and 7 is 35 
2. The lowest power of a which wil! contain both a® and a? is a’. 
8. The lowest power of 6 which will contain both b3 and 0¢ is bt. 
4. The L. C. M. is 35 a5dt. 
Cueck: Does 35 a5b4 contain each of the given numbers ? 
35 abt = 5 a°b8 =7b; 85 a5dt + 7 abt = 5 a’. 


Rule. —To find the L. C. M. of two or more expressions : 
1. Find the prime factors of each of the expressions. | 
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2. Select all of the different prime factors and give to each the 
_ highest exponent with which it occurs in any of the expressions. 
3. Form the product of all of the factors selected in step 2. 


Exampie. Find the L.C.M. of 25a’b(a + b)*(a — 6) and 
15 a®b* (a + 6)*(a — 6)°. 
Sotution: 1. 25 a2b(a + b)8(a — b) = 5? a®b(a + 6)8(a — B). 
15 a8d4(a + b)2(a — 0)? = 8 - 5 a®dt(a + b)?(a — 6). 
2. 8 occurs with 1 as its highest exponent. 
5 occurs with 2 as its highest exponent. 
@ occurs with 3 as its highest exponent. 
b occurs with 4 as its highest exponent. 
(a + db) occurs with 3 as its highest exponent. 
(a — b) occurs with 3 as its highest exponent. 
8. The L. C. M. =3- 5? a®d*(a + b)3(a — b)3. 
Cuecxk : Does the L. C. M. contain each of the expressions ? 
75 a®b*(a + 6)8(a — 6)? + 25 a®b(a + b)8(a — b) = 8 ab? (a — B). 
75 a8b¢(a + b)8(a — 6)3+ 15 a8b*(a + 6)?2(a — 6)F8= 5(a@ + A). 


EXERCISE 76 


Find the L. C. M. of the following and obtain the quotient 
when the L. C. M. is divided by each of the numbers: 


1.. & and 7. 3. 24 and 30. 5. 15, 21, and 33. 
2. 12 and 20. 4. 12 and 54. 6. 20, 27, and 90. 
7 3ab and 7 a%b. 12. 15 a*y, 30 ay’, and 60 ay’, 
8. 12 a*y5 and 48 ay. 13. 5 rm’, 15 rm, and 21 rm. 
9. 12 m® and 15 mn’. 14. 24 p*, 32 pr, and 12 p°. 
10. 24 a®b* and 16 a7b*® 15. 32 wv, 16 wv’, and 64 w'. 
11, 1494s? and 35 rs°. 16. 44 ay, 33 yz, and 12 aa 


17%. (@+b)(a—d) and (a+5)% 
18. 2 a(m +a) and 6 a*(m + a)(m—a). 
19. (%@+3)(@—2) and (a — 2)(~%—3). 


20. 
21. 
22. 
23. 
24. 
25. 
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3(7 + s)(r — 8) and 2(r + s)(r — 2). 

(a —4)(a—8) and (a—4)(a—5). 

(1 —2)*, (1—2)1 +2), and (1 —2)% 

(2—32)’, 32—32)(24+3 2), and (2+3.2)% 
(2—2)(8 — 2), 8—2)(4—2), and 4—2)(2—2). 
4a?—4m?,62+6m, and 323—3 m’*. 


Soxtution: 1. 402—4m? = 4(a?—m?)=4(@ —m)(2#+m). 


6x2+6m=6(x4+m). 
3 28 — 3 m3 = 3(23—m8) =3(a4—m) (22 + ma + m?). 


2. The L. C.M. = 12(%— _m) (a + m) (x? + mx + m?). 
8. L.C. M. + 4(@ —m) (a+ m)=38(a? + mz + m?). 


L. C. M. + 6(@ + m) = 2(x% — m) (a? + ma + m?). 
L.C. M. + 3(4 — m) (2? + mx + m?) = 4(4 + m). 


. r—16 and 77+ 117+ 28. 

. a+2axc-+ 2? and a®+ 2%. 

. Say—y and 22 az —9 xz —2. 

. 8 —126+4 35, b? +26 — 63, and b?—3 b —108. 

. 4a? — 25 and 4 2° — 2024 25. 

. 8m?—614—72,4 m+ 8m — 192, and 2 m’?— 24m +72, 
. 9n?—27n4+8 and 3 n?—2n—16. 
. 1427 ¢ and1—S5a— 242%. 

. +o —42 and 2? —%— 30. 

. a@&—a and a—9a’?—10a, 


X. FRACTIONS 
122. The quotient of a divided by 6 is written e The 


expression is called a Fraction; the dividend, a, is called the 


Numerator, and the divisor, b, is called the Denominator The 
numerator and denominator are called the Terms of the frac- 


tion. : is read “a divided by 0.” The denominator, b, must 


never be zero (§ 64). 


REDUCTION OF FRACTIONS TO LOWEST TERMS 


123. A fraction is said to be in its Lowest Terms when its 
numerator and denominator have no common factor except 
unity. Thus: 


(a) = ze Y are in their lowest terms, 
—y 
3. 3 22, (gee ab 
124. To ie a Fos A lowest terms, a principle, sats 
illustrated by arithmetical fractions, is used. 
If, in the fraction 24, both terms be divided by 4, a new fraction$ is 


obtained. But, since 4 = 8, and § = 8, therefore 34=§. The value of 
the fraction is not changed ; its form is changed. 


are not in their ivwest terms. 


Rule. — If the numerator and denominator of a fraction are both 
divided by the same number, the value of the fraction is not changed. 


, 37,2 
Examerr i. Reduce to lowest terms 422°. 
40 a’b?c 
Soxution: 1, 24 a®b?e = ee, 
40 a2b2c 28.5. a2. b2-c 


2. Divide both numerator and denominator successively by their com. 
mon factors, 23, a2, b?, and c. 
160 \ 


FRACTIONS 161 


1 rh 
Then 24 ab’c _ 27.8. a%. BF. 2 _ 3a, 
, 40 a%b2c 2%-5-at-Bt-e 6 
nt tle ee | 


Note1. Dividing by all of the common factors is equivalent to dividing 
both numerator and denominator by their highest common factor. 

Nore 2. The process of removing a common factor from numerator and 
denominator of a fraction is called cancellation. It depends upon the rule in 
y 124. : 

Norte 8. It is wise to write the quotients 1, a, etc., as they are obtained. 


27 a? + 64 B? ; 
9a? + 24ab+ 168? 


1 
2 
Soxourion: 27 a8 + 6408 -= 3 (9. a2 — 12 ab + 16 b*) | 
9a? + 24ab + 160 (3a+46)(83a+4b) 
1 


_ 9a? — 12 ab + 160? 
(8a+46) 
Here, the numerator and denominator are both divided by (8a + 4b). 


Curck: These examples may be checked by substitution. It is im- 
portant to remember that the original fraction and the simplified result 
are equal for all values of the literal numbers except such as make the 
denominator zero. (§ 122.) 


Rule.— To reduce a fraction to lowest terms: 
1. Express numerator and denominator in terms of their prime 


factors. 
2. Divide both numerator and denominator by all of their common 


factors, i.e. by their H.C. F. 


125. Errors in Reducing Fractions. One common error occurs 
in reducing fractions such as 
; 3 mn (x + y) _ Bam? (ZA) 
| Smn2(x-+y) Bn? (c+y) - 
, Pupils sometimes think that the result is 0, because all 
factors have been cancelled. If, as suggested, the quotients 
- are indicated, this danger will be avoided; thus, 
Lele 


3 mnt (x +y) _ swf? (t+9) 11, Ans, 
3 mn? (a + y) Gs) 1 


EXAMPLE 2. Reduce to lowest terms 
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Another, and more common, error is illustrated in the fol. 
lowing faulty solution : 


Gabew BE 1 


¢ 2a+b_44+2 6_8 
fi = eA (aan Sl ON a 
Test it fora = 2, b ae 4 775 
The error is in dividing one part of the numerator by a and 
another part of it by 6. Neither a nor 0 is a factor of the nu- 
merator. They cannot be canceled in this problem. The frac- 
tion is already in its lowest terms. 


EXERCISE 77 
Reduce the following fractions to their lowest terms: 
1. 12. 3 5 ay. 5 AD5 rst? | 
15 " Zaye * 63 38% 
2. 24. a 12 mn’ | 6 65 abyss 
36 * 2nd ” 40 ay’ 
”. 3 ab?c(a+ y) , 4, 2@=2y¥. 
Zabe(aty) * Fae —5 yy 
8. 12(@—3)(@+8), 1b 3am*—3an?_ . 
4(a+38) " 8m? +6 mn+3n2 
9 18(2r—s)*(r-+8). 16 a’ + 08 
* 9(2r—s)(r+8)*  @e—2abe—3b% 
24+7a+10 8 #?— 125 
10, @Hfa+I10, > ea 
V+t+4a—5 me 2ae’?+ax—1d5a 
11. m +m — 56 | 18 ma?— mx — 12m | 
m? —m — 42 » 8e+132412 
12. w—9e+18 | 19. 16r#p4ri+i 
3a°+-32—36 *  647°=1 
13, @r1Lab +280" 29, @-8e+i12a, 


@—i4ab+490" 5a?—60a+4-180 
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a1. ey 94, £m? +16 mn+15 7 
—- 6 m?— mn — 15 n? 
2. —64 25 15 aty +-10 ay? | 
aie 1" 6 abyt + 4 ay? 
23. ay—8y SaA—Sy*t 
(a? — 4)(a—1) ; xt + 22°y? + y4 


126. Signs in Fractions. A fraction is an indicated quotient. 
Its sign is governed by the law of signs for division (§ 67). 
Thus: 


12 
qd. ee 8 3 ae 
mae eo 
aoe 4 =Bo+3 
From 1 and 2, it is clear that 
+2_ 412 
ee eR Ee a 
From 1 and 3, it is clear that since + 3=—(— 3). 
+ 1u5 _—12 
+40 +4’ 


—-‘Rule. —If the sign of one term of a fraction is changed, the sign 
_ of the whole fraction must be changed. 


From 1 and 4, it is clear that 
4 +12 _—12 
| +4. —4 


, since both equal + 3. 


7 

: 

_- Rule. -—TIf the signs of both terms of a fraction are changed, the 
_ sign of the fraction must not be changed. 


Changing the signs of an expression is accomplished by 
multiplying it by —1. 
-Exampie 1. Reduce to lowest terms: 
same Se, 
12 +22—22 
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Sotution: Multiply the denominator of the given fraction by —1, 
thus changing its signs; also, change the sign of the fraction. 


1 
a 0 i eee eee 
12 +24 —222 20? —2x2—12 2(2— 3) (a + 2) 2(x% + 2) 
1 
29 19 8 pea 
Pabete@=i, Then —2— <= ee eee 
eae "24+ %— 28 I2-2=2 12-8? 
“+3 143 4 2 ; 


also, — = ee ee ie 
RPE  BC1+ BY 8 8 
The value of % selected must not make any denominator zero (§ 64). 
ExAmpiLe 2, Reduce to lowest terms: 
on - a. 
—Tm+12 


Sotution: Multiply the numerator by — 1, thus changing its signs; 
also change the sign of the fraction. 


(CSE Le EL eet J 
his m?—7T m+ 12 


eer. i 3) _ (m +8), 


~ (m= Da) (m — 4) - 
EXERCISE 178 
Reduce to lowest terms: 
1. eee fe 6. fl Se: 
2a? -— Tay+6y? ?—9 
$2—3y. foes Ie 
2. Ties Es Wie ee 
y+ay —2a° 64 — a 
3. a? — 16 : 8 ar” — as? 

24 —2a—a? " Qas?+4ars—6ar" 
me 3m — 3 n? : a 3 — 6e'd + 3 cd* 
n? +4 mn — 5m? 50?—5e 

5 the — 6 q 18.mx? —8 my? 


15 +2a2—a 10. 2 np BL nah staat 
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TO REDUCE A FRACTION TO AN INTEGRAL OR MIXED 
EXPRESSION 


127. An Integral Expression is an expression which has no 
fractional literal part; as, a? — 2 ab + 8%, or 2 ab?. 


An integral expression may be bonsideret a fraction whose 


denominator is 1; thus, a + dis the same as —. 


128. A Mixed Expression is an expression which has both 


integral and fractional literal parts; as, a+ : or ae sae (Eke 
— 2% 


Rule. — A fraction may be changed to an integral or mixed expres- 
sion by performing the indicated division. 
62415e¢—2 

on 


Exampte 1. Reduce to a mixed expression. 


Sorution: Using the method of short division ($ 70), 


ee ane 
32 oe 382 


12 2°—82°+4a2—5 


Le43 to a mixed ex- 


EXAMPLE 2. Reduce 
‘pression. - 
_ Soxurion: Using the method of long division (§ 71), 
34-2 
‘a 447243 e— 822+ 42 — 

12 48 +92 
—82?—5x—5 
—5z+1 
-, 1228 — 822#+42—5_9, 59,—5241 
4243 z 42248 

52—1_ 
42743 
_ The first term of the numerator of the fraction in the result is negative, 
Change the signs in the numerator by multiplying the numerator by —1, 
ad also change the sign of the fraction. See § 126. © 


=32-—2— 


es. A 
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EXERCISE 79 
Reduce the following to mixed expressions: 
1. 315, 2. 24. 3. 283. 4, 4350, 
: 12a?_-164+7 7. 15 p?+12p—4 
' 4a 3p 
6 15 m? — 6 m?+3m—8_ 8 30 a® + 5at— 15 0°—T. 
; 3m ’ 52? 
4 
gee TS n, 2t2y¥. 13, ©. 
3y—1 x—Y xy 
8p°+38 a+ 8b? e+ary+6 ¥ 
; . 2. ——————- 14, ———_ ++. 
Bae 5) 4-8 a eS Te mc 
12¢7+5a+5 3a°+8a?—7. 
a8: 4a—1 : a—2a—3 


TO REDUCE FRACTIONS TO THEIR LOWEST COMMON 
DENOMINATOR 


129. In arithmetic, fractions having a common denominator 
may be added or subtracted without difficulty. Thus: 
@ G+%=H- () vo—ve= xe 
Fractions which do not have the same denominator must be 
changed to equal fractions hav ing a common denominator. 
(2) PtsHxet+ we =i, for $=. 
In algebra, also, fractions which do not have a common de- 


nominator must be changed to a common denominator before 
they can be added or subtracted. 


130. To change fractions to a common denominator, a prin 
ciple, easily illustrated arithmetically, is used. 


If both terms of the fraction § are multiplied by 4, the result is 24, 
. § = 44 since both equal 3. 


The value of the fraction is not changed ; its form only is changed. 
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Rule. — If the numerator and denominator of a fraction are both 
multiplied by the same number, the value of the fraction is not 
changed. 


131. Two fractions which have the same value but different 
form are called Equivalent Fractions. 


Thus, . and are equivalent fractions; they differ in form, but 
m 


have the same value, since the second is obtained by multiplying both 
terms of the first by m. 


132. The Lowest Common Denominator (L.C.D.) of two or 
more fractions is the lowest common multiple of their denom- 
inators. 


ExAmpiteE 1. Reduce to their lowest common denominator 
3 mx 5 ny 
and . 
2 ab? 38 a®’b 
Sotution: 1. The L.C. M. of 2 ab? and 3 a%b is 6 a3b2. (§ 121) 


2. To change the denominator 2 ab? into 6 a°b?, we must multiply 2 ab2 
by 3 a?, that is by 6 a3b? + 2ab2. In order not to change the value of the 
fraction, the numerator 3 mz must also be multiplied by 3 a?. 


3mxz_ 3-3 max _9a’me, ($ 130) 
2ab2? 3a?-2ab? 6 a®b? 

8. For the second fraction, 6 a26?+343b=206. Multiply both nu. 
merator and denominator by 2 6. 


5ny __20-5ny _ 10 bny, (§ 180) 
8a3b 2b-3a'b 6a%b? 


Then, 


Then, 


¥ 


Rule. — To reduce fractions to their lowest common denominator: 
1. Find the prime factors of the denominators. 
_ g. Find the L.C. M. of the given denominators; this is the L.C. D. 
3. For each fraction, divide the L. C. D. by the given denominator ; 
multiply both numerator and denominator by the quotient. 


Exampte 2. Reduce to their lowest common denominator: 
44 8a 
@—4 ant @—5a+6 


a 
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ae 4a 3 
So.turtion: 1. Peg CENCE) aaa) 


38a 38a 
—ba+6 ~(a—2)(a—8) 
8. The L. C. D. is we +2)(a—2)(a—8). 
4, L.C.D. + (a—2)(a+2) =a—3. 
4a 4a(a—8 
* @—2)(a+2) (@—2)(a+2)(a—8) 
6. L.C. D. +(a—2)(a—3) = (a+ 2). 
8a 8a(a+2 
* (q—2)(a—8) (@—2)(a+2)(a—8) 


Cuecr: The final fractions in steps 4 and 5 may be ee into the 
original fractions by cancellation, 


2. 


EXERCISE 80 


Reduce the following to equivalent fractions having their 
lowest common denominator: 


ul 2 6 
best ht iet- Opn) Sta oe 
2. $5 155 ao 10 he ee 
s 3a, 5D * 2 mn’? 3 mn? 5 mind 
Nee ar) nn, 2¢—5e, 40430, 
; de Qy. 3a. 9 ab 12 ac 

ante te Rie oD 12. . 6a —-5z2) 
5mn. Tmp. 3 gig eo eae: 
Eepect peli s” 190 ee 
° 3 Lae) 
a—b? a+b 
6. of 3, a 14 4a? 2 
Bii0, 0 "4-9 6a?—9a 
2x0 3y 53 
Dp eR op SAI eg 22 3y 
5. ——; 
a’ a? @ : a+2y’ a—2y 
ab. c.d 32 5 
8. —;3; —3; —e « ° 
ay? a yz ee ENR 
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zx x? _a+b_ a—b 
Se = ee : 
e@—6a+8 2-16 Se a@—2ab’ ab+b 
3n 5 S 6 9 
18. —j; —_—_—_oO ee | . e 
ne—8’ n?—4n+4 ae Gl) a@—1) @=1 
21. eae bl) ee 4 
a6 ese 7 a0 
22. a+3b 3 a—3b 


@—Tab+120" @—ab—12e 
ee ee Ee 
e—2ayty” Bee) ice y) 
eS eee 
24. : 
S27 y? 2—9y? 
a+2_, a—3 , a+l 
e42a—8 o'—34a-+2’ &ta—6 


25. 


ADDITION AND SUBTRACTION OF FRACTIONS 


133. Examptze i. Perform the indicated addition: 


4a+3,1—60° 
“402 6 ab? 


Soxution: 1. The fractions cannot be added because they ‘do not 
have a common denominator. By the methods of § 132, change the two 
fractions to equivalent fractions having their lowest common denominator. 

2. The L. C. D. = 12 a2b8. Multiply the terms of the first fraction by 
12 a2? + 4%, or 3b?; and the terms of the second fraction by 12 a7b® 
+ 6 ab?, or2a. Then, 

g, 444341 — 60? 30% x 4a+38) , 2a x (1—6 0%) 

4 a°b 6 ab? 3 62 x 4.a7b 2a x (6 ab®) 
— (12 ab? + 9 6?) 42 ‘ — 12 ab?) 
12 ab a*bs 
— (12 ab? + 9 0?) + ne 
12 ab? 
_ 12a? +90?+4+2a—12 a0? 
12 a6? 
_9b?+2a, 
~ 12 0% 


7 


ae 


ae ae ee 


tet 


170 ALGEBRA 


Curcx: Leta=1; b=1. 
4a+3_ 1—6b?_—5 and 2 74 COE; 


7 

“4a 4° 6ab3 6 
9024+2a_9+2_ 11. 
12a2b? ~— 12 12) 


also, 


Rule. — To add or subtract fractions : 


1. Reduce them, if necessary, to equivalent fractions having their 
lowest common denominator. 


2. For the numerator of the result, combine the numerators of the 
resulting fractions, in parentheses, preceding each by the sign of its 
fraction. 

8. For the denominator of the result, write the L.C.D. 


4. Simplify the numerator by removing parentheses and combin- 
ing like terms. 


5. Reduce the result to lowest terms. 


Exampie 2. Simplify a bi Sik 


14 
Sorution: 1, S&@=4y_Te#—2y_T(be—4y) ~8(7 2 —2y) 
° 14 42 42 
2. —Tbe—4y)—3(7 2 —-2y 
42 
8 — 352 — 28 y—21e+6y 
42 
4. — 14% —22y 
42 
Bh —2(7%—1ly)_Ta—lly 
42 - og 


21 
Canon: Letw=1; y=1. ; 
op— Sy) b= 4. 1 be = Sy Dies 2 5_—8_-—4, 


6 6 Cy it 14 be 14.2 Oy” 
7%—11 v2 7-11 —4 
also ae ee ee rs 
9 21 a oT The solution is correct. 


Nors. In the first step of the solution, the numerator and denominator 
of the first fraction are multiplied by 7, and of the second fraction, by 3. 


ee 


FRACTIONS 


EXERCISE 81 


Perform the indicated additions and subtractions: 


it 


sae a. $F 48 
ue = 9 ar = 
tao 10, 4 o_o 
45-3 11. TS Ca 
Fa 458. 12. 2a—8 3048 
6m _ 3m, 13, 2M@+4_2m+5 
ae 3 ; 
ete 14 a oa 
17. 2a—8b_Sath ,4a—%?. 
19. dr—Ss, Gr be _dryes_ sr. 
mec ZEA Tt Salt psn 100i e, 


4 6 8 9 
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ste Cer aee 
21, aan si 2m? mn 5n? 

oes 5a+l1 , 3a—2 

Oe tea aaa is 
ae hae ae 

Hh le: 10a+3y 3a+45y 
8. =—-—+4<. mic rer 
LE a ab 2 xy ay" 

thee 8 24, yee 232 
24. 2 ewer he ay 2 yz i 3 2 

ha ee Or ieee 2b—c , 2c—a 
25. ee = ab be ps 

1 5s 
31. ——— ———_.. 
VP+e we 
‘ ieee id pla VP AS oS OH. 

Soxurion: 1. gavan igi “%+1) x(%—1) 
: a s2@ =) 2 ees 
@(e@+1)(%—1) x@+D@—H 
- = @=)=-@+) 
. ~ @(% + 1) (%— 1) 
P| Bote eee 

° " @(@ + 1)(2—1) 
6. = = 


~x(@2—1) x—zt) 
Notice that in line 2, the L.C.D. is «(«-+1)(e—1); that the numerator 
and denominator of the first fraction are multiplied by («—1), and of the 
‘second fraction by (x + 1) ; that parentheses are used in lines 2 and 3 ; that 


in line 5, the signs of both numerator and denominator are changed. Check 
by substitution. j 


32. Simplify —@+2 __ a-—d 
ey Ta—98  @atsd 
Soxurion: 1. eee ee Cr 
4@—902 (24480) 
2. ee Oe a ee eee 
(24—3b)2a+3b) (2a+8b)@a4y3d) 
Bo @+b)(2a+38b = a —b)(2a—8b) 
(24 —3b)(2a4+8b)@a+3b) (2a—8 b)(2a+8b)(2a4+8b) 
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4 — 2a + 5abd +3 6)—(2 a? —5 ab +38 %) 


Qa-—3b)(2a+38b)(2a+8b) 
5. = 2 Vth ab+ 327-20? +5ab—3R 
(2a—3b)(2a+3b6)(2a+4+38b) 
as 10 ab : 
* “(2a—8b)2a4+8b)2a4+385) 
Cuecx: Leta=1,6=1- 
a+b _ 2 2 a—b 0 0, and —2—0 2. 


4@—908 —65 5°’ (2a+8b)? 26 ewe 
10 ab 1078S ie tea 2 


si (2a—8b)(2a+38b)? (2—8)(5)? —25 25. 5 


Notice that the indicated products in step 3 in the numerator are found 
and inclosed in parentheses in step 4. All of this solution should be done 
mentally. 


m uf 2—27 2+2 
___—- 41. —-_ 
2 m—-1L m+1 2-+e 2a 
r r 4p? ti 2p-1 
- . 42. — ° 
Bees tr 3 41 ees 
35. is eee Lee 43. 1 aap 
' 5bm—-2 2m4+3 2a+b 8a'?+b3 
3b 5b e+3 _2+27 
es 44. re a 
| he 8a—4 5a+6 2-3 2—27 
| 2 ee 2 ae 45, TH2 2-2 _ 16, 
as 8y—a 2a—3y ew—-2 x24+2 oaF-—4 
j x ae WS qads seer a: 
i oe Psy Sassy a+b a—b_ a? — b? 
Ae ee ee 41 di BS By A erOnag 
eget. 60116 sled eet as ee 
a a 4 i 48. M+n _ mM—N_ tLe 
4p—6 15p—12 m—n M+n M—n 
2 5 


fo ee pS ay | a eT 
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at+i a4 a+3 
ee Peper: Pe STE Se Yee 
38a+2 a4+-3  _ a—2 -e 


ee 6a?—a—1° 30+ 7a+2° Fa+3a—2 


ft eee 
r—6ar+9@ 7+4ar—21a 


53 +2 2ae—1 = 2—3 
“P44e+3 w@+ae—6 2@—a—2 


52. 


1 a (Vee 
4. REE. RENT Sy SB 
: a+i1 Sot wet 

: ; 53 2b+a 
55. Simplify eat aes 


Sotution: 1. Notice that 2 — a2 is not in the same orderas a— dB. 
Change the signs of the denominator and also the sign of the fraction 
(§ 126). 


=e 


8. Heh Ope wo Me a JE es 
a@—b (a—b)(a+b) 
(@ — b)(a + b) 
5. ~3a+38b—a—2b 
(a—b)(a+b) 
6 —2a+d, 
Y Glen 52 
Check by substitution. 
3a 5 : a a 
56. —_—-. ——S See 
a, ae oe Te uae 
1 1 é 3 3 6 
57. ———-- — —_—___.. 60. 
y—ay x—ay a+1'i-a a—it 
pg, “+4 22-5. edge eee 


3a—6 8—4¢ r2 2-7 fo 
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b 2b 5a—b 
Cee ee ee _5a—b 
miticas haa. SS Saft 
Qa 3a STG 
63. —— — + ee ee 
eee igi) a hn Bale 
64. 134.6 1. 69. ae a — 6° : 
5 3 a +ab+6? 
2+11a 9m? +16 
So. 4 —4--______. rf A ae St ES Ae 
+ 3a 70. 3m+ ae 4 
TY 
66. —~ +1. 71. FoR A tes -e 
a+y ore 


MULTIPLICATION OF FRACTIONS 


134. In arithmetic, the product of two fractions is the 
product of their numerators divided by the product of their 
denominators. Thus, 2x 2. = &. 

In algebra, the same pd is ee 


Exampze 1. Multiply 2° “by S 


ea a 
5a, 4x7 90 des 

22 “5 a 30a% 

2. Reduce to lowest terms: 


Soxtution: 1. 


= 


It is customary to cancel the common factors in step 1 as in 


the following example. 


: 2 
' Exampre 2. Simplify ores. Mende 


= ie "qian ly 
a? tate ; ee 
Soxution; 1 6 eee 


1 1 
_ (@+3)(a a( a~<4) 
“(@-Dath- nis) 
1 
amie ion os Baa 
=G@4+4a+) a+5a+4 
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Curck: Let a = 2. 
a+2a—3 444-3 _ 5 ae! eee ee 
== 16.) 16 hee 12 oe 19 1 38 36 
a@—4a_4-8 —4 pak 2 
Ge aed a ee 9’ 
a+3a 440 10 5 


ae @xyber4 441044 18 °°0° 


Notice that the factors (a — 1) of the first numerator and of the second 


denominator are each divided by (a — 1), or, are cancelled ; similarly the 
factors (a — 4) of the first denominator and the second numerator. 


Rule.—To find the product of two or more fractions: 

1. Find all of the prime factors of the numerators and denomina- 
tors. 

2. Divide out (cancel) factors common to a numerator and a denom- 
inator. 

8. Multiply the remaining factors of the numerators for the nu- 
merator of the product, and of the denominators for the denominator 
of the product. 


EXERCISE 82 
Find the following indicated products : 


tee ¢ 21 10, 5a | Yo bea, 

14 20 9g Zac? 3ba? 56% 

pe 8 12. dod 1504 21 

itl S10". 7 "9B Tet 10a8 

g, Sad | 5 ay? _ AT miy? | 80m | Tatty 
15a*y 2ab 20 me 14279? 18 n8 

ia 3am? 2553 9 a? — q? 2e+2a 
200? 3 .a%m? _@49ar-a 38a 

5 5a -6b 8c 4m—1 m?+4m 
Pee recs aes 105 Be 
b6 10c 12a m—16m 2m4+1 
ere 4 2a—35 ’ _2a(a — 3) \ 


«6a 


(@+7)(a—8) 
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yg, Pt4p—45 | 3 pr—3r, 
4 pr —20r p?— 81 


a@4+-3a—18 _2@—43 
a@—8a'+12a? ai— 36 
; 14 of — oF a —2e+4+4- 
4 “B48 a4 2e+e 


1s, ay , Mey — 2 y". 
e+ ay w—2ay+y? 


2@+5a+2 20°—38a_ 2 
2@7+a—6 6a+4+3d 


Borers) or — bree 
2+5rs—2s8 4P—3 


5m+10 3m—9 8m? — 2 


i a ets) 


13. 


16. 
17. 


18. 


8m—4 10m4+5 3m*—12 a 
1s, ay) wey 8 | bet By 
22427 w@+4+3ay+2y w—2ay+y¥ . 
7 9 8M = 27 , Att 122+9 » 4a 6 ee 
q "40-9 8074122418 62°+52—6 
| 21 m*—1 _Am?—3n 4m? +37, 
16 m—9n? 2m? +2 m—1 


178 ALGEBRA 


DIVISION OF FRACTIONS 


135. In arithmetic, to divide a fraction by another fraction, 
we multiply the dividend by the inverted divisor. Thus: 


3 
D2 Sp Ree es 
©) io*5-w* 372 
2 


(by 86 + 2h at ee 


In algebra, it is advisable to factor the expressions first, and 
then use the same process as in arithmetic. 


ip G7 wi —2e+1, 


Exampre. Divide aL by ae 


SoxturTion: 1. a®—a% 2-204 
eo+1° g—2t4+e 
eae x(% — 1) . &©—1)@—1)) 
(@+1)@?—x+1)>  a(@?—2x4+1) 
1 
(a —T) a(x? 


iat Ca DE=FD E-ADE=1) 


Se ee 
" @4+Y)G-)H xw=1 


Curcr: Let x = 2. 


we—x _2 w@—2e+1 1 ead eee 

g+1 9’ g8—g2+e 6’ GF BOR,” 
also, a as 
2—1 8 


Rule. — To divide one fraction by another: 


1. Factor the numerators and denominators of the fractions. 
2. Invert the divisor fraction. 


8. Multiply the dividend fraction by the inverted divisor. 
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179 


Perform the following indicated divisions: 


47?— 257 | 2rv—50"* | 
16P—90 47 4+3r0 


@—e _ e—1)" 
32+3 68—62+6e° 
am +10am+21m™ _ 
ay Naya * 
us — 8 
w+Tw+10 ; 
—5ab—140? | 


13. 
14. 


15. 2 
@+5ab— 240 


i6. 


Ssaeeh ESS 
my? — yf my? + oP 


12 (+28), 


am ~ 
a—a? 


32m, 8 
15 n? ~ 35n3 
24 atb* 
Battys ~ 
+a), 
Gna Ga 
r—s | (r—s). 
Ptrs+s 4r+4s 


ts-+2 3? 
?—its- 


6 ab’. 


¢@—s) 


9m, 


wt 20 +e 
we+2w 

_ &—3ab— 280, 
* @—8ab+150 


—y mi + my +m ; 


Perform the indicated multiplications and divisions: 


17. 2+Tay+10y? . t+y weil oe 
e+6ay+5y? w+4ay+4y? eply 
| 18. a? — b? , ab — 20? (a—by , 
2 @—3ab+20? b+ab a(a—bd) 
; Ay ee Cee i APp-48 | 3rs—3 8" | 


P+td4rs+4s “4P—93 ~ 541078. 


m+n? . bm? + bmn + bn’. 


am*—an* 
m—n? am?+2amn+an? 


70. ms — bn 
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136. Sometimes there are mixed expressions in an algebra 
problem. These mixed expressions should always be reduced 
to fractional form as in arithmetic. 


Exampre i. Simplify 123 +3}. 


Soxvrion : 123 +324 E i Bx Zi. 


4 $$ 18 26 
2 


+s a’? — 19 a—5d2x 
Exampre 2. Simplify (8 SE +(3 ee =). 


Sorution: In the first parentheses, the fraction is to be subtracted 
from 5, and in the second, the fraction is to be subtracted from 3. (Use 
tule, § 138.) 


2 19 x2 a—5x2 
Boe ee LO ee 
z ( Faeyr kal eae) 
Sie ee) - Peat) 
: a2 — 422 a— 2% 
8. OS Spa ere) 
a—4 x? : a—2z 
4a? — x? 2a—2 
SS (a) 
aay ear 
6 -@ a=E€)(2a+ x), (a=—2%) _ 2a+2, 


~ (a=2a)(a +20) * (Qa—f) a+2e 


Carck: Letta=1;2=1. 


—19 22 1-19 18 

= 8  — —— = — = | 

a2—4 x2 Tech =¢ ere and 
EEE for Wel ie Btnok ear Om Pel Lo het a, 
a—2% 1—2 sil : 
also, Za+e%_2+4+1_8_, 


Q@+2% 1+4+2 8 


Notr. Insuch examples, first perform carefully the indicated additions 


and subtractions within the parentheses and, afterwards, the multiplications 
and divisions. 
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EXEROISE 84 
Perform the indicated operations: 


i: Sess eee Shh ee 
oes “bo 


i) 
Coa 
= 
| 
| 
18 
& 
bo 
ei 
fl S 
v=) 
eet ee 
| oa 
bo 
| 
S 
ao 
Ss 


aS 
a 
me 
alo 
Rabe 
Laity 
g 
+1% 
= 
Na” 
=) 
° 


2, AG “fab? : 
“\46 a) lawn 


ae) 
¢ Oo bed e > oe Sede - ——— | 
a (ets) 12. (4 sai) eter 
l= rao pw. 
a? + ab +b? a} +- 68 
14. (s+1-2)+(a—4—2) 
a a 
2 33 
15. (r+2+2).( (2+5-5)- 
524-2 1 
16. (64234 Saal ae 


2m? +7 m—1i5 15) 2m? —19 m + 42 meses: 
ye om 14) \ Sn ie. 38m+6 


»v (ree) 
; aes ee = eetes); 
Sat _ 16 v+6a+ 
Ae AE Saale aac) 


a4 21 \ 2—3a2+9 _v+e— a 
a +2 — 12 24-2 2— =8: 32—9 


& a 
R Alb 
| 
Oo) 09 
ie be 
‘| 
Sin 
+ 
oO! OO 
Noe 
~~ 
i 
CaN 
| 
8 
+ fs 
es 
oN 


J 
ad 
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COMPLEX FRACTIONS 


137. A Complex Fraction is a fraction having one or more 
fractions in either or both of its terms; as, 


( a 2e ) 
a ; (b) a—b a+6 
bate (= 
a a—b a+b 
138. A complex fraction is simply a case of division of 
fractions. The problems are very similar to those in the last 


paragraph. The numerator and denominator should be sim- 
plified separately and then the division performed. 


(a) 


Exampie 1. Simplify -. 
b 


Sotution: This means divide a by the result obtained by subtracting 


< from b. 
Gn =a.( d ve ad 
o£ (Mae ~ "Nod =e] ba =e 
a d 
Cueck: Leta=1,0=2,c=1,d=1. 
DUA TAS Te Ce 
ee a ae es 
d 
algo. 1 ee See < 
‘ oer a hats 
( BE, MO 
Exampre 2, Simplify rola 2 


b aay 
‘ay 
a—b a+b 
This means: find the difference of the fractions in the numerator, and 


the sum of the fractions in the denominator ; divide the first result by the 
second. The work may be arranged as follows: 
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220-9 
Souution: 1. pce) ER Ta. 
b ee 
a—b a+b 
2. — 2a + b)— a(a—b) , (a + b)+ a(a— bd) 
(a— d)(a +b) (a—d)(a+d) 


—~@+ab— a+ ab _ ab+b?+a?— ab 
(@—b)(a+b) (a@—6)(a+ b) 
2ab c qa? + 52 


pe 2 ab A= at 8 = 2adb_. 
(at la+ty a2 + B2 a2 + 3 


Curecx: Leta =2; b=1. 


ah haat: Sar me aie 
Se bee +6 1° 8.3 4 8_4,, 
yee. 1,5 3 al o! 
@-b a+biil 3 8 
ee a See. 
Pre i aka 8 
EXERCISE 85 
1; i-}. 3 ab 1+ 5 
e+ ees 10 sf 
6 ab Pal ts 
vad 4a 
g i+:. 
3—y7 a+y 
2 1 
q. e 
ey ase, 
3. 2—+ : 6 ii; es 
’ i+. 3 ‘te 
8. aoe p 
ses 
ae. +3 
oF 2 Saas 
m 
9. ——> 12. ° 
heel 1 1 
ahi f 2a t- 
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aoe Pe Gees a— 
13, “—. 15. oa 17. 
-+- a—2—— a+ 
Ae 
pea 1348 ae 
3y 2 2 x y 
14. 53 : 16. 5 ‘ 18. 
pianos e+-i—- —+2 
y & ¥y 
m m+n 1—-8@+¥ 
19 n m—n 22 9a? — 7? 
"ny m+n "4 2@+2y)" 
mn m—-n su +y 
oe NS eee gq. tet 2s 
a+1 e—3a—4 
20. ar anna 23. ees ea 
———; 2 
oad ee 
a _a—@ 
51. oe f Fr ae 
1+ ——. a — Ax 
a—b 


25. 


2a—b, 2a+b 
a+3b a—3d 
2a—b 2a+d 
a—3b a+3b 


XI. SIMPLE EQUATIONS — (Continued) 


FRACTIONAL EQUATIONS 


139. If the unknown number, or numbers, of an equation de 
not appear in the denominator of a fraction, the equation is 
called an Integral Equation; as, 32—5=22+7. 


140. If the unknown number, or numbers, of an equation do 
_appear in the denominator of a fraction, the equation is called 


a Fractional Equation; as, o- 5= ; +7. 


141. A fractional equation may be changed into an integral 
equation by Clearing of Fractions. 


ae me 4 
Exampie. Solve the equation m = mee 


Soxturion;: 1. The lowest common multiple of 4, 5, and 10 is 20. Mul- 
tiply both members of the equation by 20. 


5 4 2 
2. 79 G2=D 9p. G2= 9 29.4 +99. CAE. 


3. “. 5(3a—1) —4(42—5) = 804+ 2(7 a 4+ 5). 
4, 2152 6—167+20=804142 +10. 
6. . 165—2= 904 14a. 

6. 2 — 154 = 75. 

7. Dow:  e=—b. 


Cueck: Does sa 14 Mata + ae Bo 


Does 


—16_=25_ 44 sO? Does —4+4+5=4—8? Yes. 


o—— = 1 


4 5 
185 
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EXERCISE 86 
Solve the following equations: 
1, 2 5 a+1_ 3 


2 rag eee Ft 
rd yt (6 y+8. m-+-11_ 10—m__4, 
Ae +2= 10 8. 6 3 
ike 10—m _ fn g_t+14 
3. maim To aa ee 9. are = 9 


4. s(a-+5)— —4=%— 10. ies end, 


pica, 12 3o(x —1 ener 
4 Cte. Bae fi 3 6 


Lie EE Tee, ae Obes 
13, FA 2(2043)= 2? 
14, a ie n-+9) =5(6n+8). 
67—1 
us, St 4_ 48248) =24t—8), 
16 Te—8 Te+6_ 2-5 4249 
td, 4a 2 Tx 


Sotution: 1. Multiply both members by 282, the L. C. M. of the 
lenominators. 
22 q >it x + 
+4 Ae Bved F- 


3.1. 2a(7%—8) —7(7 446) =142(e—5)—4(424 9). 
4. 4. 140?—16%—49% —42 = 1422-702 —162—386. 
6. *, — 654 — 42 =— 86 2 — 86. 

6. *. + 21¢=+4+6. 

m naa 


Check the solution either - substitution or by going over the steps 
carefully , 
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It is essential that roots of fractional equations be checked. 
For reasons that are given in a later course inalgebra, whenever 
the apparent root makes the denominator of any fraction zero, 
that number is not a root at all. 


uy. 8-2-3. a, SEt4 _Mt—?_3, 
18. ~-<-4 23. om —9_ mT. 
19. po +i=16}. 24. i meets a 0. 
27. Solve the equation a ee ee 


a—-2 x+2 2-4 
Soturion: 1. The L.C. M. of (x—2), (+2), and (a? —4) is (2—4). 
Multiplying both members of the equation by a? — 4, 


(% + 2) = Soe tet a 2 s 
5 as . =(x7—4) -0, 
2. (g2=4) 7 —(z2-<4)- me x CES ( ) 
3. 2. 2(a + 2) —5(4@—2) —2 =0. 
4, v. 2e+4—5x4+10—2=0. 
6. et ee 
6. ee 8h =— 12, or, 2 = 4: 
tt 4—z7_ 12 1. 
| 28. oy a er Tea soe EL 
10, 9 Ze _4e+5_ Sane 
: de ns | im —D oe 3e—4 6a—-1 3a-4 
ats ee 34. 152?-5ae—8_ 
Oe eT: e: 3a4+6a+4 
5a+l By 35. Ga+d |, Sele 3a 


eg Sas Qe—2e' a1 aH 
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36 3m 2m 2m?—15 
“2m+38 2m—3 4m?—9 
9 Zz, 1 
cee eas Ro eee 
38. 3 4 a 1 


Sa ee yea r+4 
9 


39. eee) iy 2 yrs =o. 


yt+3y—28 "y—4 y+7 


40. a+2_2a—3_ ee eu 


a=4 (a@+3 a—a—12 
3m a ag 
“i 2m—6 B5Bm—15 2 
3a tee ee” 
Seo wek Saal 22 
43. 2Zz+1 22-1 92417 


3e—2_ 36-42 24380 


43 2-9 3—@2 


46. Solve the equation cath 20-4 Age 


Tx-16 865 
Sorvurion: 1. Clear of fractions only partially at first by multiplying 
by the L. C. M. of 15 and 6, 
Mis: 62 +1—-NC2— 1) _6y_3, 
t= 


4 — 302-60. 
7x%—16 
3. M7 e~16) « ; 28 a2 — 64 = 80% — 60. 
4, Completing the solution, % = —2, 
Check it by substitution. 


2. Transposing and uniting terms, 
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Z2a—1 a+2 _6a—5 
2 2a+5 6 
ed ae bos 

3 3y-—4 9 

49 Ze+7.5e—4_ 2 +6. 
14 Seal if 

bah acs Ss ae: te at ay ee 0. 


50. Pie wl hee 
5 5t+8 3 


47. 


48. 
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1. Divide 56 into two parts such that five eighths of the 
greater shall exceed seven twelfths of the less by 6. 

2. If the base of a certain rectangle be increased by 2 feet, 
the altitude is equal to one third of the result. The perimeter 
of the rectangle is 36 feet. Find the base, altitude, and area 
of the rectangle. 

3. A has $52 and B has $38. After giving B a certain 
sum, A has left only three sevenths as much money as B then 
has. What sum was given to B? 

4. Divide 45 into two parts such that the sum of four 
ninths of the greater and two thirds of the smaller shall 
equal 24. 

5. The denominator of a certain fraction exceeds the 
~ numerator. by 27; if 9 be subtracted from both terms of the 
fraction, the value of the fraction becomes 4, Find the 
fraction. 

6. A’s age is three eighths of B’s, and 8 years ago it was 
two sevenths of B’s age. Find their ages at present. 

7. Washington was admitted to the Union 18 years before 
- Oklahoma, and may therefore be said to be 18 years older 
than Oklahoma as a state. One fourth of Washington’s age © 
in 1911 exceeded Oklahoma’s age by 1} years. Find the 
year when each was. admitted. 


\ 
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8. If a certain number be diminished by 23, one fourth of 
the result is as much less than 37 as the number is greater 
than 56. Find the number. 


9. If the number of states admitted to the Union since its 
formation by the 13 original states is diminished by 9, the 
quotient obtained by dividing that number by 2 equals the 
original number of states. Find the present number of states 
(1912). 


10. The numerator of a certain fraction is 6 less than the 
denominator; if the denominator is increased by 1 and the 
resulting fraction be multiplied by 3, the product equals on 
Find the fraction. 


11. Find the angle such that 3 times its complement in- 
creased by two thirds of its supplement equals 137°. 


12. I buy some bulbs from a seed store for $3, paying 75¢ 
per dozen for one variety, and 50% per dozen for another 
variety. The number of the first variety purchased exceeds 
the number of the second variety by 18. Find the number 
of each variety purchased. 


13. If a railroad train consists of a certain type of passen- 
ger engine, one parlor car, and five sleeping cars, its value is 
$129,200. The value of each sleeping car exceeds the value 
of the engine by $300; the value of the parlor car is five 
sixths of the remainder when the cost of the engine is dimin- 
ished by $100. Find the value of the engine, the parlor car, 
and of a sleeping car. 


14, A man has $3000 invested, part at 5 % and part at 6%. 
His total income per year is $157. How much has he in- 
vested at each rate? 


15. In 1912, the “age” of Maine was 4,2, times that of 
Wyoming; in 1920, it will be 31 times it. Find when each 
state was admitted to the Union. 


i 
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16. The denominator of a certain fraction is 7 less than the 
numerator; if 5 be added to the numerator, the value of the 
fraction becomes 2. Find the fraction. 

17. The income at 5% on one sum of money exceeds by 
$35.50 the income at 4% ona sum which is $350 less than 
the first. Find the two sums invested. 

18. The denominator of a certain fraction exceeds the 
numerator by 5; if the denominator be decreased by 20, then 
the resulting fraction, increased by 1, is equal to twice the 
original fraction. Find the fraction. 

19. The supplement of a certain angle divided by its com- 
plement gives as quotient 2}. Find the angle. 

20. If twice a certain number be diminished by 5 and the 
result be divided by the number, the quotient exceeds 1 by a 
fraction whose numerator is 7 more than the number and 
whose dexominator is 3 less than the number. Find the 
number. 


142. Work Problems. If a man can do a piece of work in 
8 days, then in one day he can do one eighth of it, and in three 
days he can do three eighths of it. 


If a man can do a piece of work in x days, then in one day 


he can do : part of it, and in 5 days he can do 5 x= or - 
x 


part of it. 
EXERCISE 88 
1. If a man can plow a field in 15 days, what part can he 
plow in one day? in 4 days? in # days? 
9. If a machine can do a piece of work in # days, how 
much can it do in one day? in 7 days? 
3. A can do a piece of work in 5 days, and B the same 
work in 8 days. 
(a) How much can A do in one day? in w days? 
_. (’) How much can B do in one day? in # days? 
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(c) How much can they do together in one day? in x days? 

(dq) How much can A do in 2 days? 

(e) How much can B do in 3 days? 

(f) How much can they do together if A works 2 days and 
B 3 days? 


Equations 


4. A can do a piece of work in 10 hours and B can do it in 
5 hours; how long will it take them to do it together? 


Sorution: 1, Let «=the number of hours it will take them to do it 
together, 


2. A does 4, in 1 hour; .*. he will do = in x hours. 
B does } in 1 hour; .*. he will do : in x hours. 
-. they will do = + = in x hours. 


3. They complete the task in x hours. Represent the whole task by 
46 of itself or by 1. 


4, ove ine x ih 
10 ee 5 
5. Mig: x+2a2= 10. 
6. 8x = 10, x = 8} hours, or 3 hours and 20 minutes. - 


5, A painter can paint a house alone in 5 days, and an 
apprentice can do it alone in 15 days. In how many days can 
they do it if they work together? 


6. A man can plow a certain field in 6 days; his son can 
plow it in 9 days. How long will it take them to plow the 
field if they work together? 


7. In a newspaper office there is one machine which can 
print the morning issue of the paper in 2 hours, and another 
which can do it in 3 hours. In how many hours can they turn 
out the edition, if they are run together? 


8. A can do a piece of work in 15 hours, and B can do it 
in 18 hours. If A works for 7 hours, how many hours must 
B work to complete the task? 


l 


. 
: 
: 
5 
‘8 
4 
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9. A can do a piece of work in 15 hours, while B can do 
it in 25 hours. After A has worked a certain time, B com- 
pletes the work. If B works 9 hours longer than A, how long 
did A work? 


10. A can doa piece of work in 18 days. If he and B can 
do three fifths of it in 6 days, how long will it take B alone to 
do the work? 


143. Problems about the Lever. A teeter board is one form 
of lever. The point which supports the lever is called the ful- 
crum; the parts of the lever to the right and left of the fulerum 
are called the lever arms. 


If the weights Z and # just balance, it is well known that, 
if R moves farther to the right, while Z is stationary, then 
the right side goes down; and if 
R moves toward the fulcrum, then Pe 
the right side goes up. Thus, the 
influence of R upon the lever depends both upon the weight of 
R and its distance from the fulcrum. 

The influence of a weight upon a lever is called its leverage. 
Tt can be shown that the leverage of a weight is measured by the 
product of the weight and its distance from the fulerum. 

Thus, if R weighs 50 pounds and is 4 feet from the fulcrum, its lever- 
age is 200; and, if Z weighs 80 pounds and is 2} feet from the fulcrum, 
its iererage is 80 x 24 or 200 also. The two will pares 


This truth may be tested in the following manner. 
1. Remove a side and an end froma crayon box. Balance a stiff ruler 
on the edge of the box (the fulcrum). 

2. Place two pennies 6 inches from the ful- 
crum on the left side. Find where four pen- 
nies must be placed on the right side of the 
fulcrum to balance them. (Itshould be 3 inches 
to the right.) Notice that 3x4= 12 and 
that 6 x 2=12; that the leverages are equal. 
3. Find where 3 pennies must be placed, on the right, to balance the ~ 


F 


2 pennies on the left. Find the leverage of she 3 pennies and compare 
_ it with the leverages in step 2. 
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4. Keeping the two pennies 6 inches to the left, place two others 
2 inches to the right, and 2 four inches to the right. The ruler should be 
in perfect balance again. 
The leverage of the first two pennies on the right is 2 x 2 or 4; of the 
second two, is2 x 4or8;4+8=12. 
Exampie. Suppose that the weights and distances in the 
figure are: 
. 40 pounds; distance 5 feet. 
B. 45 pounds; distance 4 feet. 
C. 55 pounds; distance 6 feet. 
D. 60 pounds; distance 6 feet. 
E. 50 pounds; distance a feet. 


Where must Z be placed so that the lever will balance ? 
CAB _ DE 
Sorurion: 1. The leverages are: 


A. 5 x 40 = 200. C. 6 x 55 = 880. EH. 50xx2%= 502%. 
B. 4x 45 = 180. D. 6 x 60 = 860. 


A B C D E 
2 o~ 200 + 180 + 3830 = 360 + 6502 
-*. 800 = 502 
AO oy (eo 


Rule. —To make a simple lever balance: 


The sum of the leverages of all weights (forces) on one side of the 
fulcrum must equal the sum of the leverages of all weights (forces) 
on the other side of the fulcrum. 


EXERCISE 89 


1, A boy weighing 70 pounds sits 6 feet from the fulcrum 
and balances a boy who is sitting 34 feet from the fulcrum on 
the other side. Find the weight of the second boy. 


2. A, weighing 96 pounds, sits 51 feet to the left of the 


fulcrum. If B weighs 66 pounds, where must he sit on the 
right in order to balance A ? 
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3. A, who weighs 92 pounds, and B, who weighs 115 pounds, 
wish to sit at the ends of a teeter board which is 9 feet long. 
How far from A must the fulcrum be placed so that they will 
balance ? 

4. A boy wishes to carry two heavy packages over his 
shoulder by balancing them at the ends of a stiff rod which is 
4 feet long. If one package weighs 20 pounds and the other 
30 pounds, how far from the end upon which the 20 pound 
package is carried must the rod rest upon his shoulder ? 

5. Three children, weighing 62, 75, and 89 pounds respee 
tively, arrange themselves upon a teeter board, the first sitting 
4 feet from the fulcrum, and the second 5 feet from the ful- 
crum on the same side. Where must the third sit in order to 
balance the other two ? 

6. Three boys, A weighing 73 pounds, B weighing 95 
pounds, and C weighing 65 pounds, sit on a teeter. Ais 5 feet 
from the fulcrum on the left side, B is on the other side 4 feet 
away, C is on the left side 4 feet away. Can two other boys 
weighing 80 pounds and 115 pounds respectively arrange them- 
selves one on each side and at equal distances from the ful- 
crum so as to balance the teeter? Where must the boy 
weighing 80 pounds sit ? 


144. Additional Distance, Rate, and Time Problems. 


EXERCISE 90 


1. What is meant by “the rate”? “the time”? “the dis- 
tance”? (§ 83.) 
2. Give a simple arithmetical problem involving time, rate, 
and distance. 
3. What is the rule for finding the 
(a) distance when the rate and time are known ? 
(b) rate when the time and distance are known? 
(c) time when the rate and distance are known? 
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4. The rate of one train exceeds that of another by 5 miles 
per hour. Let 7 represent the rate of the slow train. 

(a) Express the rate of the faster train. 

(0) Express the time required by each train in going 100 
miles. 


5. The rate of one train is 3 that of another. Let # repre 
sent the rate of the faster train, 

(a) Express the time each requires for a trip of 50 miles. 

(6) Form an equation to express the fact that the time of 
the slow train exceeds that of the faster train by 1 hour. 


6. The time required by one train in going a certain dis- 
tance is } that of another train. Express the time of the slow 
train by t. 

(a) Express the rate at which each train travels in going 
a distance of 100 miles in the time mentioned. 

(0) Form an equation to express the fact that the rate of 
the faster train exceeds the rate of the slow train by 20 miles 
per hour. 


Equations 


7. The rate of an express train is three times that of a 
slow train. It covers 180 miles in 8 hours less time than the 
slow train. Find the rate of each train. 


_ 8. A messenger starts out to deliver a package toa point 
24 miles distant, at the rate of 8 miles per hour. At what 
rate must a second messenger travel to arrive at the same time 
as the first messenger, if he starts 1 hour after him ? 


9. The rate of a passenger train exceeds twice the rate of 
a freight train by 5 miles per hour. It can go 350 miles 
while the freight train goes 150 miles. Find the rate of each 
train. 


10. A man just missed a train. He knew that it would 
stop at a station 15 miles distant from the central station and 
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decided to try to catch it by going to the second station in an 
automobile. If the train runs at the rate of 20 miles per hour, 
at what rate must he travel in the automobile in order to 
arrive at the station 10 minutes ahead of the train, if it takes 
him 5 minutes to get the automobile and if it is 20 miles to 
the station by road ? 


River Problems 


On a river, the direction in which the water is flowing is called down. 
stream, and the opposite direction is called upstream. When going 
downstream, a boat is carried along by the current of the river and what- 
ever force is exerted within the boat ; when coming upstream, its progress 
is retarded by the current of the river. This is something like the effect 
of the wind upon a person who 1s walking , when going with the wind, he 
is carried along by it, and when going against the wind, he is retarded 
by it. 

11. The rate of the current of a river is 3 miles per hour: 
(a) at what rate will some boys go downstream if their own 
rowing is at the rate of 5 miles per hour in still water? 
(6) upstream ? 


12. How long will it take the boys in Example 11: (a) to 
go 24 miles downstream? (0) 24 miles upstream? (c) for 
the trip down and back ? 


13. (a) How long will it take the same boys to god miles 
downstream? (0) d miles upstream? (¢) Form an equation 
to express the fact that the time down and back is 5 hours. 
_ (d) Find d from. the equation in step (c). 


14, Some boys who can row 4 miles an hour in still water 
‘ made a trip on a river whose current is 2 miles an hour. If it 
b. took them 8 hours for the trip, how far did they go? 

15. A party take a trip in a motor boat which runs at the 
‘rate of 15 miles an hour. They take 3 hours for the trip. 
What distance did they go, if the rate of the current is 3 miles 
an hour? 
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Supplementary Problems 


1. Three times the difference between one fourth and one 
tenth of a certain number exceeds five by one fifth of the 
number. Find the number. 


2. A’s age 11 years from now divided by his age 11 years 
ago is the fraction 15, Jind his present age. 

3. The width of a room is three fifths of its length; if 12 
feet be added to the width and taken from the length, the room 
will be a square. Find its dimensions. 

4. Five lines radiate from a point making angles such that 
the second is one half of the first, the third is twice the first, 
the fourth is the sum of the second and third, and the fifth is 
three times the third. Find the angles. (See § 13.) 


5 Find the three angles of a triangle if the second angle 
is one half of the remainder obtained by diminishing the first 
angle by 1°, and if the third angle is 4 of the remainder ob- 
tained by diminishing the first angle by 7°. (See § 13.) 

6. Two men, A and B, 57 miles apart, travel towards each 
other, B starting 20 minutes after A. A travels at the rate of 
6 miles an hour and B at the rate of 5 miles an hour. How 
far will each have traveled when they meet ? 


7. Washington’s Monument, the highest piece of masonry 
in the world, consists of a main shaft surmounted by a pyra- 
mid. The height of the main shaft exceeds that of the pyramid 
by 445 feet; if the height of the pyramid be decreased by 5 
feet and the result be divided by the height of the main shaft, 
the quotient is the fraction jy). Find the height of the two 
parts of the monument. 


8. The rate of an express train is five thirds of that of a 


slow train. It travels 36 miles in 32 minutes less time than 
the slow train. Find the rate of each train. 
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9. If the third of three consecutive even numbers is divided 
by each of the first two in turn, the difference of the fractions 
obtained is equal to the quotient of 7 divided by three times 
the first number. Find the numbers. 


10. A workman does one third of a piece of work in 5 
days; he and a second workman complete the task together in 


_4days. How manys days would it take the second man to de 
the work alone ? 


11. Some boys row on a river whose current is known to be 
21 miles per hour. They find that it takes them as long to go 
upstream 2 miles as downstream 7 miles. What is their rate 
of rowing ? 

12. A’s age exceeds twice B’s age by 7 years. The sum of 
three fifths of B’s age 2 years ago and of four sevenths of A’s 
age 4 years from now is 26 years. Find their present ages. 

13. The income on one sum of money at 41% and the in- 
come on a sum $600 greater at 31% together amount to $421 
per year. Find the total amount invested. 

Hint: 44% = 3% =s80- 

14. The rate of an express train is three halves that of a 
slow train. It covers 270 miles in 3 hours less time than the 
slow train. Find the rate of the train. 

15. A water reservoir can be filled by an old pump in 12 
hours. After a new one is installed, it is found that the 

“reservoir can be filled by the two pumps together in 4 hours. 
How long would it take the new pump alone to fill the 
reservoir ? 

16. A man invests a sum of money in 43% stock anda 
“sum $180 greater than the first in 31% stock. If the incomes 
Brom the two investments are equal, find the sums invested. 

17. Some boys are rowing on a river whose current is 5 
Bice per hour in one stretch and 3 miles in another. They 
ind when going downstream that they can go 4 miles where 


= 
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the current is rapid in the same time that they can go 3 miles 
where the current is slower. Find the rate at which they row 
in still water ? 

The following three equations arise in the solution of three 
problems in applied mathematics. Solve them. 

18. 80 7—1g97?=80(T—2)—} 9(T—2)’, where g =32. De- 
termine 7. 


19. ae =13.6 + ow. Get the result to two decimals. 
x 
20. a 0 + ————— ae Y—gy. Determine 2. 


SOLUTION OF LITERAL EQUATIONS 
145. A Literal Equation is one in which some or all of the. 
known numbers are represented by letters. 


‘-ExampLre 1. 2¢+a=Ta—x2. 
The problem is to determine a number 2, such that the 
equation is satisfied for all values of a. 


Soxtution: 1. 2e+a=Ta—*%. 

2. Transposing, 8a=6 a 

8. Ds: i de 

Curcx: Does 22a) +a=Ta—2a? 
Does 4a+a=T7Ta—2a? Yes, 


This solution means that the number z is always double the number a. 
Exampie 2, Determine the number @ in the equation 
(6 — cx)*— (a — c#)*= b(b — a). 


Sotution: 1. (6 — cx)? —(a— cx)? = b(b — a). 


2, Expanding, (b? — 2 bea + c2x2)— (a2 — 2 acx + c2x®) = b2 — ab. 

3. 2. b2— 2 bew + 02a? — a2 + 2 ace — c2x? = b? — ab. 

4 Transposing and uniting terms, 2 acx — 2 bex = a? — ab. 

6. Factoring, 2 ca(a -- b)=a(a—b). 

6) Dees 2 cx(a— b) _ a(a—b) 
2c(a—b)  2c(a— b) 

Ue eae. 


2c 
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2 
Cueck: Does (s—<) —(o-£)'=0@-a)? 
Does bt ab+ Lat +a —S = bab? Yes. 


Nors. After simplifying the equation until it takes the form of the 
equation in step 5, divide both members of the resulting equation by the 
coefficient of x. 


EXERCISE 92 


Solve the following equations for x: 


1. 3a—5a=2(a+4+2). eee. ler Binet 2a 6b 
2. 5(2@—3b)=3a—11b. - ae a a & 
3. a(3be—2a)=b(2a—3ba). 13. er Te 
4 
4. 5ra —6s=3(ra—S8). a ey is is 
-5. ax —ac= bx — be. S ead we 
6. ax — a? =— b(b+ 2). 15. 3a—4 _5m—2n 
7. r(a—r)=s(s+2r—2). Beth Sm +2 
16 2%+3a _ Ba+4d. 
8. c(x— @)=d(# — 2). "N Dip lO han Soe ae 
9. Pique ta 2 a4 17 ztn a—n_2(m+n) 
m m* “g—m 2+m x2—m 
2 
ne im NR hie na —1 3nx—1 
11. a—«_10d-a 1. 19. 3 he ed Oe ae 
boa . ldbax 3a g—a 2x2—b b(@—)d) 
20. gu, be a 242-2. 
bx an ba 
a »— 5a 3 
ott 102 3a _ 9% 5a? 3(@+2a%) | 
34 3 a3 ab 


x a — 2 dex _ 5a 8ac—8ba—9a_ 
PRT es ee 12 be 
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Bat Pid eae Sa! ~ 2 — 4 ae 
24. 3x(a—b)_ a—2b_a—bd_ 

a — b ect+b «x—b 

56 Oe = 22° + ax : 
3¢@—a w2+2a 32?+5axr—2a? 


25. 


146. Applied Algebra. Some of the equation problems given 
up to this point illustrate one use of algebra; an unknown 
number may sometimes be found by means of an equation if 
numerical relations involving the number are known. In 
order to solve the equations that arise, skill in the funda 
mental operations (§ 16), factoring, and fractions, is necessary. 

In § 17 and § 94, another application of algebra is illus 
trated ; a formula is often used to express in convenient form 
a rule of computation. In deriving formule and in using 
them, all of the algebra so far studied, and much more, fre 
quently, is necessary. 


147. Deriving and Using Formule. Three examples of the 
methods of deriving formule will be given, besides those i in 
§ 17. 

ExamprE 1. Derive a formula for the total area of the 
walls of a room in terms of the height, length, and width. 

Soturion: 1, Let h — the height of the room in feet. : 


Let w =the width of the room in feet. 

Let - 7 =the length of the room in feet, 

Let S = the total area of the walls in square feet, 
2. Then, hw = the area of one end wall in square feet, 


hw = the area of the other end wall. 
hl = the area of one side wall. 
Al = the area of the other side wall. 
8. ent ee 
* S=2h(w +1). 
Thus, if the height i is 9 feet, the width 14 feet, and the aN 18 feet, 
the total area of the walls is . 


S=2x 9 x (14 + 18) = 18(32) = 576 square feet. 
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Examp.te 2, Derive formule for two numbers whose sum 
is a and such that the larger exceeds the smaller by b. 


Soturion: Let s = the smaller number. 
Then, 3+ 6 =the larger number. 
2. ~8+(s+6) =a, or2s+b=a. 
~28=a—, ore = 2—2. 
2 
ae b= a—b 6= a+b . 
2 i 2 
The smaller number is “— > and the larger number is Z + S 
Thus, if a is 25 and bis 7, the smaller number is ae or %, or 9, 
and the larger is = 7 , or 16. 


9+ 16=25 and 16=9-+7. 


Exampie 3. Derive a formula for the rate in terms of the 
amount, the principal, and the time. 
SorvTion: 1. The formula for the amount (§ 44) is 


Prt 
Aare ° 
* 500 
2. Mio: 100 A = 100 P+ Prt. 


8. Sioop: 100 A — 100 P= Prt = (P%)r.. 
100 A — 100 P _,, Se p = 100(A — Py: 
Pt BRAD: 
This formula enables us to find r when A, P, and ¢ are known. Thus, 
if a man receives $3500 at the end of 6 years from an investment of 
_ $2400, what rate of simple interest has his money earned ? 


4. Dp: 


Here, A= $3500, P-= $2400, and¢ =6. 
ip eee 800 — 1100 _ 76+, 
: 2466 x 6 144 
24 


4 that is, the rate is 7.6 %. 
In the following list of examples, a number of formule, 


taken from physics, chemistry, geometry, and engineering, are 
given. It is impossible to show in this text how these — 
formule are derived, as that calls for special knowledge of 


these various subjects. 
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EXERCISE 93 
(a) Express each of the first 6 formule in words. 
(6) Solve each of them for the letters indicated. 
1. A=ab. (a) Solve for a; (6) for db. 


2. A=%. (a) Solve for a; (b) for B. 


C=2ar. Solve for r. 

V=lwh. (a) Solve for w; (6) for h. 
V=jbh. (a) Solve for b; (2) for h. 
F=2C+32. Solve for C. 


Cee ee 


iene Ali me ee) is a formula from geometry. 


(a) Find A when a =15; 6=24; and c= 20, 
(0) Find c when 4 = 550; b= 30; arid a= 22, 
(c) Solve the formula for a; (d) for b. 


Prt 
8. A=P+__. 
= 100 


(a) Solve for P. (b) for t. 


2 C= +tis a formula from physics. 


(a) Solve it for¢ (6) fora. 
10. mg — 7’ = mf is a formula from physics. 
(a) Solve it for 7; (b) for f; (c) for m. 


11, w= ta = is a formula from physics. 


(a) Solve it for m; (6) for M. 
_ Kab 
ya 


12. 


is a formula from physics, 


(a) Solve it for a; (0) for b. 


(§ 17) 
(§ 17) 
($ 17) 
($ 17) 
($ 17) 
($ 84) 


13. 


14. 
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$= 


— 5 i. a formula from physics. 


(2) Solve it for 6; (0) fora. 


h = k(1 + 54, £4) is a formula from physics. 
(a) Solve it for ¢; (0) for k. 


eer aes ae Ms a formula from physics. 
(a) Solve it for Z; (®) for w% 
16. w= Ree 3 is a formula from engineering. 
1+ G00 @ 600 d? 


rT. 


18. 


19. 


(a) Find w, correct to two decimals, when a = 18, 1/= 12, 
and d= 10. 
(6) Solve the formula for a. 


= oe 4+ dis a formula from engineering. 


(a) Find p when a= .56, d = 4, t=}. 
(6) Solve the formula for ¢. 
E 
R+* 
n 
(a) Simplify it in the right member. 
(6) Solve it for n; (¢) forr. 
FS — ™ is a formula from physics. 
gr 
(a) Find F when m = 150, v= 25, g = 32, and r= 5. 
(0) Solve it for r; (c) for m. 


is a formula from physics. 


C= 


; 3 a is a formula from physics. 


SoD ¢ 
(a) Find p when f= 30 and gq = 40. 


(6) Solve it for p; (c) for q. 


XIL GRAPHICAL REPRESENTATION 


148. Certain mathematical relations 
means of geometrical figures. Paper 
. below is used; such paper is called Cod 


may be represented by 
ruled as in the figures 
rdinate Paper. 


Figure 1 is an illustration of this manner of comparing num- 
bers. The lines represent the lengths of some of the rivers of 
America. The side of one square represents 200 miles; from 


this fact, the lengths of the rivers may 


be determined. 


Such representations of number relations are called Graphical 


Representations, or simply Graphs. 


EXERCISE 94 


1. Determine the lengths of the rivers in Fig. 1. 


eee Bee 


[a Le a 
St-Lawrence He Eas 


B 
a 
Ssssdecdsea ossesatesataseiaceat face) 
i 


Eee EEE EHH —LWtrentvholet 


Re 
CET eaten 


==aseeem 
pS, a A le Gey 
CCT rece fSettorseedime: 
4 et iat SR ERS Swe 
FEE EEE CEE EEE EEE EEE EE EEE EEE 
Fie. 1 Fia. 2 


2. In Fig. 2, the weight per quart of certain grains is repre- — 


sented. Find the weight of each kind 


8. Find the length of each line in Fig. 3, and arrange your 


results in the form of a table; when: 
"206 


of grain. 


i 
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ES ane 
Bu a 
aw 


Represent by means of lines the following sets of statistics: | 
4. A family used the following amounts of gas duripg the 


months of the year: 


January. ... - ~ 3600 cu. ft. 
February .. . - 8200 cu. ft. 
March ... . © 2900 cu.ft, 
April. . + « « « 8100 cu. ft. 
Bde c. eso « ~ 2000 CH, ft. 
Mane . .-. - » » 2900 cu. ft. 


Hint. Let the side of one square represent 100 cu. 


SAREE 
February . esi se 


_ May See pw aes Oe Bre AP 
June OC} (On Ae ge ened 


of electricity consumed. 


27 k.w. 
27 k.w. * 
24 k.w. 
19 k.w. 
15 k.w. 
9 kw. 


OLY 5 me 
August . 
September 
October . 
November 
December 


aiibe 
August . 
September 
October . 
November 
December 


. 


2300 cu. ft. 
2200 cu. ft. 
8100 cu. ft. 
3200 cu. ft. 
2800 cu. ft. 
2200 cu. ft 


ft., or 200 cu. ft.; 
then represent the various given numbers by lines of appropriate length. 

5. The same family used the following amounts of electricity 
_ during the months of the year. 


10 k.w. 
. 8k.w. 
oe 1B Rew: 
- 42 k.w. 
. 49k.w, 
. 45k.w. 


A k.w. is a ‘ kilowatt-hour,”” the unit used for measuring the quantity 
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6. The following statistics give in cents the cost per pound 
of certain common articles of food in 1910. 


Wikeats: «aw i) We te ee2b ee F e.  E eee on 


Bye thew ce «a bien 8 BACON S fe.) 3) cose vey ep OeetO 
ayy, Deans 484-0 hee, el 6 MGs eee ee ee a em 
RGtHtOCS ae te tes oe es | SUS Apples: ar .etca asec, Poe 
MicomeA sty ie eds! t= 10 Oatmeal ae ee 
ISECTSLCAKS mah vers) Sine. ws | A Buckwheat . 5 5... = D6 


7. The average hourly velocity of wind in miles at the fol- 
lowing points in the United States is: 


Beisewidaho, 7 {. : «1 2 ss r4 Portland ic.) 7) 4 ees 
Atlanta,Ga. .. . . . . 9 Vicksburg, Miss)... .. 6 
Bafialo, N.Y... . . . % WM Philadelphia, Pa. ... . . 10 
IRE, GAIT ies sn ysis oo ie oe ASO, DL. Co. ee 
Omaha, Neb. . ©... . . 8. Boston, Mass... « ©, ead 


8. The average annual precipitation (rain and melted snow), 
in inches, at the following cities is: 


Sen Diego, Cal, . . .-. . 10 > Mobile, Ala... > . Je 
enver, Colo... .*. 2%. 12) Biapstall, Ariz, » . © 2 ese 
Springfield, . ... . . 87 Salt Lake City, Utah. . . 16 
Dubuque,Ia. . . . . . . 84 Wilmington, N.C... sab 
Baltimore, Md. . .. . . 483 Portland, Me. os 6) BRS 


149. In drawing the graph of a set of statistics, the paper 
is usually prepared as in Fig. 4. Two lines are drawn at right 
angles. The numbers to be represented are examined in order 
to decide what number shall be represented by the side of one 
square. The number represented by one side of a square 
is called the Unit. 

Instead of drawing full lines to represent the various num- 
bers, it is customary to place points where the lines of proper 
length would end. Finally these points are connected by a 
smooth line. One line, that at 11 a.m., is drawn in full in this 
graph. 


ee 
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Exampre 1. Draw a graph representing the temperature 
readings at the hours indicated. 


Chie. ee Oe cee ee a eae eS 0? 


PALM as wees 6° 126 Was eee soS?) Sips (ol eee 
Craw pas teak .2 eee 0 . GP | ies Sea be 
9am. . + 2° 2 P.M. «== 10° 7 P.M : + 4° 
10 a.m + 5° Supine Ye" cee 0e 8 P.M 5 0 


EHH 


Poot Ol fad Oy 
Peete itt da HH Titi lond Hobe 
POR CE ee 


Fie. 4 


Notice that the units of time and of temperature are indicated ; that 
the line upon which the hours are indicated is placed near the center of 
the paper to allow for the negative temperatures ; that the vertical line is 
placed at the left edge to allow space for all of the hours of the day ; that 
the line connecting the points is made a smooth curve. Review § 24, 


150. The graph in Fig. 4 may be used to illustrate another 
advantage of graphical representation. 

A graph may assist in finding new information. 

What was the approximate temperature at 6.30 p.m. ? 

Sorution: 1. On the graph, the point S would indicate the time 6.30. 

2. The point R, above it on the graph, indicates the temperature, 

8. Bis opposite + 5° on the vertical line. 

4. The approximate temperature then at 6.30 P.m. was 5°. 
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EXERCISE 95 


1. Draw a graph representing the following temperature 
readings: 


Gein is bic? se vee op ee 5 Os.” Se ew Seer y juke c Saul kes 
eA Morya arle «a. «— 14° 2PM so ig ce ie ate fet Me See 


WORM memes ete ea’ EV LSO SPINS "Sk ot oye. athe eee 
OPAN Mamet eid, 6, <. « | 4- 20° a oe. Peart te erie YG 0° 
ROPeatt tarts ccs a 1p 229 6 P.M. sa he date eee 
HEMMER TeC mine, tik ile a. =f 20° 6 BM 4, Se Ne ee es 


2M ht «. cas, + 19° VPs. 6a. eee eee 


2. From the graph in 1, find the approximate temperature 
at 7.30, 8.30, 11.30, 2.30, 5.30. 


3. Get the temperature readings in your own school district 
to-morrow, and draw the graph. ' 


4. In order to protect his orchard from a frost, a man tried 
to warm the air in the orchard by burning oil heaters. Below 
are given the temperature readings within the heated area and 
outside of it. Plot the two sets of readings on the same 
sheet, making one line for the readings within the heated area, 
and one for the other readings, 


Timi TEMPERATURE Tre TEMPERATURE 

Inside Outside Taside Outside 
8.00: 35° 35° 10.30 36° 32° 
8.15 88° 85° 11.00 35° 31° 
8.80 39° 38° 11.30 86.5° 30° 
8.45 40° $2° 12.00 36.5° 28° 
9.00 40° 34° 12.80 84.5° 27° 
9.30 40° 34° 1.00 84.5° 27° 

10.00 40° 34° 


5. Savings banks and trust companies pay compound inter 
est on money left with them; that is, interest upon interest. 

The following table shows the amount of money which 
must be saved annually at 4 % compound interest to amount 


cao 


oo lal taal a 
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to $1000 in a definite number of years. (To simplify the 
problem even dollars are taken.) 
TOLVGRTHMS RO eye ew oe SOO 2b YOATS: ete! et o> ste ee eS 


MOEVCATH Mia ate 6 etre! Sa P4OmE OO Vea Le Fees so lelttel PCE Le 
MO VOLS Ana e a) “ol, co!) ahs ct OS) SOOLYRAIS. «be. ls, fe eh ee S 


6. Assume that a train leaves station A at1 p.m. and that 
it arrives at F and J, the distances of which from A are given, 
at the times indicated. Draw the graph representing the time 
when the train reaches points between these three stations, 
making the graph a broken line,(/ —_):~From the graph, de- 
termine when the train reaches the other points, thus making 
a time-table for the train between A and H. 


A. Omiles. 1 P.M. F. 60 miles. 3 P.M. 
B. 6 miles. G. 80 miles. 

C. 15 miles. H. 104 miles. 

D. 24 miles. I. 120 miles, 

E. 42 miles. J. 140 miles. 5 p.m. © 


Hint. IE possible, lay off the distances on the horizontal line, making 
the unit 2 or 6 miles, and the time on the vertical line, making the unit 
6 or 12 minutes. ) 


7. Complete the following table showing the number of dol- 
lars simple interest at 6% on $100 for the numberof years 
indicated and draw the graph. 


1 year; interest $6. 5 years; interest ? 
2 years; interest $12. 6 years; interest ? 
8 years; interest ? 7 years; interest ? 
4 years; interest ? 8 years; interest ? . 


8. From the graph, determine the interest for 5 years and 
6 months. 


151. Certain terms used in mathematics in connection with 
graphical representation will now be given. Referring to Fig. 
5 below: the lines XX’ and YY’, drawn at right angles, are . 
called Axes: XX’, the Horizontal Axis, and YY', the Vertical 
Axis; the point O is called the Origin. From P, perpendiculars 
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are drawn to the axes; the line PRis called the Ordinate of P, 
and the line PS is called the Abscissa of P; together they are 
called the Codrdinates of P. ‘he axes are called Codrdinate 
Axes. On the axes, the scale used is indicated. The distances 


ee 


_ on OX are positive, on OX’ are negative; on OY are positive, 
and on OY’ are negative. The abscissa of P is 3 and the 
ordinate is 4: the point P is called The Point (3, 4). Notice 
that the abdscissa is written jirst, and the ordinate, second. 


EXERCISE 96 , 
1. What is the abscissa of the point A? B? O? D? 
2. What is the ordinate of the point A? B? GO? D? 
3. What are the codrdinates of H? F? G@? H? 
4. Prepare a piece of graph paper similar to that used fom 
ees sear the points: (3, 6); (4, 2); (5, —3); (—2, 5); 
= 9 — . 5 
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5. Locate the points 4:(1,1); B: (2, 6); C: (11, 6); 
D : (40, 4). 

Draw the lines AB, BC, CD, and AD. What figure is 
formed? Draw the diagonals of he figure, and find the co- 
ordinates of the point where they meet. 

6. Locate the points A: (3, — 5); B:(4, —2); C:(7, — 2); 
D: (8, —5); #:(7, — 8); F: (4, —8). Draw the lines join- 
ing the points in order. What figure is formed? 


152. The numbers which are represented graphically in 
mathematics are usually connected by an equation. 


Exampte. Draw the graph of the equation 


ae hy 

SE ieee 
Sotution: 1, Solve the equation for y. 
Ma: 22+y=4, 
See! y=4—22. 


2. Select any value of x and find the corresponding value of y. Thus, 
if*=l,y=4—2=2. Similarly: 


ee ge ee | +6 


fee) 144 10. ew ie 


8. Use the pairs of numbers so obtained as codrdinates of points; thus, 
locate the points (— 5, + 14); (—3, +10); (—1, +6); ete. 

4. Draw the line connecting the points. (Graph on page 214.) 
- Notice that the graph seems to be a straight line. The codrdinates of 
the point A on the graph are + 3.5 and —38. Do these satisfy the equa- 
tion ?. 
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EXERCISE 97 


1. Determine the codrdinates of B, C, and D. Determine 
whether they satisfy the equation of the graph? 


2. Select any point not on the graph, find its codrdinates, 
and determine whether they satisfy the equation of the graph. 


8. Similarly, draw the graph of y=a+3., For a select the 
values —1, —2, -3, —4, +1, +2, +3, +4,0. What does 
the graph appear to be ? 

4, Select three new points which are on the resulting graph, 


find their codrdinates, and determine whether they satisty the 
equation given in Example 3. 


5. Draw the graph of aS eat 


Select at least four negative and four positive values of 2, 
and from them détermine the corresponding values of y 
What sort of graph do you obtain ? 


Oe 
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6. Select any three points on the graph and determine 
whether their codrdinates satisfy the equation. 


153. The equations in the preceding paragraph have each had 
two unknown numbers. The following facts are to be remem- 
bered from the examples of § 152: 

1. The graph of an equation of the first degree (§ 77) having two 
unknowns is a straight line. For this reason, first degree equations 
are also called linear equations. 

2. The coordinates of every point on the line satisfy the equation. 

8. The codrdinates of every point not on the line do not satisfy 
the equation. 


154. A Solution of an equation having two or more unknowns 
is a set of values of the unknowns which satisfy the equation. 


Be careful not to confuse the word “solution’’ in the sense of this parae 
graph with the same word when it is used to mark the process of solving an 
example as is done in the text. 

Exampte. Consider the equation x+y=5. 


(1, 4) is a solution because 1 +4 = 5. 
(— 8, +18) is a solution because —8 +13 =5. 


155. Number of Solutions. There are an indefinitely large 
number of points upon a straight line. This is expressed by 
_ saying that there are an infinite number of points on a straight 
line. Since the coérdinates of each point satisfy the equation 
of the line, then: there are an infinite number of solutions of a 
linear equation with two unknowns. 
This fact is evident also because for every value of one of 
the unknowns, a value of the other may be found. — 


-Exampre. Consider the equation 2~+3y=15. 
When x = 1,2-1+3y=15 or3y =13, y= 4}; 
then 2=1, y = 4} is one solution. 
A Similarly when, 
w2=2; y=¥. 2=—8;y=+7. 
x=3; y=38. a=—5; y=+ 8}. 


216 ALGEBRA 


Thus as # changes in value, in such an equation, y also 
changes in value, acquiring a new value. & and y are said to 
vary, and are called Variables. Hereafter these equations will 
be called equations having two variables. 


An equation of the first degree having two variables has an in- 
Jinite number of solutions. 


Such equations are called Indeterminate Equations. 


156. The graph of an indeterminate linear equation with two 
variables is always a straight line by §153. A straight line 
may be drawn with a ruler as soon as two of its points are 
known. This leads to the 


Rule. — To draw the graph of a linear equation having two var- 
iables : 

1. Select one value for one variable and determine the correspon- 
ding value of the other variable; this gives one solution. 

2. Determine a second solution as in step 1. 


8. Plot the two points whose coérdinates are the pairs of numbers 
and connect them with a straight line. 


4. Check the result by finding a third solution, and plotting the 
corresponding point. ‘The third point should fall upon the graph ob- 
tained in step 3. 


Exampie. Draw the graph of 4a—S3y=6. 
Sotution: 1, Letx=0; then y=—2. 
(4-0—8y=6; —8y=6; y=—2) ) 
2. Letx=3; then y= 2, . 
(4.8—8y=6; —Sy=6—12; —3y=—6; y=2.) | 
8. Plot the points and draw the line, See Fig. 7. i 


Cunox; Letx =6; theny=6. Is this point on the line ? 


Note. Toget the best results, it is necessary to use coordinate paper for 
the following exercises. Fair results may be obtained by using paper ruled 
by the pupil. 
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EXERCISE 98 


Draw the graphs of the following equations, each on a sepa- 
rate sheet of graph paper: 


2 


Ee Ss 


e+y=5. 6. 32—5y=15. 
22—y=6. 7 Tat4éy=2. 
2a+3y = 6. 8 52—38y=—6. 
32—2y=12. 9% 2—6y=—10. 
5a+t4y= 20. 10. 3e=5-—Ty. 


157. Independent Equations and Simultaneous Equations. 


Examptz. Draw upon the same sheet the graph of 


Sotution: 1. For equation 1: 2x—y=4, 
Ifz=0, y=—4; ify=0, x=+2. 
Solutions: (0, — 4) and (+ 2, 0). 
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2. For equation 2: 2x4+3y=12. 
Ifz=0, Te 3 ify=0, x2= 6. 


Solutions : (0, + 4) and (+6, 0). 
8. See Fig. 8 for the graphs. 


Heh we 


Fic. 8 


Questions: 1, What is true about the codrdinates of all points on 
fine 1? (§ 153.) 


2. What is true about the coérdinates of all points on lins 2? 
8. What then is true of the codrdinates of point A? 


4, Are there any other points whose codrdinates will satisfy both 
equations ? 


Two equations, each having two variables, are called In- 
dependent Equations when each has solutions which do not 
satisfy the other. Thus, the equations above are independent. 
‘Their graphs are two different straight lines. 

Two linear equations which are independent and which have 
one common solution are called Simultaneous Linear Equations. 
Their graphs cross at one point. The above equations are 
simultaneous since they have the common solution (3, 2a 
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Rule.—To determine graphically the common solution of two 
simultaneous linear equations having two variables : 


1. Draw upon one sheet the graphs of both equations. 


2. Find the coordinates of the point common to the two lines. 
This is the common solution. 


8. Test the common solution by substituting it in both equations. 


Histrortcat Norr. One of the notable advances in mathematics is 
intimately associated with the subject of this chapter. The idea of rep- 
resenting some geometrical figures by algebraic expressions occurred to 
mathematicians early. In the 14th century, Oresme, a French mathema- 
tician, discussed certain mathematical ideas by means of codrdinates, 
He, however, used only positive codrdinates, thus confining himself to 
what is called the first quadrant. 

To the French mathematician, Descartes (1596-1650), is due the exe 
tension of the use of codrdinates. He considered negative as well as 
positive codrdinates and also discussed two or more lines, or curves, 
drawn with respect to the same system of codrdinate axes. His improve- 
ment brought with it a better understanding of negative numbers and of 
negative roots of equations, and laid the foundation for Analytic Geom- 
etry, one of the subjects of great interest to mathematicians, 
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Determine graphically which of the following pairs of equa- 
tions are simultaneous, and which are dependent; if simulta- 


neous, find their common solution : 


Sah. 5, (2ety=4 
* [a—d=9 * [62+3y=12 
. 2a+y=7. 6 1 oid tae 
S| 2ae—y=5. * la-y=9. 
2+ 2y=12. 7 3a—25=6. 
a hese ’ (6a—40=12 
- (8¢a—2y=—12. ; Beas) =a 
* het 2y=-2 Sh tia bam re 


eer. ‘7 . ne. 
i ; 
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9. Draw on one sheet the graphs of the following equations 
and thus determine whether they have a common solution: 
(a) 5a—2y=7; (b) 84+2y=17; () e—3y=—9. 
10. Determine whether the following equations have a 
common solution: 


(a) 2a—y=8; (0) Dy eae (c) 27+3y=20. 


158 Inconsistent Equations. Two equations may be inde 
pendent (§ 157), and yet not be simultaneous; that is, they 
may not have acommon solution. The graphs of two simul- 
taneous linear equations are two intersecting straight lines. 

Two independent linear equations which do not have a com- 
mon solution are called Inconsistent Equations. Their graphs 
are parallel lines. 


EXERCISE 100 


Determine graphically which sets of equations are inconsis. 
tent; if simultaneous, determine the common solution. 


1 aa 4 a 

* (2a—6y=—18. 16m —12n= 24. 

* md one eine 
15a—6b=—24, 3e+Ty=5. 
ee ‘ {Fea aire 
e+3y=0. * (4a+6y=8. 


159. Sometimes it is difficult to find the common soiutior 
aecurately by this graphical method. As an example, find the 
common solution of the pair of equations: 

(1) 5&@—-9y=11; (2) 83a+ i¥=9. 


In the next chapter, other methods of solving simultaneous 
linear equations are given. 


XIII. SIMULTANEOUS LINEAR EQUATIONS 
DEFINITIONS 


160. If a rational and integral monomial (§ 113) involves 
two or more letters, its degree with respect to them is denoted 
‘by the sum of their exponents. 

Thus, 2 a2bzy3 is of the fourth degree with respect to x and y. 


161. If each term of an equation containing one or more un- 
known numbers is rational and integral, the Degree of the Equa- 
tion is the degree of its term of highest degree. 

Thus, if and y represent unknown numbers, 

ax — by = c is an equation of the first degree ; 
z2 + 42 =— 2 is an equation of the second degree ; 
222 — 3a2y? = 5 is an equation of the third degree. 


162. An equation of the first degree is also called a Linear 
Equation. 

163. A Solution of an equation with two unknowns is a set 
of values of the unknowns which together satisfy the equation. 

Thus c = 12 and y = 2 isa solution of + 2y = 16. 

A linear equation with two unknowns has an infinite number 


of solutions. A solution is obtained by assigning any value to 
one unknown and finding the corresponding value of the other 


unknown. Thus: 
(a) Some of the solutions of the equation s + 2y = 16 are: 


+10} + 20 
+3 |-—2 


—4 
+10 


+2 
+7 


z=4+1 
y=t+7.5 


(b) Some of the solutions of the equation —2y =4 are: 


+2)—4|+10)| +20 
—1|—4/+8 


221 


g=+1 
y=—1.b 
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An equation with two unknowns is called an Indeterminate 
Equation, and the unknowns are called Variables. 


164. Two linear equations, each containing two variables, 
are said to be Independent Equations if each has solutions which 
are not solutions of the other. 

The two equations in § 163 are independent. Why ? 

The equations « +-y=5 and2%+2y=10are not independent ; for 
the second equation can be reduced to the form of the first by dividing 


each term by 2; hence every solution of one equation is also a solution 
- of the other, They are called dependent equations, 


165. Two independent linear equations having one common 
solution are called Simultaneous Equations, 


The two equations in § 163 are simultaneous. Why ? 


166. Two independent linear equations which do not have 
any common solution are called Inconsistent Equations. 


The equations x + 2y = 16 and 2” +44 y = 21 are inconsistent. 


167. To Solve a set of simultaneous equations is to find their 
common solution. 


: 5e—38y=19. (1) 

Exampte 1. Solve the equations ce je Aca ds (2) 

Sorution: 1. My* (1): 20%—12y= 76. (8) 

2. Ms (2): 21a +12y =6, (4) 

8. Add (8) and (4): 41a = 82. (5) 
4. Dy (5): es 2, (6) - 

5. Substitute this value of in (1): 10—-8y =19. (7) 

—3y=9. (8) 

=~—8, (9) 

- 8, The common solution is %£=2,y= —8. 
Cuecx : Substitute in (1): 10+9=19, 
_ Substitute in (2): 14-—12=2, 


* See § 42 for the symbol My. Read this “ multiply both members of equa- 
tion (1) by 4.” 
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Norticz: 1. That, in equations (1) and (2), the coefficients of y are not the 
same. 

2. That, by multiplications, the coefficients of y are made the same in 
absolute value in equations (3) and (4). p 

3. That, by addition, 12 y disappears in equation (5), and that 20 x and 212 
are combined, giving 41%. This is allowable because we assume that x and y 
represent the same numbers respectively in all of the equations, namely, the 
particular numbers which together form the common solution of equations 
(1) and (2). y is said to be Eliminated. 

Elimination means to cause to disappear; thus y was made to disappear 
by adding the two equations (3) and (4). 

4. That the remaining number, 2, is then easily found. 


The solution is an example of Elimination by Addition. 


: 15a+8b=1. (1) 
Exampie 2. Solve the equations OgsTeis soe. 
Soxrution: 1. M; (1): 30a+166=2. (3) 
2. Ms (2): 30¢—21b =—72. (4) 
8. Subtract (4) from (8): 87b = 74. (5) 
4, Ds7 (5) : Di= Za (6) 
5. Substitute the value of } in (1): 16a+16=1. (7) 
.. 15¢= — 16. (8) 
A te (9) 

The solution is: =-—-1,0=+2. 


Substitute the values of @ and b in equations (1) and (2). 
The solution is an example of Elimination by Subtraction. 


Rule. — To solve two simultaneous linear equations having two 
variables by the addition or subtraction method of elimination : 
1. Multiply, if necessary, both the first and second equations by 


- such numbers as will make the coefficients of one of the variables of 


equal absolute value. 
2. If the coefficients have the same sign, subtract one equation 
from the other; if they have opposite signs, add the equations. 
3. Solve the equation resulting from step 2 for the other variable. 
4. Substitute the value of the variable found in step 3 in any equa- 


_ tion containing both variables, and solve for the remaining variable. 


‘« 
* 


i 


5. Check the solution by substituting it in both of the original 


equations. 
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Hisroricat Nore. Little progress was made in solving linear equa- 
tions having more than one unknown until the latter part of the 15th cen- 
tury, although mathematicians before that time had considered such 
problems. After Stifel and Stevin had introduced somewhat simple no- 
tations for several unknowns and their powers, definite methods for solv- 
ing equations of the first degree with two unknowns were developed. 
Johannes Buteo, a French monk, (1492-1572), solved equations with 
three unknowns in a text on algebra which appeared in 1559. 


EXERCISE 101 
Solve by the method of addition or subtraction : 


1, (3ety=1h wy, [oe-ly=—4 
© [Sa—y=13. 15e@+4y=53. 
°. 4a+36=—1. 16 ae 
5a+b=T. " \Te+8y=—2. 
g, {7 6s=—10. ah Rees, 
2r—Ts=— 15. 14v+69=9. 
5m +4n=22. ae (28a—36y=1. 
4. aire. Oo. | dow iy a= 
5, [Te-2a=31. 16. eet we 
4c—3d=27. 3 mae 
z— y= 
6 pepe 17. ey 1 
3a—4b=—17. er 
| res peices. eke rie 
8. 38s+7t=4. a6. Lee 
Ts+8t=26. igs e 
lip—iq=4., &Sm4+n=} 
™ 19 5 
8p—6q=10. es is LS 
5 Pa OnE 
wo, [27-99 =1. 
8r—10y=—65. [f+ 2=1. 
eT ere ars gb talearets B 
8$co—9t= 77. “Ons =5. 
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168. Elimination by Substitution is a second common 
method of solving simultaneous equations. 


Exampuie. Solve the equations Ta—9y=16. (1) 
Sotution: 1. Solve (1) for x in terms of y: 

T2=154+9y;2=(24°H), (8) 
2. Substitute this value of x in (2): 

By— (Stet) =— a. @® 
7 

3. M, (4): 66 y — 5115 + 9y) =— 119. (5) 
4, Expanding: 56 y —75—45y =— 119, (6) 
5. Combining: ll y—75=—119. (7) 
6. Az: lly=— 44. 
ie rr y=— 4. ° 
8. Substituting the vaiue of y in (8): 


z= Bt0— 4) 16-96 _ = 2g 


9. The solution is: x =—3, y=—4. Check it by substitution in equa- 
tions (1) and (2). 

Norse. In step 3, when multiplying p(Eteu by 7, one obtains 
7.2 ten), The 7’s cancel, giving the result 5(15+9y). 

Rule. — To solve two simultaneous linear equations having two 
variables by the substitution method of elimination: 

1. Solve one equation for one variable in terms of the other vari- 
able. 

2. Substitute for this variable in the other equation the value 
found for it in step 1. 

3. Solve the equation resulting in step 2 for the second variable. 

4. Substitute the value of the second variable, obtained in step 3, 
in any equation containing both variables and solve for the first 
variable. 

5. Check the solution by substituting it in the original equations. 
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Historica Notr. The earliest use of the Substitution Method of 
Elimination in print, of which we have any record, is in Newton’s Arith- 
metica Universalis; in 1707. 


EXERCISE 102 


Solve by the substitution method: 


1 Aare 11. Beerade a 
’ l4m+n=16. 12p+10¢g=-—5. 
r—6s= 6w—I9xex=19. 
og Coe a bese ae 
3. (hes 2. 13. (4 ee 
10%—12y=+482. 104+9B=—2. 
yy ‘sa eemeas 14 [7M+8N= 19. 
Tx—4y=—19. ' (9M—6 N=57. 
Aaa baie 15 jue soe 
162—3y=10. ’ (4p4+6q=47. 
op eS 5. 16 feet Sr! > 
3p—2q=29. * (15 y—14¢2=——15. 
7. te —12n=~—31. 17 (9c+8d=—6. 
3m +22n=—4, * i20¢ idem 
Ses sy=—14 18 feet 7 f=—23, 
3a+7Ty=48. * (be+4 f= — 23, 
a eee 8. 19 Cees 
6y—9a=—7. * [1lg+6k=—19. 
T7r—6¢=63. 5r—8s=60 
10. 0. 
Pee care : rs ele 


i 
169. As a rule, the equations containing two variables do 
not occur in as simple form as those given in §§ 167, 168. 

¥ 


Examptz. Solve the equations 


tie aes 
Es rez tal (1) 
(y—2)—y(@—5)= a8: m3) 
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Sorvtion: 1. Simplify equation (1) : 


oe 
+8 ys 

~ T(y + 4)—3(a + 3)=0. 

8e2—-Ty=19. 


2. Simplify equation (2): 
a(y— 2)— y(@—5)=— 18. 
2e¢—5y=+13. 
8. The equations (1) and (2) thus become in (8) and (4): 
8e—Ty=19. 
22—5y=138. 
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(3) 


(4) 


(3) 
(4) 


Solve these equations by either of the two methods of elimination ; the 


solution will be found to bex=4, y=— 1. 


Cuecx: Substitute the values of x and y in equations (1) and (2). 


Equations (8) and (4) are called the Standard Form of equations (1) 


and (2). 


Rule. —To solve complicated simultaneous linear equations hav- 


ing two variables: 


1. Reduce the equations to the standard form by clearing of frac- 


tions and simplifying. 


2. Solve the resulting equations by either of the two methods. 


8. Check by substituting in the original equations. 


EXERCISE 103 
Reduce to the standard form and solve: 
224 Sv —t. 10m —2= 9 = 11, 
1. 3. 
2 2y_ 11, ro LL Se 5 7, 
Ae 155 2 
om 12. 4 3h ae 
p+2q,2p+q_ 34+2r_1453_1o 
as age B "it 
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2w,3t_1 5 i 
pra ny gat Sea nee Nk 
P 22 = _ 8 
ple dilate st hack dee 
rt ies oa 
aaa Se ferme 8, 
6. 10... jt =a 
r+t,r—t 
Pa ear 3 11 13 ir ae 
UAL 2 3a—y=2 
2d—e 11 
3 4 yon 
ae \ Peston e 
5 Jaen wo jea2 
ee er 3-20 44+5y 4 
Fe. De 4.18 5 11 
ee ee (m + 5) (n — 7) =112. 
fe aetna 0. 
t—8 25, rts 
yi 6 3 
ae DES eek OM Sol Da BO 
oY os ~~ 
w—-2 10—w p po 10-5 
15 ar 3 4 j 
" |p+2_ 2wt+p_ w+13_6 
6 32 16 ; 
ey 27+9_6 
16 3 2 
[eck 2y_ zit, 
2 4 4 
4a+b_ 6a—3b ae 
th eas 2 
; Sats _10a—5b 
ee poe 


a a 
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170. Certain equations in which the variables occur in the 
denominators of fractions may be solved readily without 
. clearing the equations of fractions. 


ee 6, (1) 
Exampie. Solve the equations * Fe 
wteeack @ 
ee 
Soturion: Eliminate the term containing y: 
: 50 _ 45 = le 
1. Ms (1): ae sel (8) 
: 24, 5 
2. Ms (2): ee ; 3. (4) 
8. Add (4) and (8): - 2 7, (5) 
74872 or 2=2, (6) 
4. Substitute 2 forzin (1): 5— : =e (7) 
5. Solve (7) for y: y=—3. 
CueEcxk: Substitute x = 2, y =— 3 in equations (1) and (2). 
EXERCISE 104 
Solve the following sets of equations: 
1, 12 b Pes ede 
> p62 215 eat are | 
pes eee a I =—~—=1, 
= 7 a oy 
c 
2-13 45 9 eile tS 
ee 4+2=—1. 
Con's, 2 r 8 
5 6 4_4, 
Bo ; ES poe 5 
* 4 3 — 21 ; 9 + 5 mee ° 
Pa 2 wv 10 


\ 
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AS See a kag! 9 ee y 9 
Lh ama 58 eabireeOs 
Ava Be 2 x2 4y 8 
oS 217, Ba eA, 
8 Raeuk 10. 2° Sy 2 
ihe Cie 5 fanaa Naa Pe A 
eae, 2 3a 29 72 


171. In solving problems where two or more letters are 
used to represent unknown numbers, as many independent 
equations must be obtained from the conditions of the problem 
as there are letters used. 


Examete 1. Four seventeenths of the greater of two num- 
bers exceeds the less number by 5; if the greater be divided 
by the less, the quotient is 5 and the remainder 10. Find the 
two numbers. 


Sotution: 1. Let g = the greater number, 
and 7 = the less number. 
2. Then, tg =1+5. (1) 


8, When the greater is divided by the less, the quotient is 5 and the 
remainder 10; therefore, 
g=51+10. (2) 
4. Solving equations (1) and (2), g = 85, 7 = 15. 
Cuuck: 7, of 85 = 20; 20-15 = 5, 
and 85 =5-15+ 10. 
Norsz. Inequation (2), use is made of the fact that the dividend equals the 
divisoi: umes the quotient plus the remainder. Thus, when 17 isdivided by 2, 
17=8-2+1. 


Exampie 2. If 3 be added to. both numerator and denomi- 
nator of a fraction, its value becomes 2; and if 2 be subtracted 
from both numerator and denominator of the fraction its value 
becomes 4. Required the fraction. 
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Sotution: 1. Let n = the numerator, 
and d = the denominator. 
ah - = the fraction. 
2. By the first condition: 2+%—2. ; 
2 g+3 8 Le 
sae n—2_1 
By the second condition : eS, (2) 


3. Solving the equations (1) and (2), n=7, d= 12. 

Therefore the fraction is 75. 
Tr 8 s. TB) 

124-85 15 37 13—2 . 10.2 

Nots. Check the solution by going back to the conditions of the problem. 


CHECK: 


EXERCISE 105 


1. Divide 59 into two parts such that two thirds of the less 
shall be less by 4 than four sevenths of the greater. 

2. Find two numbers such that two fifths of the greater ex- 
ceeds one half of the less by 2, and four thirds of the less 
exceeds three fourths of the greater by 1. 

3. If 5 be added to the numerator of a certain fraction, the 
value of the fraction becomes 3; and if 5 be subtracted from 


_ its denominator, the value of the fraction becomes 3. Find 


a yl oS ore.” 


the fraction. 
4, If 9 be added to both terms of a fraction, its value be- 


comes $; and if 7 be subtracted from both terms of the frac 


tion, its value becomes 3. Find the fraction. . 

5. In 1910, the cost of 3 tons of anthracite coal in Phila- 
delphia exceeded the cost of 4 tons of bituminous coal in Bal- 
timore by $3.10; and the cost of 9 tons of the bituminous coal 
exceeded the cost of 5 tons of the anthracite by 907. Find 
the cost of the anthracite and of the bituminous coal in 1910. 

6. A’s age is three fifths of B’s age; but in 16 years A’s age ~ 


_ will be five sevenths of B’s age. Find their ages at present. 
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7. If twice the greater of two numbers be divided by the 
less, the quotient is 3 and the remainder is 7; if five times the 
less be divided by the greater, the quotient is 2 and the re 
mainder is 23. Find the numbers. 


8. On the tower of the City Hall of Philadelphia is a 
statue of William Penn. If the total height of the tower and 
statue be divided by the height of the statue, the quotient is 14 
and the remainder is 29; the height of the statue exceeds #1, of 
the height of the tower by 7 feet. Find the height of the 
tower and of the statue. 


9. If the numerator of a fraction be trebled, and the denom- 
inator be increased by 8, the value of the fraction becomes 2; 
and if the denominator be halved, and the numerator be de. 
sreased by 7, the fraction becomes }. Find the fraction. 


10. The City Hall of Philadelphia is said to cover a greater 
area than any other building in the United States. One fifth 
of its width exceeds one sixth of its length by 13 feet; and 
one ninth of its length exceeds one tenth of its width by 7 feet. 
Find its dimensions. - 


11. The perimeter of a certain isosceles triangle (see p. 102) 


is 140 inches. The side exceeds the base by 10 inches. Find : 


the three sides of the triangle. 


12. Three years ago A’s age was 4 of B’s age; but in nine 
years his age will be 1 of B’s age. Find their present ages. 


13. If the age of a university is reckoned from the date of 
its founding, then, in 1912, the age of Yale exceeded the age of 
Princeton by 46 years. Four years later, one half of the age of 
Princeton will exceed one third of the age of Yale by 13 years. 
Find when each was founded. 


14. Twice the shorter side of a parallelogram exceeds the 


longer side by 5 inches; one third of the sum of the shorter 


side and 9 exceeds one fifth of the longer side by 3. Find the 
sides of the parallelogram. 
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15. In 1912 the sum of the ages of the oldest English uni- 
versity, Oxford, and the oldest American university, Harvard, 
was 1316 years; the age of Oxford exceeded three and three 
fourths times the age of Harvard by 5 years. Find when each 
was founded. 


16. If one weight is placed 8 inches from the fulcrum of a 
lever, it balances another weight which is 6 inches from the 
fulcrum; if the first weight be decreased by 3 pounds, and the 
second be increased by 4 pounds, the resulting weights will 
balance if placed 10 feet and 5 feet respectively from the ful- 
crum. Find the two weights (§ 143). 


17. The sum of the reciprocals of two numbers is #2. Twice 
the reciprocal of the greater number exceeds the reciprocal of 
the less number by 33. Find the two numbers. 

(He. The reciprocal of 3 is 53 of a is ') 

18. The sum of the reciprocals of two numbers is 13. If 
twice the reciprocal of the less be increased by four times the 
reciprocal of the greater, the sum is 8. Find the two numbers. 


19. A purse contained $6.55 in quarters and dimes; after 6 
quarters and 8 dimes had been taken out, the number of 
quarters equalled three times the number of dimes. How 
many of each kind of coin were there ? 


20. In 7 years, A will be three times as old as B, and 8 


_ years ago he was 6 times asold. What are their present ages ? 


ene 


21. The length of a room exceeds its width by 4 feet. If 2 
feet are added to the length, and 3 feet to the width, the area 
ig increased by 103 square feet. Find the dimensions. 

Sotuton: 1. Let J = the number of feet in the length, 

and w = the number of feet in the width. 
.'. Ww = the area. 
2. l=w+4. (1) 
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3. at + 2 = the new length. 
w +3 = the new width. 
-.(0+2) (w+ 3) = the new area, 


4, we (L42) (w+) = lw + 108. (2) 


5. . Solve the equations (1) and (2), and check. 


22. If a rectangular lot were 6 feet longer and 5 feet 
wider than it is now, it would contain 839 square feet more; 
if it were 4 feet longer, and 7 feet wider, it would contain 879 
square feet more. Find its length and width. 


23. If one weight, increased py 10 pounds, be placed 6 feet 
from the fulcrum, it will balance a second weight, placed 41 
feet from the fulcrum; if the second weight, increased by 10 
pounds, be placed 34 feet from the fulcrum, it will balance the 
first weight placed 6 feet from the fulcrum. Find the two 
weights. 


24. Will weighs 50 pounds. When Will seats himself 6 
feet from the fulcrum and John seats himself 4 feet from the 
fulcrum on the same side, they exactly balance J ames, who is 
sitting 74 feet from the fulcrum on the other side. When 
Will and John change places, they find that James must sit 7 3 
feet from the fulcrum. How much do John and James 
weigh ? 


25. A crew can row 10 miles down stream in 50 minutes, 
and 12 miles up stream in an hour and a half. Find the rate 
in miles an hour of the current, and of the crew in still water. 


(Hint. Review River Problems, Exercise 90, § 144; express 50 min- 
utes as § hour.) 


26. A motor boat which can run at the rate of 15 miles an 
hour in still water went down stream a certain distance in 4 
hours. It took 6 hours for the trip back. What was the dis- 
tance and the rate of the current ? a 


27. A crew are rowing ona stream the rate of whose current 
is known to be 2 miles an hour; they find that it takes them 
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one and one third hours to go down, and four hours to come 
back a certain distance. Find the distance and the rate of the 
crew in still water. 


28. An express train travels 30 miles in 27 minutes less 
time than a slow train. If the rate of the express train were 
$ as great, and if the rate of the slow train were 4 as great, 
the express train would travel 30 miles in 54 minutes less 
time than the slowtrain. Find the rate of each train in miles 
an hour. 

29. Ifa field is made 5 feet longer and 7 feet wider, its area 
would be increased by 830 square feet; but if its length is 
made 8 feet less, and its width 4 feet less, its area is dimin- 
ished by 700 square feet. Find its length and width. 

30. The fore wheel of a carriage makes 8 revolutions more 
than the hind wheel in going 180 feet; but if the circumfer- 
ence of the fore wheel were 4 as great, and of the hind wheel 
§ as great, the fore wheel would make only 5 revolutions more 
than the hind wheel in going the same distance. Find the 
circumference of each wheel. | 

31. A man has $2500 invested from which he receives a 

.total income of $135. Part of the money is invested at 6 % 
and part at 41%. How much is invested in each way ? 

32. A man has altogether $5000 of savings. He has part 
invested in a 5% bond, and the balance invested in a mort- 
gage drawing 6%. If his total income is $280, how much 
has he invested in each way ? 

33, A man has $1200 invested at one rate of interest and 
$500 at a rate which is 1 per cent greater than the former 

‘rate. The income from the first investment exceeds the in- 
come from the second investment by $23. Find the rate at 
which each sum is invested. 

34. The simple interest on $800 at 5% for a certain num- 
ber of years exceeds the simple interest on $300 at 6 % for a 


: 
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second period of years by $60. If the second period of years 
exceeds the first by 4 years, find the number of years each sum 
is invested. 


35. There are two supplementary angles such that 4 of the 
larger exceeds 2 of the smaller by 5°. Find the angles. (§ 13.) 


36. One angle of atriangle is 35°. If the number of degrees 
in one of the remaining two angles is divided by the number 
in the other, the quotient is 9 and the remainderis10. Find 
the three angles of the triangle. (See § 13.) 


37. The fastest train on the Pennsylvania R. R. makes the 
trip between Chicago and Fort Wayne, Indiana, a distance of 
148 miles, in 1 hour and 20 minutes less time than one of the 
ordinary trains. Its rate is } that of the ordinary train. Find 
the rate of each train. 


38. A and B working together can do a piece of work in 6 
days; they can also complete the work if A works 10 days 
and B 3 days. How many days would it take each of them to 
do the work alone? (See § 142.) 


39. A and B working together can do a piece of work in 7} 
days. If A works alone for 3 days, and B alone for 6 days, 
they would complete 5%, of the work. Find how long it would 
take each alone to do the work. 


40. Aman has a sum of money invested at a certain rate of 
interest. Another man has a sum greater by $3000, invested 
at a rate 1 % less, and his income is $45 less than that of the 
first. A third man has a sum less by $2000 than that of the 
first, invested at arate 1% greater, and his income is $40 
greater than that of the first. Find the capital of each man, 
and the rate at which it is invested. 


172. Relations between the Digits of a Number. Integral 


numbers are written by means of the digits. 
Thus, 372 is a number of three digits; 3 represents 300 
units, 7 represents 70 units, and 2 represents 2 units. 
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Similarly, if ¢ is the tens’ digit and wis the units’ digit, the 
number is 10 ¢ +- w. 

When the digits of a number are reversed, a new number is 
formed; thus, reversing 52 gives 25. Notice that 


562=10 x 5+2 and 25=10 x2+5. 


Similarly, if # and y are the tens and units digits of a 
number, the number is 102+ y; if the digits are reversed, the 
new tens’ digit is y, the new units’ digit is x,and the new 
number is 10 y+. 


EXERCISE 106 


1. Write the number whose units’ digit is a, tens’ digit b 
and hundreds’ digit e. 


2. Write the number represented by reversing the digits 
in Example 1. 

3. Representing the tens’ digit of a number by é, and the 
units’ digit by wu represent: 

(a) the sum of the digits; 

(6) the number; 

(c) the product of the digits; 

(d) the quotient when the number is divided by the sum of 
the digits. 

4. Representing the tens’ digit of a number by #, and the 
units’ digit by y: 

(a) express the original number; 

(b) express the number obtained by reversing the digits ; 

(c) express the quotient of the new number divided by the 
old number; : : 

(@) express by an equation the fact that when the original 
number is divided by the sum of its digits the quotient is 5 

and the remainder is 3. (See note, Example 1, § 171.) 


‘ 
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5. The sum of the two digits of a number of two digits is 
11; if the digits be reversed, the quotient of the new number 
divided by thé old is 2 and the remainder is 7. Find the 
number. 


Sotution: 1, Let  ¢= the tens’ digit, 
and uw =the units’ digit. 
ef +u=i11. Q) 
2. 10¢ + u = the original number, 
and 10 uw + ¢ = the new number. 
“10u+¢=200¢+ u)+7. (2) 


8. Solving the pair of equations, (1) and (2), gives¢ = 38, u=8. 
-. the number is 88, 

Curcx: The sum of the digits is 11. 

83 + 38 gives the quotient 2 and the remainder 7. 


6. The tens’ digit of a number exceeds its units’ digit by 
4. If the digits be reversed, the new number is 6 more than 
one half of the old number. Find the number. 


7. The sum of the two digits of a number is 9, If the 
digits be reversed, the quotient of the new number divided by 
the units’ digit of the given number is 13 and the remainder 
is 1. Find the number. 


8. The sum of the two digits of a number is 16; and if 18 
be subtracted from the number, the remainder equals the 
number obtained by reversing the digits. Find the number. 


9. If the digits of a number of two figures be reversed, the 
sum of the resulting number and twice the given number is 
204; and if the given number is divided by the sum of its 


digits, the quotient is 7 and the remainder is 6. Find the 
number, 


10. If a certain number be divided by the sum of its two 
digits, the quotient is 4 and the remainder is 3. If the digits 
be reversed, the sum of the resulting number and 23 is twice 
the given number. Find the given number. 
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173. Literal Simultaneous Equations. In solving literal si- 
multaneous equations, the addition or suktraction method of 
elimination is usually the best. 


Exampte. Solve for x and y the equations: 


ax+ by=c. (1) 
Te +- sy =t. (2) 
Sotution: Eliminate y. 
1. M, (1): sax + sby = sc. (3) 
2. My, (2): bra + bsy = bt. (4) 
8. Subtract (4) from (8): sax — brx = sc— bt. (8) 
. (sa — br)x = (sc — bt). (6) 
sip ee tO BD 
(sa — br) 
Now, going back to (1) and (2), eliminate zx. 
4. M, (1): rax + rby =1e. (7) 
5. Ma (2): rax + say = ta. (8) 
6. Subtract (8) from (7): (rb — sa)y = (re — ta). 
v= (re — ta), 
(rb — sa) 
The solution is: po, ge 


sa—obr’ rb —sa sa—or 


Nore. In step 6, when subtracting say from rby, we notice that these 
are like terms since they have the common factor y, and then subtract by 
multiplying that common factor y by the difference of its coefficients, 
(rb — sa). Or, we may think of the difference as being rby — say, which, 
factored, becomes (rb — sa)y. 


EXERCISE 107 


3a+t4y=T a. A peane Laks 
* law—-2y=6. 
: 3a+ay=5. ans 
- 2.4. ‘be is 
ee 6, ca + dy =e. 
(dat my=n. erg cighapratne 
é des 2au— 3 by=2a*— 4 ab 


240 ALGEBRA 


- Pe Gaal 2 a. - yoite a? +.B. 
ba + ay =— ab. 11. {* ry 
3, [ar by 2 ab. 2 gto 
Ren 30—a. y 
be + ay =a? + ab. ; eae 
9. i eee a sae ry = s?— 7, 
2ca+dy=2¢+ da. me—ny=0. 
2__ 9 
10. G+y_3 13 ei yes n 
c mn 
14. te aaa 
be+y=a. 


15. Find two numbers whose sum is m and whose difference 
is n. 

16. Divide the number c¢ into two parts so that when the 
larger is divided by the smaller the quotient is d. 


17. Divide the number r into two parts such that when the 
larger is divided by the smaller the quotient is s and the re- 
mainder is ¢. 

18. A and B can doa piece of work together in k days; if 
A works 3 days and B works 5 days they can dod of it. Find 
how long it would take each alone to do the piece of work. 


19. The sum of the digits of a number of two digits is a; 
the number itself equals 6 times the units digit. Find the 
digits of the number. 


20. If a be added to the numerator and b be added to the de- 
nominator of a certain fraction, its value becomes 1; if b be 
added to the numerator and a to the denominator, its value be- 
comes 2. Find the fraction. 

21, Find two numbers whose sum is c and such that bd times 
the first exceeds a times the second by d. 


22. Find two numbers such that the quotient of a divided 
by the greater exceeds by c the quotient of b divided by the 


a i 


eS 
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less; and such that the quotient of } divided by the greater 
exceeds by d the quotient of a divided by the less. 

The following two sets of equations arise in the solution of 
problems in applied mathematics; find 7 and f: 
{mg — T = mf. {mg — T= mf. 
23. \ T =n. 


EQUATIONS CONTAINING THREE VARIABLES 


174. In the preceding paragraphs equations having two 
variables have been solved; in each case two equations were 
given. It is interesting to study equations with more than 
two variables. For three variables, three equations are 
necessary. 


Exampte. Solve the set of equations, 


2a —y+2=5. (1) 
8a+2y+32=7. (2) 
(4a—3y—52=—3. (3) 


Sotution : Eliminate z by combining (1) and (2) ; the resulting equa- 
tion will contain only z and y. 

1. M; (1): 62—38y+3z2=16. (4) 

2. Subtract (2) from (4): 8a0—5y=8. (5) 

Now eliminate z by combining (1) and (3) ; the resulting equation will 
contain only x and y. 


See GL). 102 —5y+52= 25. (6) 
4, Add (8) and (6): 142 —8y=22. (7) 

This gives the equations : 
= % 82—5y=8. (5) 
142 — 8y = 22, ( 


- Solve this set of equations for and y. 
The solution is, e=1, y=—1. 
Substitute these values of x and y in (1) and obtain z. 


2414+2=6. 
ice 
The complete solution ise=1, y=—1, 2=2. 


Check the solution by substituting it in each of the given equations. 
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11. The angle A of a triangle exceeds the angle B by 20°; 
and the angle C exceeds the angle A by 20°. Find the three 


| 


| 


a—2b+c=0. 
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a—6b+2c=—i1. 


3% +42=5. 


12m—4n+p= 


3. 


m—n—2p=—1. 8. 


5m—2n=0. 


5r—38s—4t=—1. 


2s+3t=+9. 
4r—t=3. 


Sat4r+2t=—B. 
2e—3r—4t=— 10. 
4e+274+3t=—21. 


6A-2B-—30=38. 10. 
2A+3B450=0. 
Steak Beh est. 


angles of the triangle. (See § 13.) 


12. The perimeter of a triangle is 175 inches. The side ais 
- 20 inches less than twice the side b; and the side } exceeds 


wWStlke Slr 
“+ 
Ne Iie Ss |e 


the side c by 5 inches. Find the sides of the triangle. 


13. The sum of the sides a and d of a triangle is 147 inches ; 
the sum of the sides 6 and ¢ is 135 inches; and the perimeter 


is 219 inches. Find the three sides of the triangle. 


ee i 


; 
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14. The total area of the three largest oceans is 134 million 
square miles. The area of the Pacific Ocean exceeds twice the 
area of the Atlantic Ocean by 1 million square miles; and the 
area of the Atlantic Ocean exceeds the area of the Indian 
Ocean by 7 million square miles. Find the area of each of the 
oceans. 


15. A recipe for a fondant for candy calls for a total of 
three and five sixths cups of sugar, water, and glucose; twice 
the total amount of water and glucose exceeds the amount of 
sugar by one sixth cup; and three times the amount of glucose 
and twice the amount of sugar make six cups. How many 
cups of each ingredient is required for the fondant ? 


16. The sum of the three digits of a number is 13. If the 
number, decreased by 8, be divided by the sum of its units 
and tens’ digits, the quotient is 25; and if 99 be added to the 
number, the digits will be reversed. Find the number. 

Sotvution: 1. Let x“ = the hundreds’ digit, 

y = the tens’ digit, 
and z = the units’ digit. 

2. Then 1002%+10y-+2= the number, 


8. and 100 z + 107 + «=the number with its digits reversed. 
4. By the conditions of the problem, 
aty+2=18, 
100x + 10y+z2—8 = 25 
? 


Y+2 
and 100% +10y+2+99=1002+4+ 10y+2%, 


6. Solving these questions, x =2, y= 8, z=8. 

Therefore the number is 283. 

17. The sum of the three digits of a number is 23; and the 
digit in the tens’ place exceeds that in the units’ Sine by 3. 


Tf 198 be subtracted from the number, the digits ibe be 


reversed. Find the number. 
1s. A and B can doa piece of work in 10 days, A and C in : 

12 days, and B and C in 20 days. In how many eh can each 

of them alone do it ? 


XIV. SQUARE ROOT AND QUADRATIC SURDS 


175. Square Root by Inspection. The square root of a per- 
fect square monomial (§ 90), and of a perfect square trinomial 
(§ 96) have been found by inspection. Review these paragraphs. 


176. Two Square Roots are obtained for each number. They 
are of equal absolute value, but have opposite signs; they may 
be written together, by means of the double sign, +. 

ExamPre 1, V9 a‘t? =+ 30% ; since (+ 84%)? =9 a4d?; 
and (— 3. a7b)? = 9 at, 

Exampte 2. V9 a? — 12ax +427 =4(8a—22); 
since {+(83a—22)}?=4+(8a—22)?=9a?— 1l2ax+423, 
and {-(8a—22)2 =+(8a—22)2? =9a?~— 12ax+ 42%, 


177. The square root of a large number may sometimes be 
obtained by inspection by factoring the number. 
ExamPtr. V1764a'= V4. 441 af =4 2-21 a2? =4 42 3, 


EXERCISE 109 
Find the square roots of: 


16 20 2 
1. 49 mn’ 5. Tried 8. wer, 
2. 64 a!%ySeA- “ 4a : 121 ca? 
8. 144 atb8e?. 169 6° 144 a*y? 
4, 225 1380, bi eae ; a a 
11. When is a trinomial a perfect square? 
Find the value of: 
12. Va 6GE TOR, 14. VI600?—26 ar? p75, 


13. Vm®—10 min + 25 n3, 15. V4at— 2 ay + 25% 
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16. 3136. 18. ~/4225 ab. 20. V5184 r4s?, 
17. V2916 xy. 19. V5625 min®. 21. 11025 a?y*z*. 


178. Square Root found by Long Division. If it is not pos- 
sible to factor readily the number under the radical sign, the 
square root, if there is one, may be found by a process like 
long division. 


Examprtei. Find the square roots of a?+2ab-+ 6% 


a+b 
SotuTion: 1. Va?=a. Place @ in the root. a + 2ab + 62 


2. Square a; subtract. 

3. 2x a=2a. Trial divisor. 

2ab+2a=b. Add d to the trial divisor and 
to the root. Complete divisor. 

4. bx(2a+ 5); subtract, 


The square roots are: +(a@+ 56) and —(a@+5). 


EXPLANATION: 1. Find the square root of the first term, obtaining a, 
the first term of the root ; place it in the root. 


2. Square the first term of the root and subtract it from the given 
number, obtaining the first remainder, 2 ab + 6%. 


8. Double the first term of the root, obtaining 2a, the trial divisor. 
Divide the first term of the remainder by 2 a, obtaining b, the second term 
of the root. Add } to the root and to the trial divisor; the complete 
divisor is 2a + 0. 

4, Multiply the complete divisor by 6 and subtract. 


Step 3 is suggested by the process of squaring a binomial. When 
squaring a binomial, the middle term is obtained by taking twice the 
product of the first and-second terms; this is equivalent to taking twice 
the first term and multiplying by the second. Reversing the process, the 
second term, 6, will be found, if 2a0 is divided by 2a. After a? is sub- 
tracted from a?-+2ab + b?, the remainder 2ab + b? equals b(2a + b). 
This suggests adding 6 to the trial divisor and multiplying the sum by b. 


Exampte 2. Find the square root of 
20 2? — T0x%+4+4at+ 49 — 32%. 
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Soxution: 1. Arrange it in the descending powers of x: 


2a24+52%—7 

2. Vit = 22%. tip 8H—Wat 
3. (227)? =4a4, Subtract. 4 ot 
4. 2x (227) = 422. 3 

2023 +42 = 52. 
5. 5a(4 a? + 52). 
6. 2x (202+ 52). 
7. — 282? +492 =—T- 
8. —7 (4024+ 10%—7). 4421102%—7 | —28 22—70 2+49 


The square roots are: +(2%2+5%—7) and —(2%7+52—7). 


Rule. — To find the square root of an algebraic expression : 

1. Arrange it according to ascending or descending powers of some 
letter. 

2. Write the positive square root of the first term of the given expres- 
sion as the first term of the root. Square it and subtract the result 
from the given expression. 

8. Double the root already found, for the trial divisor. Divide the 
first term of the remainder by the first term of the trial divisor. Add 
the quotient to the root and also to the trial divisor, obtaining the com- 
plete divisor. 

4. Multiply the complete divisor by the new term in the square root ; 
. subtract the product from the remainder obtained in step 2. 

5. Continue in this manner: (a) double the root already found for a 
new trial divisor ; (6) divide the first term of the remainder by the first 
term of this product for the new term of the root; (c) add the new term 
of the root to the trial divisor, obtaining the complete divisor; (d) multi- 
ply the complete divisor by the new term of the root; (e) subtract. 
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Find the square roots of the following: 


1. 9a?+ 24ay+ 16 y% 4. 4e'+4e)4+52°+297+4-1, 
2. 25m? +30 mn+9 n2. 5. 1—6a4+11 @—6a'+ a4. ° 
8, 36a?—12 ab+ 3B. 6. 9at'—24e84+40?1164 +4, 


7. 49a —30a3+164 9at— 40a. 
8. 25 at — 20 aty — 26 wy? +12 ay +9 y4, 
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9. 9at+1—408 +4 a°— 60741203 

10. 16 m* + 8 mix? — 23 mat — 6maé + 9 28. 

11. 1—2243029—4234 3 at 2954 of, 

12. x — 4 xta? +10 aa + 4 2’at— 20 aa® + 25 af, 
13. 9a? + 25 y? + 16 2? + 30 ay — 24 az — 40 yz. 
14. a?+0?+C—2 ab—2ac4 2be. 

15. 20 ab? + 9 at — 26 ab? + 25 bt — 12 a%B, 

16. 202°— 702+42!+49— 322, 

17. 49 m*—14 m'n — 55m?n? + 8 mn? + 16 ni. 
18. m?-++8m+12—16 


19. ona Ug YO 


+5. 


16,82 130° 40° 4a 


20. eee 


9 3a 3a a at 


179. Square Root of an Arithmetical Number. The square 
root of 100 is 10; of.10,000 is 100; etc. Hence the square 
root of a number between 1 and 100 is between 1 and 10; the 
square root of a number between 100 and 10,000 is between 10 
and 100; etc. 

That is, the integral part of the square root of a number of 
one or two figures contains one figure; of a number of three or 


_ four figures, contains two figures; and so on. 


Hence, if the given number is divided into groups of two 
figures each, beginning with the units figure, for each group 
in the number there will be one figure in the Square root. The 
groups are called Periods. 

Thus, 2345 becomes 23 45 ; it has two periods and its square root has 


two figures, a tens’ and a ante figure. 
84038 becomes 3 40 38; it has three periods and its square root has 


_ three figures, A number having an odd number of figures will always 


| 


_ have only one figure in its left-hand period, as in this case. 


- 
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A decimal number is divided in the same manner, starting 
from the decimal point in both directions. 


Thus, 3257.846 becomes 32 57.8460. The last decimal period is always 
completed by annexing a zero. This number has two figures before the 
decimal point and two after it, in its square root. 


180. The first figure of the square root of a number is found 
by inspection; the remaining figures are found in the same 
manner as the square root of a polynomial. 


ExamptE 1. Find the square root of 4624. 


Soxtution. 1. Divide 4624 into periods; this gives 46 24. There are 
in the square root a tens’ and a units’ figure. 

2. The tens’ figure must be 6 ; 7 is too large for 70? = 4900, which is 
more than 4624. 

3. The rest of the square root is found as follows: 

8606 is the largest square less than 4600. 

3600 = 60; place 60 in the root. 

Square 60 and subtract. 

Double 60. Trial divisor. 

102 +12=8+. Place 8 in root and add to trial divisor. 

Complete divisor 
Multiply complete divisor by 8. 
The square roots are + 68 and — 68. 


It is customary to abbreviate the solution by omitting the 
zeros as in the following example. 


Examete 2. Find the square root of 552.25. 


23.5 
Soxution. The largest square less than 5is 4; ./4=2. 5 62.25 
Place 2 in the root. 4 
2x2=4; annex 0. Trial divisor. ; 40 |152 
15 +4=38+; add 8 to the trial divisor. 3 
Complete divisor. Multiply by 3. 43 {129 
2x 23 =46; annex 0. Trial divisor. 460 |23 25 
230 + 46=5+. Add 5 to the trial divisor. 5 
Complete divisor. Multiply by 5. 465 |23 25 


The square roots are + 23.5 and — 238.5. 


SQUARE ROOT AND QUADRATIC SURDS 249 


Rule. — To find the square root of an arithmetical number: 

1. Separate the number into periods (§ 179). 

2. Find the greatest square number in the left-hand period ; write its 
positive square root as the first figure of the root; subtract the square of 
the first root figure from the left-hand period, and to the result annex the 
next period. 

8. Form the trial divisor by doubling the root already found and an- 
nexing zero. 

4. Divide the remainder by the trial divisor, omitting the last figure 
ofeach. Annex the quotient to the root already found; add it to the 
trial divisor for the complete divisor. 

5. Multiply the complete divisor by the root figure last obtained and 
subtract the product from the remainder. 

6. If other periods remain, proceed as before, repeating steps 3, 4, and 
5 until there is no remainder or until the desired number of decimal 
places has been obtained for the root. 


Nots 1. It sometimes happens that, on multiplying a complete divisor 
by the figure of the root last obtained, the product is greater than the 
remainder. In such cases, the figure of the root last obtained is too 
great, and the next smaller integer must be substituted for it. 

Nore 2. If any figure of the root is 0, annex 0 to the trial divisor and 
annex to the remainder the next period. 


Examp.e 3. Find the square root of 4944,9024. 


70.32 
 Soiution : 49 44.90 24 
49 
1400 | 4490 
ee 
1403 | 42 09 
14060 | 2 81 24 
2 
14062 | 2 81 24 


- a? 
_ The square roots are + 70.32 and — 70.32. 
The first trial divisor is 140. Since this is greater than 44, the first 
remainder, annex 0 to the root, obtaining 70. 
_ The second trial divisor is 1400; (2x 70=140; annex 0, 1400). 
Bring down the next period 90, getting for the second remainder 4490. 
Divide 44 by 14 gives 3+; annex 3 to the root and add 3 to 1400, ete. 


250 ALGEBRA 


EXERCISE 111 
Find the square roots of: 


1, 1521. 5. 23409. 9. 462.25. 
2. 4489, 6. BATE. 10. 9.8596. 
3. 5625. 7. 173889. 11. 11.9716, 
“4. 8836. 8. 42025, 12. 17.8929, 


181. The Approximate Square Root of a number which is 
not a perfect square is often desired. Obtain usually the first 
three figures following the decimal point. 

Exampie. Find the approximate square root of 2. 
SoLurtion ; 1,414 


The square roots are + 1.414+ and — 1. 414+. 
Notz. In order to obtain the desired number of decimal places, annex 
zeros until there are three periods. 
EXERCISE 112 
Find the approximate square roots of: 
1. 3. 8. 6. 5. 10. y ee 9. 15. 


11.. 19) 
2. 5. 4. 7. 6. 11. 8. 14. 20, 1% 


12. 21 


182. Table of Square Roots. In the remainder of the course, 
it will be necessary to use frequently the square roots of 
some numbers. Retain some of the square Toots as they are 


! 
. 
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found, either in a notebook or in some other convenient place. 
Make a list of the numbers from 1 to 50, and write their 
square roots beside them, thus: 


= NUMBER SquarE Root 
1 1.000 
2 1.414 
3 1.732 


After working Exercise 112, twelve of the numbers of this 
table may be tabulated. These roots may be used to obtain 
the square roots of other numbers. 


Exampte i. Find the square root of 8. 

SoLution: V8 =V4x2=2xV2=2 x (1.414+) = 2.8284. 
Exampre 2. Find the square root of 12. 

Sonution: Vi2 =V4 x 38 =2V3 =2 x (1.732+) = 3.464+, 


EXERCISE 113 
1. Find the following square roots to three decimals: 
(a) V18. (0) V20. (ce) V2 (@) V27. (&) V28. 
2. Complete your table of square roots up to 50. Get as 
many roots as possible by inspection (§ 175); get as many 
of the remaining roots as possible as in Example 1. Find the 
others by the long division method (§ 180). 


183. The square root of a fraction which is not a perfect 
square may be found as follows: 


- 5x3 =-Vi= +78. 
© eee 1,224+, 


2 


y Rule. — To find the square root of a fraction : 
? 1. Change the fraction into an equivalent fraction with a perfect 
square denominator. 
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2. The square root of the new fraction equals the square root of its 
numerator divided by the square root of its denominator. 
3. If desired, express the result of step 2 in simplest decimal form, 
prefixing the double sign, +. 

Exampie. Find the approximate square root of 3. 


Sorurion: 1. The smallest square number into which 8 can be 
changed is 16 ; multiply both terms of the fraction by 2. 


Be 8 [Cie eNO e R44er 
°] \2=1 SiS ie gee = + .612+. 
Po LORRY faked Cherian weiss 


EXERCISE 114 


Find the approximate square roots of: 


Nog} ant 1 a 10. 4. ie 
2. 8 bee 8.. 8. 11. 2 14. +f. 
aes Bunk 9. 8. ot eee 15. 2. 


QUADRATIC SURDS 
184. The indicated square root of a number which is nota per- 


fect square is called a Quadratic Surd ; as; V3, Ve V2, q +1. 
y 


185. Surds should be simplified as in the following examples : 
(a) V24 =V4-6 =2.- V6; (0) \e= 9-2 _8v2 
8 16 4 

Thus, a quadratic surd is in its simplest form when the 
number under the radical sign is an integer which does not 
‘contain any perfect square factor, 

While a quadratic surd has two values, one positive and one 
negative, it is agreed to consider only the positive root, in 
order to avoid ambiguity. This root is called the principal 
root. 

186. Addition and Subtraction of Surds. 

Exampre 1, Find the sum of 20 and 45. 

Sotution: 1. V20 + V45=V4-54V9-5 =2V648Vb =5V6. » 
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This solution assumes that surds may be added like other numbers. 
The coefficients of V5 are 2 and 8; the sum is found by multiplying V5 
by the sum of its coefficients (§ 34). 

The advantage in adding surds in this way is that fewer square roots 
need be obtained. Thus, the sum of V20 and V45 is 5V5 or 5 x (2.236+) . 
or 11.180+. This same result could be obtained by adding the square 
roots of 20 and 45. : 


Exampie 2. Simplify -V2+-V4. 

Soxutton: 1. VP +yi= 18 2 2 V3, aes 2e +208 _8v. 
5V2_ 5 x (1.414+) eee 1.7674 

Ave 4 eae ere SA 


Exampie 3. Simplify 2+V4. 


2. 


2, fi_2, 98 _ 2, V8_24v3_ 
Soxution: 1. 2 ia? 4 are 5 aie 
2+-V3 _ 2 +41.732+ _ 3.782* _ 4 ogge, 
3 3 3 
Nore. The results of problems involving surds are often left in the 
surd form as in step 1 of Examples2 and 3. There are advantages in 
finding the approximate decimal value of the result, 


2. 


EXERCISE 115 
Simplify the following: 
1. Vi2 +V75. hiee meats s 
2. V98 —Vv18. 12,14 =-V% 
3. V80 —V20. 13. 84+. 
4, 327 —V48. 14. —44+V% 
5. V28 + V63. ie a 
6. 6V2 —V50+V18. 16. 9 4V4 
7. Vi2+v4 17. = $44. 
8. VE+V45- 18. —$+V}. 
9. Ve4+Vz- 19-27 V3. 


S 


V3 —V24. 20. $—V4z. 


XV. QUADRATIC EQUATIONS 


187. A Quadratic Equation is an equation of the second 
degree (§ 161) ; it may have one or more unknowns. 


188. A Pure Quadratic Equation is a quadratic equation hav- 
ing only one unknown, which contains only the second power 
of the unknown, as, aa =b. 


Exampte 1, An acre of ground contains 43,560 square feet. 
How long must the side of a square field be in order that the 
area of the field shall be one acre ? 

Sorution: 1, Let s= the number of feet in one side. 

2. Then s? = the number of square feet in the area. 


3. Then s? = 48,560. 
Extract the square root of both members of the equation. 
4. Then $= + 208.7+. 


Since this is a field, only the positive root has meaning ; hence the 
side of the field must be 208.7+ feet. 


189. A pure quadratic equation has two roots, because two 
square roots are obtained in extracting the square roots of the 
two members of the equation. 


Rule. — To solve a pure quadratic equation. 


1. Clear the equation of fractions, transpose, and combine terms 
until the equation takes the form x2 = a number. 


2. Extract the square root of both members of the equation, plac: 
ing the double sign, +, before the root in the right member. 


Norn, After extracting the square roots of both members of an equa 
tion like ?=@2, we get +2 =ita. This gives: +2=+4¢, +2=—¢6 
‘—&=-+a, and —gx=— aq. 

254 
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If both members of the last two equations are multiplied by — 1, the 


equations become +a=—a, and +x=+a. These are the first two 
of our four equations. Thus, it is clear that, from 2? = a?, we get only 
two equations, =+ a@ande=— a, or®@=+4. 
9 
Exampie. Solve the equation = be Sse et = 
Sy joo bee ip) 
2m, 3 . m , 12 
Soxtution: 1. oS AS ee ae eee 
i 3 es m 127 m 
Min 2 8 m2 + 386 = m2 4+ 144, 
8. Simplifying : 7m? = 108. 
4. D;: m? = 198, 
5. Vv o:* m=+Viff =+ 6V$ =H § V21. 
6. V21 = 4.582: mato. (4.582) = 4: 22 — 4 8.927. 
Vs m, =+ 8.927 ; m2 =— 3.927. 


“ m,’ is read ‘¢ m one.’? The numeral 1 is called in such cases a sub- 
script. ‘¢m,’? is read ‘‘m two.” These subscripts are used in this case 
to distinguish between the two roots of the quadratic. 


Crecx : In cases such as this, it is better to check by going over the 
solution a second time. Great care must be taken, however, for it is easy 
to overlook an error. 


Nots.— Get the result in the radical form first; that is, m=+ $V 21; 
then it is wise, for many reasons, to get it in decimal form as finally given. 


KXERCISE 116 
Solve the following equations : 
1. Tp?—175=0. 5. 8(m —2)+2m(m—1) =m. 
2. 5a2—48 = 80— 32". 6. 38(¢+5)—t(¢—1) =4t. 
9 2e@—-140=9e—32. 7. 9a°—7=0. 


Qme4+4 3m?—T_ 1M 9 4492-321. 
ek 3 TA cede edn 


'*The symbol “‘V :” placed in the left margin will mean, “‘ take the square 
root of both members of the previous equation.” 
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Review the statement made at the top of page 187; bear it 
in mind whenever solving fractional equations. 


iG a 1g, Of442 bP a8 pAds 
° 3m OS 6 oh Sails 10 25 
2r—3_ 94+r g+4,g9—4_ 10 
; qe 13, 22-470. 
4—r 38r+2 g—-4 g+4 38 
11 e+etl w—a2+1_¢ 14 n—3r+4 4 See 
oe al! es eae * 87t4+2r—4 8r+2 
15. a2—2cx?=3b% Solve for a. 
Sotution: 1, —2cr=3 W— a 
2. 2 cx? = a? — 8 02. 
; _@— 38h 
3. a= oe 
+ fa? —3 6 __ 2 c(a? — 3 6?) 
4, ec Creo =1? rhe 
ss Vide 6 bie, 
Solve for a: 
16. a®+22=m. 19. 2ca?= d2, 
1%. a4+2¢=¢. 20. dha®=c, 
18. aa? =m. 21. 3m2z’?—n=p. 


190. A Right Triangle is a triangle which has a right angle 
for one of its angles; as triangle ABC, in which angle B is a 
y right angle. 
The side opposite the right angle is the hypote- 
nuse; as, side AC. The side BC is the base and 
AB is the altitude. 
In a right triangle, the square of the hypotenuse 
° equals the sum of the squares of the other two sides. 
Thus, 6? = a? + ¢?2, 
To verify this fact, draw a right triangle with BC 3 inches 


and AB 4 inches; measure AC. Substitute the lengths of the 
sides in the equation b? = a? + c?, 


oa i) 
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EXERCISE 117 


Carry out all results in this set to one decimal place: 
1. Find the altitude of a right triangle whose base is 13 feet 
and whose hypotenuse is 30 feet. 
Sorution: 1. Let ¢ = the number of feet in the altitude. 
2. Then x? + 132 = 802, (why ?) 
3. Complete the solution. 
2. Find the base of a right triangle whose hypotenuse is 
45 feet and whose altitude is 25 feet, 
3. If the diagonal of a rectangle is 68 inches and the base 
of the rectangle is three times the altitude, what are the di- 
mensions of the rectangle ? 
4. If the altitude of a rectangle is a and the base is 4 times 
the altitude, what is the length of the diagonal ? 
5. Solve the formula b?=a?4¢: (a) for a; (0) fore. 


In the isosceles triangle ABC, AD, which is perpendicular to 
BC, is the altitude and BO is the base. BDand DC are equal ; 
this may be verified by measuring them. A 


6. If AB is 15 inches and BOC is 18 inches, 
find AD. 
e 


7. If the equal sides of an isosceles tri- ® D 
angle are each 30 inches, and the altitude is 18 inches, find 


the base. 


8. If the equal sides of an isosceles triangle are each 3a 
inches and the base is 2 a inches, find the altitude ? 

9. An equilateral triangle is one which has all of its sides 
equal. Find the altitude of an equilateral triangle whose sides 
are each 10 inches. 

10. (a) Find the altitude of an equilateral triangle whose 
sides are each s inches; (0) find the area of the triangle. 

11. The area of a circle isfound by the formula A= ar, 
where r is the radius, and 7 = 31, 

Find the area of a circle whose radius is 9 inches. 
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12. What is the radius of a circle whose area is an acre? 
(Express the radius in feet. See § 188.) 
Express the results of the following in simplest radical form). 


13. Solve the formula A=? for r: (a) letting wr = 34; 
(b) without substituting the value of z. 


14. The volume of a circular cylinder is given by the for- 
mula V=7rh; where r = the radius, h the altitude. 
- Find V when r= 5 and h= 13. 


15. Find r when V= 759 and h = 14. 
16. Solve the cylinder formula for r. 
17. Solve the formula S = 4 x7° for r. 
18. Solve the formula V = }27*h for r. 


19. The distance s in feet through which an object will fall 
- int seconds is given by the formula s = } gt?, where g is 32. 

Suppose that a stone is allowed to fall from a tower; how 
far will it fall in: (a) 3 seconds? (0) 5 seconds? 


20. How long will it take a ball to fall 900 feet? 


21. Washington’s Monument in Washington, D.C.,is 555 feet 
high. How long will it take a ball to fall that distance ? 


22. Solve the equation s = } gt? for ¢. 


mv" 
23. Solve the formula f=— for v. 
r 


COMPLETE QUADRATIC EQUATIONS 


191. A Complete Quadratic Equation is a quadratic equation 
having only one unknown, which contains the first power of 
the unknown as well as the second power; as, 

2a —3"—5=0. 


192. Complete quadratic equations have been Solved by Fac 
toring in § 103. 
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EXERCISE 118 
Solve by factoring : 
es kes Le 
2. 2m?—m—15=0. Sed ee ae 
3. 229413424 20=0. Pig 
4. 124°—Ty=10, Ee 
5. 5w?—Tw=0. ee ee 
92°49 7=0 tere? 
6. —497—V; 
16. (ae ee ee 
7. 22¢?+axr—a’?=0. eas Pai ok 
(Solve for x). 7 3 4 
17, ——~— ——_==-. 
8. 8a?4+14mer=—3m?* 92-3 gle? 
9. 62?—11lwk=10R. 2 6 
18. 1+ ——-= 0, 
10. 5 2?+15 p?= 28 ap. PS 2 p36 
a? @_ 35. 19, 2 ee 
a i Oo ae mt+6m—5 4 
ye is r+2 36 
12. ~— —- >= — —_- 20. —— = ——_. — 
2, 62" 12% r+3 (r+3)3 ; 


193. Graphical Solution of Equations With One Variable. Many 
facts about equations containing one variable can be discovered 
by the aid of graphical representation. 


Examp.e 1. Consider the equation 32—12=0, 
The expression 3a — 12 has a different value for each value of a: 
Thus if7#=2, 83a—12=— 6; iff =— 3, 82 —12 =— 21. 
The problem is to find the value of x for which the expression 32 — 12 
will equal zero. . 
GrapHicaAL Sotution: 1. Let y= 38a — 12. 
; 2. Find yalues of y for some values of z: 
ifa=0, y=—12. if ¢=—2, y=—18. 
ife=+5,y=4+3. ife=+6,y=+4+6. 
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3. Use these pairs of numbers as codrdinates of points and draw the 
graph. 


4. BO crosses the x axis at point A. The codrdinates of A are: c= 4, 
y= 0, 
5. Hence whenz=4,3e—12=0. (yis the expression 32 — 12.) 


+, © = 4 is the desired solution of the equation, for we were looking 
for a value of z for which 8% —12 =0. 


Ruie. — To solve graphically an equation containing one variable: 

1. Simplify the equation as much as possible. 

2. Transpose all terms to the left member. 

3. Represent by y the expression found in step 2. 

4, Find for y the values which correspond to selected values of 
the variable in the equation. : 

5. Use the pairs of values obtained in step 4 as coordinates of 
points ; plot the points; draw the graph, making the vertical axis 
the y axis. ; 

6. The graph crosses the horizontal axis at points whose ordinates 
are zero, and whose abscisse are the desired roots of the equation. 


7S 


. 
. 
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ExampLe 2. Solve the equation 2?— 2 = 6, 


Soturion: 1. 2? —2=6, orz?—z—6=0,. 
2. Let y = 2? —¢— 6. 
3. Ife=— 4, y=(— 4)?-(— 4)-6 = 16 + 4-—6=4 14, 


+6)+14/ —4 


al = tae 
cI Cece 
jad 
te 
| | 
co ‘ea 
Cel 
iad 
et 
K OB 
PF 41-3 -2\1 +] [+9 143 1+ 145 146 [+ 
$5 


Y 
Fie. 10 


&. The graph crosses the horizonta} axis at the points Aand B. Ac- 
cording to the rule, the abscissze of these points are the two roots of the 
equation. 


At A: t=—2,y=0; ie 27—2-6=0. 

At B: t=+3,y=0; te. 227—27—-—6=0. 

Cuuck: %=— 2; does (— 2)?—(—2)—6=0? Yes. 
 ~=+8; does (+3)2—-(4+3)—6=0? Yes. 
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EXERCISE 119 
Solve graphically the equations : 


1. «+3=0. 4. 2—e2=12. 
Pe iil 5. &@—Tr2+6=0. 
3. z= 16. 6. 2 +624+5=0. 


194. Some quadratic equations cannot be solved readily by 
factoring; for example, 2? —6x2—2=0, since 2 —6%—2 
does not have any rational factors. The graphical solution 
shows that this equation has two roots. 

Sorution: 1. 227—62—2=0. 

2. Let y=2?-—6%—2, 


When x= | —2/|—1 Ol} +1) +42 )+3) 4/46/47 


then y = |4+14| +5 —2|-7 —10)=31)-410).29 


a WE SES +[_ [+2 [43 +4 [+5 46/|47 [+ 


hd 


Fra. 11 


8. The graph crosses the horizontal axis at the points A and B, The 
abscissa of A is about —.3; the abscissa of B is about + 6.8. 


=a a 
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This indicates that the roots of this equation are approximately — .3, 
and + 6.3. 


There are two methods of solving such equations which give 
the roots more accurately. 


195. Solution by Completing the Square. 

DEVELOPMENT 1. Find: (a) (2—4)?; (®) (@+ 5); 
(¢) @-#; © Y+H* 

2. When is a trinomial a perfect square? (See § 96.) 

3. Make a perfect square trinomial of 2? —10a. 

Sotution: 1. of 10=5; 5?= 25; add 26. 

2. The perfect square is x? — 10 x + 25 or (a— 5). 

4, Make perfect square trinomials of the following: 

(a) x*-—122; (0) y—14y; (C) 2-202. 
5. Solve the equation 2?— 1224 20=0. 
Sonution: 1. S20: x? — 12% =— 20. 


2. Make the left member a perfect’ square by adding 86; therefore 
add 36 to both members: (§ 41). 


A3zg? a? —12% + 36 = 36 — 20. 
or (a= 6)? = 16. 

Bonv a—-6=+4. 

4. “.%—6=+4, or =6+4= 10, one root, 
and 2—6=—4, orx=6—4=2, another root. 


Cueck: 2x=10; does (10)?—12(10)+20=0? Yes, 
xw=2; does (2)2?—12(2)+20=0? Yes, 


6. Solve the equation 22 —-32—5=0. 


Sotution: 1. 2?—3z2—5=0. 

DAG w—382=+5. 

. #(—8)=— 4; (—$? =+4 4; add 3 to both members 
4. Ag: e—8e+2=543= 28. 


ee ae g—$=+4+V22 =4 1V29. | 
ae 8. 1.65 .84V29 

oe rae =— =Vf29 =? = Ye. 

6 oe: ae a3 
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7%. Radical results, 2,= ae and %2= eer 
5 ee 
8. Decimal results, x, = =e and a= oe 
__ 8.385 _ — 2.385 
cae 2 
= 4.192+ =— 1.192+. 


Cuscx: To check the solution by substituting the roots in either their 
decimal or their radical form is a long process, with many opportunities 
for errors. Persons skillful in algebra check by going over the solution 
carefully. 

A quick check, the reason for which will be learned later in algebra, is 
to find the algebraic sum of the roots; this result should equal the nega- 
tive of the algebraic coefficient of z in the equation in which the coefficient 
of x? is 1. 

Here: +- 4.192+ The coefficient of z2 is 1. The coefficient of z 

—1.192+ is—38. This equals the negative of the algebraic 

Sum. +3 sum of the roots. 

If the coefficient of x? is not 1, first imagine the equation divided by 
that coefficient, and then select the coefficient of 2. 


Rule. — To solve a quadratic equation by completing the square - 
1, Simplify the equation; transpose all terms containing the 
unknown number to the left member, and all other terms to 
the right member so that the equation takes the form 
ax? + 6x =Cc, 
2. If the coefficient of x? is not 1, divide both members of the 
equation by it, so that the equation takes the form 
+ px = q. 


8. Find one half of the coefficient of X; square the result; 
add the square to both members of the equation obtained in step 2, 
This makes the left member a perfect square. 

4, Write the left member as the square of a binomial; express 
the right member in its simplest form, 

5. Take the square root of both members, writing the double 
sign, +, before the square root in the right member. 
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6. Set the left square root equal to the + root in the right 
Solve for the unknown. 


member of the equation in step 5. 
gives one root. 


7. Repeat the process, using the — root in step 5. 


the second root of the equation. 


8. Express the roots first in simplest radical form, and then, if 


desired, in simplest decimal form. 


120 
2 —10z2=5. 
ot 5ba=—A4, 
v+t10=7s. 
w—3w=— 2. 
m + m= 30. 
7 —13r+30=0. 
2—6=52. 
. F+9g=11. 


EXERCISE 
Solve by completing the square: 
1. 2@—4e—5=0. 10. 
2. 24+82—33=0. a, 
3. 2—62—27=0. 12. 
4. 2+102+4+ 24=0. a3: 
5. w2—22—15=0. 14. 
6. y—4y=4 15. 
ate OW == 16. 
8. m@—2m=1 17 
9. @—8t=4 18. 


19. Solve the equation #2 —2a=1. 


Soxution: 1. 


= =}. 
2. A, w—2Ze2+$=1+ 3 
ane CS BG ek 
4, g—t=4+ Vi2Q=4} VI10. 
5. z—t=+}VI10. x2—}=-—1V/10. 
2=}+1-Vi0 ~=i—}V10 
_1+V410 _1-—v10 
aS 3 
_ 148.162 1— 3.162 
ad ; 
= HG 41887 = 210 = = 720 


This gives 
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Curck: + 1.387 Coefficient of = — 2 = — 6666. 
—.720 = — .667. 
Sum. > .667 } 4.667 = —(—.667). 
20 2 —4e=4 23. a@’—la=2 
21. y’—fy=h 24. m@—3m=%, 
22 #+82=) 25 P—§t=7. 
26. Solve the equation 3 27—22—1=0, 
Sotution: 1. Dz: x?—¢x—1=0. 
OA. Ay: v— ze =}. 
8. Complete the solution as in Examples 19-25, 
27. 32°—2e¢—5 = 0. 38 t Si, 26> 
28. 5° 4+2r—3=0. oY ee 
29.04¢-8¢--3=0, 39. #416, 
: w—-4 § 
3 40. 30 ee 
31. 2a?—3a—9=0, WaT = 2a 
32. 5p? +3p=1. Pree 2 3 
33. 6w*—5w=10, 6-45. 48.56 
ao 2 43 eee 
i “t a3 S95) eee 
35 ee = i Gane 
m 2 3 cS 2 
36. Cee NM I 4=— e 44 —_ = 
5 he fyi Aas 
37. ta 2) 50, 4b eee 
poe 


196. Solution of Literal Quadratic Equations. 


Exampix. Solve the equation az? —3b2—c=0, 


Soxurion: 1. ax? —3bx%—c=0, 
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2D. 8 ue So. 
a a 
3. ‘As igo oh 
. a a 
4. The coefficient of z is (=22); one half of it is (=: 
a 2a 
The square of (=) is a Add this to both members of equa- 
tion 3. 
5. 3b 962 9b 
2——x =—+- 
a Le tee fae 
- (2-32) 2h thee, 
4 q? 
6. e—S2=45 voy Tae, 
2a 
“ * e8ba.VORPTS 
2a 
“Ga — $86+V90? + 4a b+ 4ac, — t3b—v0bt+ 4 a0. 
eee da = es Ea ja Die 


CHECK: %1+%= =" ite Since this is the negative of the 
coefficient of x in step 2, the roots are correct. 


EXEROISE 121 


Solve the following equations for x: 


1. 2+ 2ax—3=0. 8. 2 +2me=2m+1. 
2. #+2ar+b=0. 9. 2—4axr=—9b?—4 a2, 
3. 2? +4.a¢—c=0. 10. av?+2ae2+1=0, 

4. 24+32+m=0. 11. re? +4tx—5=0. 

5 2e24+38a—n=0. 12. cv’?+2dx+p=0. 
6. 2a%+4a0+6=0. 13. 2 +me+n=0. 

7. ¢@4+3ar—4t=0. 14. av’?+bea+c=0. 


197. Solution of Quadratic Equations by a Formula. All 
quadratic equations having one unknown may be put in the 


_ form | axt+bx+c=0. 
: | 


* 
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This equation may be solved like the equations in Exercise 
121. The roots will be found to be 


—btvVh—4ac 
2a 


This result may be used as a formula for solving any quad- 
ratic equation of the form az? +ba+e. 


P ¢— 


ExampitE 1. Solve the equation 22279—3”2—5=0. 
Sotvrion: 1. Comparing the equation with ax2+-bu+e=0: 
a@=2, b=—3, c=—5. 
2. Substitute these values in the formula: 
—bive?—4ae 
2a 


3. Then x = (— 3) 3-V(—3)2—4@) (5) Vv (— 3)? — 4(2)(— 5) 


2(2) 


t= 


4, niages OE 


CuEck: 2 = $; does 2(§)?— 8($)—5 =0? 
does 2.28 155 =0? 
does 2°.—-15 —5=0? Yes. 
% =—1; does 2(— 1)?—8(—1)—5 = 0? 
does2+3—5=0? Yes. 


ExamPE 2. Solve the equation 2 2?—32—3=0. 


Soxurion: 1, a=2,b=—3,c=—8. 
2. Substituting in the formula, x = —2 + V0" —4 ae ES, F 
a 
ag = StV0+ 24 84 -V33_ 345.7444 
4 4 4 
fom = ETE Xo. 186+; ty = — STE = 686+, 


" 


4 
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CuEck: 2.186+ The coefficient of z is —3, when the coeffi- 
— .686+ cient of 227 =1; 1.5 =—(— 3). 
1.500 (For this method of checking, see § 195.) 


EXERCISE 122 
Solve the equations: 


1. 4°—7r+3=0. 12. 3v°—Tw+2=0. 
2. 6f+15.4+5=0. 13. 5° +8c=4. 

3. y=6y4+72. 14. 927+162+3=0. 
4. a@—Ta—30=0. 15. 15d?—22d—5=0. 
5. 327—22—33=0. © gee othe we Coie 

6. 3m?+5m+1=0. 3 2 2 

7, 539=5s—1. 17. cps ee 

8. 6w?—llw+2=0. 3 
ee ae 18. pon 2t=0. 
10. 2?7+2—1=0. 

11. f—4y+2=0. oy 474s ; 


198. Summary of Methods of Solving a Quadratic. Four 
methods of solving a quadratic equation have been given: 
the graphical, by factoring, by completing the square, and by 
the formula. The first is useful mainly as a means of illus- 
tration; the third is useful mainly in solving the general quad- 
ratic ax? + ba + c= 0, and, thus, in deriving the formula. 


Historicat Nots. Greek mathematicians as early as Euclid were able 
to solve certain quadraties by a geometric method, about which the student 
may learn when he studies plane geometry. Heron of Alexandria, about 
110 z.c., proposed a problem which leads to a quadratic. His solution is 
not given, but his result would indicate that he probably solved the equa- 
tion by a rule which might be obtained from the quadratic by completing | 
its square in a certain manner. Diophantus, 275 a.p., gave many problems 
which lead to quadratic equations. The rules by which he solved his 
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equations appear to have been derived by completing the square. He 
considered three separate kinds of quadratics. He gave only one root for 
a quadratic, even when the equation had two roots. 

The Hindu mathematicians, knowing about negative numbers, con- 
sidered one general quadratic. Cridharra gave a rule much like our 
formula. The Hindus knew that a quadratic has two roots, but they usu- 
ally rejected any negative roots. 

The Arabians went back to the practice of Diophantus in considering 
three or more kinds of quadratics. Mohammed Ben Musa, 820 a.p., had 
five kinds. He admitted two roots when both were positive. Alkarchi 
gave a purely algebraic solution of a quadratic by completing the square, 
and refers to this method as being a diophantic method. 

In Europe, mathematicians followed the practice of the Arabians, and by 
the time of Widmann, 1489, had twenty four special forms of equations, 
These were solved by rules which were learned and used in a mechanical 
manner. Stifel, 1486-1567, finally brought the study of quadratics back 
to the point that had been reached by the Hindus one thousand years 
before. He gave only three normal forms for the quadratic ; he allowed 
double roots when they were both positive. Stevin, 1548-1620, went still 
farther. He gave only one normal form for the general quadratic, as do 
we ; he solved this in both a geometric and an algebraic manner, giving 
the method of completing the square. He allowed negative roots. 


EXERCISE 123 


Miscellaneous Examples 


Solve the following equations by any of the preceding 
methods. As a rule, solve by factoring if possible, otherwise 
by the formula. 


1 (3@+42)(2"+48) = (a --8)(22—4). 
2. 9(y—1)?—4(y— 2)? = 44. 


MES ee 6 tread G 
m m+ GHAlAd seks 
3 2 38a 2 
Ege a ea ee hy | =e 
a—6 a—5 Z2a+5 a-—l 1 
ee DaraD n) 3 2—8t_4—t_11, 
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2wt+3 6—w 
oo) ———_—— = 1. SU 
2a—5 3a+5 he Regn ey 
4y—9 20-3 or—1i 56—4,r 
i a ee p, Mpeat Eee Pele 
zn 4y—3 20 = T—r 2r+1 
1 4 2 
rox —sSsS SO 
a—6 3(@—1) 32 
ya, Ut2 yy? _6y +16. 
y—2 y+2  3y 
Ligltsal iti 397 
pea aeieng act. 5 
16 mee a Li 2 : 
bor wis O27 
17 3-22 2+4+32%_1 162+2°. 
Ot er 2—a 3 v—4 
18 y+1_ yt? _Zy+13, 
“y-1l y-2 yl 
2 x? 
1 oe et weal ST ST 
ee Dee anes 
20. ed Sf Sa eS eee ee 


Gethd—Sa2) 20—5a)7a+1) Be+l)\(72+1) 


21. Solve the equation 2 p*x*®—3 pqx—g' = 0. 
Sotution: 1. a=2p?; b=(—3p9); ¢=(-@): 


fan 2 
2. Formula: “2= —b+ Vi —4 a0, 
2a 
= (— 8 pq) 2 VS IO _ + 894 OPE LOPE 
2(2 p) 4p? ‘ 


Rpg 4+ Vi1i7 PY 3 pq # een —Pg(3 + VIT) _ qa viz), 
is ap Rat Tp Bs 
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Solve the following equations for 2: 


22. ¢—bcer+5C=0. 27. 2P—2 Pe+2=1. 

23. $e =2ra+ 29%, 28. 2? —(a—1)x=a. 

24. o?+c?—2ap=0. 29. o +ar+b2+ab=0. 

25. f@—ap+(?—d’)=0. 30. ax*—(a—2b)a=4 2b. 
26. ige’?+ar=s. 31. ma’?+ (2mn—3 n)x—6 n?=0 


EXERCISE 124 
Review § 112 before solving this set of examples. 


1. Twice the square of a certain number equals the excess 
of 3 over that number. Find the number. 

2. If three times the square of a certain number be 
increased by the number itself, the sum is 10. Find the 
number. 

3. Find two consecutive integers whose product is 306. 

4. If the product of three consecutive integers be divided 
by each of them in turn, the sum of the three quotients is 74. 
Find the integers. 

5. The sum of the squares of two consecutive integers is 
685. Find the integers. 

6. The sum of a certain number and its reciprocal is 13. 
Find the number. 

Hint: The reciprocal of a number is obtained by dividing 1 by the 
number. The reciprocal of z is . 


7. Find the dimensions of a rectangle whose area is 357 
square feet if its length exceeds its width by 4 feet. 
8. The numerator of a certain fraction exceeds its denomi- 


nator by 3. The fraction exceeds its reciprocal by $9, Find 
the fraction. 


9. The main waiting room of the Union Railway Station 


in Washington, D.C., has an area of 28.600 square feet. The 
length exceeds the width by 90 feet. Find the dimensions. 
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10. Find the base and altitude of a triangle whose area is 
63 square inches, if the base exceeds twice the altitude by 4 
inches. 

11. Find the dimensions of a rectangle whose area equals 
that of a square of side 24 feet, if the difference of the base 
and altitude of the rectangle is 14 feet. 


12. Find the dimensions of a rectangle if its area equals 
that of a square of side 35 feet, if the difference of the base 
and altitude is 24 feet. 


13. Find the dimensions of a rectangle whose area is 3750 
square feet, if the sum of its base and altitude is 155 feet. 


14. Find the dimensions of a rectangle whose area is 1701 
square feet, if the sum of its base and altitude is 90 feet. 


15. Find the dimensions of a right triangle if its hypotenuse 
is 20 feet and the base exceeds the altitude by 4 feet. 

16. Find the dimensions of a right triangle if its hypotenuse 
i3 26 feet and the sum of whose base and altitude is 34 feet. 

17. Find the sides of an isosceles triangle if the perimeter 
is 35 inches and if the number of inches in the base is the 
quotient of 75 divided by the number of inches in one of the 
sides of the triangle. 

1g. A man travelled 105 miles. If he had gone 9 miles ~ 
more an hour, he would have performed the journey in 14 hours 
less time: Find his rate in miles an hour. (See p. 105.) 

19. If a man travels 120 miles by one train and returns on 
a train whose rate is 10 miles an hour more, he will require 7 
hours for the trip. What is the rate of the first train ? 


20. A crew can row 8 miles downstream and back again in 
44 hours; if the rate of the stream is 4 miles an hour, find the 
rate of the crew in still water. (See § 144.) ) 


21. A man travels 10 miles by train. He returns by a train 


which runs 10 miles an hour faster than the first, aecomplish- 
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ing the whole journey in 50 minutes. Find the rate of the 
first train. 


22. A tank can be filled by two pipes running together in 
2 hours. The larger pipe by itself will fill it in 3 hours less 
time than the smaller pipe. How long will it take each pipe 
to fill the tank alone? (See § 142.) 


23. Some boys are canoeing on a river, in part of which the 
current is 5 miles an hour, and in another part 3 miles an hour. 
If, when going downstream, they go 4 miles where the current 
is rapid and 8 miles where it is less rapid in a total time of 
1% hours, what is their rate of rowing in still water ? 


24, I have alawn which is 60 by 80 feet. How wide a 
strip must I cut around it when mowing the grass to have cut 
half of it ? 


Hinr: Referring to the figure, it is clear that if 
w = the number wu: feet in the width of the border 
cut, then the dimensions of the uncut part of the 
lawn are (60 —2w) and (80 —2w). 

Hence, (60 — 2) (80 —2w) =3.-60- 80, 

Complete the solution. 


25. A farmer is plowing a field whose dimensions are 40 
rods and 90 rods. How wide a border must he plow around 
the field in order to have completed § of his plowing ? 


26. The numerator of a certain fraction is 8 less than the 
denominator. If the denominator and numerator each be 
increased by 5, the resulting fraction is twice the fraction 
obtained by increasing the original denominator by 1. Find 
the fraction. 


27. An automobile made a trip of 50 miles, 10 miles within 
the city limits and 40 miles outside the city limits. Outside 
of the city, the rate was increased 15 miles an hour. If the 
trip took 23 hours, find the rate at which they travelled within 
and outside of the city limits, ab 
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28. The numerator of a certain fraction exceeds its denom- 
inator by 5. If the numerator be decreased by 3 and the de- 
nominator be increased by 4, the sum of the new fraction and 
the original fraction is 3. Find the original fraction. 


29. A bicyclist rides a number of hours at a number of 
miles an hour which exceeds the number of hours by 3; an 
automobilist, starting 3 hours after him, overtakes him by 
going two and one half times as fast as he did. Find the rate 
of each. 


30. The circumference of the fore wheel of a carriage is less 
by 4 feet than the circumference of the hind wheel. In 
travelling 1200 feet, the fore wheel makes 25 revolutions more 
than the hind wheel. Find the circumference of each wheel. 


IMAGINARY ROOTS IN A QUADRATIC EQUATION | 
199. Exampte. Solve the equation 2?—22%+4+5=0. 


Sotution: 1. Use the formula method of solving the equation. 


ieee 6=-—2, C=; 
—~b4Ve—4ac_+24v4—4-1-5 
2. 2£= 
2a 2 
3 _+24+v4—20_24+V—16 
- a 2 


The question arises what does /—16 mean? Is —4 the 
square root of —16? No, for (—4)?=+16. Is +4? No, 
for (+ 4° =+16. Thus, no number with which the student 
is acquainted will produce — 16, when it is squared. 


200. No number raised to an even power will produce a 
negative result; hence an even root of a negative number is 
impossible up to this point. To avoid this difficulty, a new 
kind of number is introduced. 

An Imaginary Number is an indicated square root of a nega- 
tive number; as V —16; Neos oN = : 

The numbers previously studied are called Real Numbers. 
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201. Every imaginary number can be expressed as the 
product of a real number and -/— 1. 
V — 1 is indicated by #, and is called the Imaginary Unit. 


Thus, V—16=V16(—1l)=4+ 4V—-1 =447. 
V~—@=vVe(—l)=4+ aV—1 =4 a4 
V—6=V5 (—1)=4V5- V—1 =4 ive. 


Historicat Norr. The symbol ¢ for V—1 was introduced by Euler, 
one of the greatest mathematicians of the eighteenth century. 


EXERCISE 125 
Express the following in terms of #: 
1 V=B. 2 VI%. 3 VI 4 VIE 
6 Vo. « V7. VOI 8 Via 
9 V—-t 10 V—-f 11. VFR ore Vo. 
13. V—3. 14. V—382. 15. V—18. 16. Va=7> 
17, V—5. 18 V—27. 19 V—12. 20. V—2R. 


21. Simplify V— 27, 
Pon sets | = 3¢ 
Soxurion : mee Ep sake. vor 8, 
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202. Addition and Subtraction of Imaginary Numbers. 


EXERCISE 126 


1, Add V—4 and V—36. 

Sotution: V—4+4V—36 =2714+67=82. 

Note. While every imaginary number, like V—4, has two values, 
one positive and one negative, in problems such as the one in this exer- 
cise, only the principal root, the positive one, is used, as in the case of 
surds (§ 185). 

2 V—164+V—2. 6 V—14+V—49—-V—64 

3. V—1—V—49. 17 V—36+V—100—V— 81. 

4. V—S81-V—64. 8 V—@—-V—404V—9a%. 

5. V—100+V—169. 9. V—162?—V — 250°4+V — 49 23 
10. V—3 + Vv — 27. 13. V— 28 —V/—7 +V—68. 
11, V—18—V—8 14. V—24—V/—54—-V-—6. 


12. V—204+-V—. is: V4 Sev eT — Vv = 98. 


16. Simplify +5 3 44/—%. 
Sotution: 1. 5 [7 a8 VO *T 8 SVS: ve 1) 


= 88 


<sdae 
2 


The numbers in Examples 1-15 are called Pure Imaginaries. 
The sum, or difference, of a pure imaginary and a real number, 
§ 200, as in this exercise, is called a Complex Number. 
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Simplify the following: 
18. 2 y/—< a pty—2 
19. i -+. 22. oeyV-2. 


203. Meaning of Imaginary Roots of a Quadratic on the Graph. 


Exampie. Consider the equation a?+2+2=0. 
Sotution: 1. Solve the equation by the formula: 
Ge 3) bisa se 2. 


pare va 8 1th ee 
2 2 2 
fees —ltivi sigeies -1l-ivi, 
2 2 
2. Solve the equation graphically. (Review rule § 193.) 
Let y=ur?+e4+2: 


Whenz=| 0/+1/+2] +8/-1]-2|-38] —4 


then y=|+2/+44 +8] +14 +3 | 4:4) 4 Geen 


3. The graph has the same 
shape as the graphs obtained 
when solving other quadratic 
equations ; but the graph does 
not cross the horizontal axis 
» atall. Hence, y ora?+4¢+2 
is never zero for any real value 
of x. 


Pk 


This is characteristic of 
the graph of a quadratic 
which has imaginary 
roots. 


ice 


QUADRATIC EQUATIONS 


EXERCISE 127 


9 


a 


(i) 


Solve the following equations. Express the roots in simplest 


form. Draw the graphs for the first three equations. 
1 
- @+4+3e7+4=0. 
2a ot 3 0: 
3m—2m+5=0. 


50 —Tc+3=0. 


a 


e+2e+3=0. 


82=9t—5d. 
- 11°4+6=15r. 
e301 


12. 20?—5ax+7a?=0. 


13. 327—4aw+2w?=0. 


14. 522 —Tat+37=0. 


XVI. SPECIAL PRODUCTS AND FACTORING 


ADVANCED TOPICS 


204. In paragraph 98 is the ruie: “ The product of the sum 
and the difference of any two numbers equals the difference of 
their squares”; thus, (w+ y)(w—y) =2?— » for all numbers 2 
and y. 

Iix=2aandy=3b, (24+36)(2a—8b) =4a?—9 0% 

Ifa =14 andy =5, (14+5)(14 —5) = 196 — 25 = 171. 

Ifx = (a+b) and y=(c +d), then similarly 

(a+b) + (¢+ a ][(a+b) — (c+ 4)] =(a+ b)?— (e+ a)? 


Likewise, in any of the type forms studied in Chapter VIII, 
the numbers may be general number expressions. 


Exampre 1. Multiply (@a+0+0) by (a+d—c). 
Sorution: 1, (@+d+c¢)(@+b—c) ={(a+b) +e{(a+b)—c 


2. = (a+ 6)? —c? =a? +2 ab + b?— c2, 
Here x =(a+ 6) andy=c, 


Exampre 2. Multiply (r+s+t—n) by (r-+-s—t+n). 
Sotution: 1. (r+s+t—n)(r+s—t+n) 

2. ={(r+8)+(t—n)}{r+s) —-@—n)} = (r+s8)?— G—n)2 
38 =m7+427rs+ 92 — 72+ 2in — v2. 

Here x = (r+ s) and y = (¢— 7). 


Norr. In such examples, the rules for introducing parentheses (§ 50) are 
used. The various terms of the expressions may be rearranged, if necessary, 
so that one factor becomes the sum and the other the difference of the same 
two numbers, when the terms are grouped. 
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EXERCISE 128 


Find the following products mentally: 


1. 
» {(m+n)—2p}f(m+n) +2p}. 
. {10-—(r+s)}{10+(r+s)}. 

. §8p—C+A}{[Sp+Ct+a}. 


oe ee ee ee ee 
oP w NY Fe SO 


16. 


OD WH A wh & 2 


§(a+6) +55 {@+b) —5}. 


§(e+2d)—11a}§(c+2d) +11 a}. 


. (a—b+c)(a—b—c). 

. (@—y+z2)(4@—y—z). 

. @+a—1)(eV—a-+l). 

: (a? + ab + b*)(a? — ab +6). 

. (a+2b—8 c)\(a—264+38¢). 

. Bat4y+22)(8a—4y—22). 
. (+ 2—2)(2’— x2), 

. (at+r—c+d)(a+r+c—d). 

. (a—b+m+n)(a—b—m—n). 
. 2a+2-y+uj)2e—z—-y—w). 
§(a+b) +2(a—d)}§(a+b) —3(a—d)}. 


Sotution: Just as (%+2y)(4—3y) =2? — xy — 6 y*, 
so {(a+ b) + 2(a— b)3{(at b) — 38(a— 6)} 
=(a+b)?—(a+b)(a—b) — 6(a — b)? 
= (a?+2 ab + b?)—(a? — 0?) — 6(a? — 2 ab + 6?) 
=@2+2ab + b?—a? + b?— 6a? + 12 ab—6 b3 
= 1l4ab —6a?-—40% 
Here x = (a + b) andy = (a— 6). 


17. 
18. 
19. 


§ (m--n) —4} {(m-+n) — 5}. 
§ (x —y) +8} {@—y)— 8}. 
{3a—(y+ 2} {2e—y+2)t 
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24 
25 
26 
27 


So SERS Oe ah 


20. jet+3y+1b2ise+s3y—102z}. 
21. jfr+2s—3ti{r+2s+7t}. 
i 


22. {3p—4(g+7)} {4p —5(q +7}. 
23. far?+2e+1}[e+2a—5}. 
. [a+ b)—5) 28. [a+3b—c]? 
- [6+(m — n)}*. 29. [a—b+c—d)?. 
. [2a—(c+4)]% 30. [2r+s—t+2}?. 
. fa+b+c). 31. [Sa—b+2c—d]? 


205. General: Problems in Factoring. 
ExampLe 1. Just as a?—y2=(a+y)(x@—y), 
80 (m — n)? — 25 a? = {(m — n) + 5ap{(m — n)— 5 ah. 
Exampre 2. Just as 2? —8e— 88 =(# —11)(x+ 8), 
80 (a4 — 2b)?— 38(a — 2 b)— 88 = {f(a — 2b)— 11} f(a — 2b) + BF 


=(a—2b—11)(a—2b6 +8). 
Nore. « is (a — 20). 


EXERCISE 129 


Factor completely the following expressions : 


(a+ b)?— &. 7. (@©—y)?+2(@ — y)— 63. 

(m — n)? — 2, 8. («+ y)2— B(w + y)— 36. 

x —(y + 2)% 9 (r+sP+4(r4+s\t—5t2. 
mm —(n—p) 10. (p—qg)?+8(p—g)r—20 72, 

(Ta—2y)?—y 11. (a — 4)2?—(@ + 2)2, 


(a + 6)?+ 23(a + b)+ 60. 12. 9(m — n)?—12(m — n) +4. 
13. (@— y)?—(m—n) 
14. (a? — 2a)?+ 2(a?—2a)+1., 
15. (14 n?)2—4n% 
16. (@+32)+ 4(a?+3a)+4, 


5 ae a 
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17. (9a?+4)?— 144%. 

18. (a?+7a)*+ 20 (a?+7 a) —96. 
19. (m+n)?+7(m-+n) —144, 

20. (2 +2—9)?— 9. 


2. @+yr—-aA 26. («+ y+ (a@—yy. 
22. (r+s)? +88 27. a — (2°+1)*% 

23. (m+n)*—(m—n)* 28. 27 m§’—(m— n)*. 

24. a®+(a+1)* 29. (2a—b)>—(a +20). 
25. a®—8(a + 6)* 30. (27+3y)>— (a--3y). 


206. Polynomials Reducible to the Difference of Two Squares. 
Certain polynomials may be put into the form of the differ- 


ence of two squares by grouping certain terms. 


Exameptei. Factor 2mn+m?—1+7% 

Sotution: 1. 2mn+m?—1+4 n?=(m?+2mn+n?)-1 

2. =(m+n)?—1 

3. = (m+n+1)(m+n—1). (§ 205) 
Exampre 2. Factor a?’ —¢c? + b?—d?—2cd—2ab. 
Sotution: 1. a? —c?+0?-—@—2cd—2ab 


Dt. = (a? —2ab + b?) — (2 + 2cd + a’) 

3. = (a— b)?— (c+ d)? 

4. ={(a—b) + (C+ @} {(a—b) -C +O} 
5. =(a—b+c+d)(a—b—c-—d) 


EXERCISE 130 


Factor: 

1, @—2ab+B—Cc. 6. 2mn—n?+1—m’ 
m? + 2mn +n? —p*. 7. 9a?—24ab+160?—4¢%. 
a? — x2 —2ay—y’. 8. 164°—4y?+ 20 yz —25 22. 
ge — y?— 2? 4-2 YZ. 9. An? + m?— a? —4 mn. 
be —442ab+a% 10. 4a?—6b—9-— 0% 
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11. 10ay—92° +47? + 25 2%. 

12. a@&—2ab+0—2?+2cd—a. 

13. @—8+e—y?+2 ax + 2 by. 

14. 24+ m?—7?—n*?* —2 mu — 2 ny. 

15. 2ay—e@?+2?—2ab-—0?+y¥. 

16. 40?+4ab04+60—924+12c—4. 

17. 167? —36—8ay—2+4+2*—-122., 

18. m?—9 n?4 25 a?@—b?—10 am +6 bn. 
19. 4a?—@—12ab+2cd+90—a@ 
20. 9at—42?+ 2—6 az — 20 wy — 25 y?. 


207. Trinomials Reducible to the Difference of Two Squares. 
Type Form: x‘ +- ax’y? + y'. 


Exampie 1. Factor at + a’b?+ b4. 
Soxurron: 1. a* + ab? + b¢ may be changed into a perfect square by 
adding a2b?. Adding and subtracting a?b?: 
at + a?b? + bt =(a*t + 2 a2b? + bt) — ab. 
2. .*. at + ab? + bt = (a? + b?)2 — a2? 
3. =(a? + 6? + ab)(a? + b? — ab). (§ 205) 


Exampte 2. Factor 64 at — 64 a?m? + 25 m4. 


_Sorurron: 1. <A perfect square containing 64a! and 25m! is 
64 at — 80 a?m? + 25 mt. The given trinomial may be changed into this 
perfect square by subtracting 16 a?2m?; then 

64 at — 64 a?m? + 25 m* = (64 at — 80 a2m? + 25 m4) + 16 a2m?2. 
But this is the sum of two squares and not factorable in this form. 
2. Another perfect square containing 64 at and 25 m+ is 64 at + 80 a2m! 
+ 25m‘, Adding and subtracting 144 a?m?: 
64 at — 64 a?m? + 25 m4 = (64 at + 80 a2m? + 25 m*)— 144 a2m?. 
3. .%. 64 at — 64 a2m? + 25 mt = (8 a? + 5 m2)? — (12 am)? 
= (8 a? + 5 m? + 12 am)(8 a? + 5 m2 — 12 am). 


SPECIAL PRODUCTS AND FACTORING 285 


EXERCISE 131 


Factor the following trinomials: 


1. 


2. 


3. 


4. 


5. 


6. 


oa? + 1. 

a+ @m? + m4 
+6 e+ 25. 

yt +3 7 +36. 
1427494. 

4 — 7° +1694. 
e—12ey+t4y. 


. 9m+—19m?+1. 


4yi— 32y? +1. 
25 atyt — 11 xy? + 1. 


. 4at+11407? + 964 
. 9m +14 m2n? + 25 n+. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 
20. 


21. 


22. 


23. 


24. 


4 rt — 32 7? + 49 t4. 

9 m*n® — mnt +16. 

4 p§ — 24 ptr? + 25 r4. 
9 at +17 ab? + 49 D4 
Aot +7 at +16 x’. 

9 t#— 81 a? + 25 at. 
16 mnt + 15 mn? + 25. 
25 pt + 34 py? + 49 y', 
at + 4, 

y' + 64. 

ot Ay, 

4a +1. 


208. Certain polynomials can be factored by grouping their 


terms. 


Type Form: ab + ac+bd+cd=(a+d)(b+ 0). 


Exampie i. Just as ax+ ba=(0+b)a, (§ 34) 
a(@+y)+o@+y)=(@+d)@+y). (§ 34) 


so 


Exampie 2. Factor 623 — 1522 — 8a +20. 

Soxvtion: 1. 623—15 22-8 24+20=(6 8-15 72)—(82—20) ($50) 
=3a2(22—5)—4(2a—5) ($94) 
=(3a2—4) (20 — 5). 
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2386 
EXERCISE 132 

Factor : 
1 2o(@+y)—3(@+y). 11. 24+3a—8a2—12 a3, 
2 Sm(r+s)+2n(r+s) 12. 82+6e2+a4 2. 
3. 3p(2x—y)—r(2e—y). 13. 10me —1ldne—2m+3n 
4. 8(¢+w)—m(t+w). 14. a’x + abcx — a®by — bey. 
5. a(b+ c) —d+ 0c). 15. abc — ac’d + ab?d — bed?. 
6. ab+an+ bm+man. 16. 30a? — 12a? — 55a + 22. 
7. ax — ay + bx — by. 17. 56 — 32 %+4 21 2? — 1223. 
8. ac — ad — bc + bd. 18. Sax —ay+9bx— 3 by. 
9 a&+a?+a+. 19. 43+ ay? — dy? — 16 ay. 
10. 4a°—5ar—4a+5, 20. oF and a. 


21. 
22. 
23. 
24, 
25. 


ar + as-+ br + bs — er — cs. 

ax + ay — az + ba — bz + by. 

am — bm — ep + ap — cm — bp. 

ow — a+ wy + coy? + y3 — y22, 
2ax + ce + 3by —2 ay — 3 ba — cy. 


209. The Sum or the Difference of Two Like Powers. 


Type Form: a" + b". 


By actual division, as in § 71: 

(at — b*) + (a — b) = a + a% + ab? + BF 

(at — B4) + (a + db) = a3 — aw + ab? — 83, 

(a° — 05) + (a — b) =a* + a + ab? + ab? + b4 
(a° + 0°) + (a+b) = at — ad 4 a? — ah + b4 


a ae 
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The following rule may be verified in the same manner: 
Rule.—I. Letting n represent any positive integer : 


1. a” — 6” is always exactly divisible by a — B. 


LS) 


a" — b” is exactly divisible by a + b when n is even. 
3. a” + b” is never exactly divisible by a — 0. 
4. a” + b” is exactly divisible by a + 6 when 7 is odd. 


II. In the quotient : 
1. The signs are all plus when a — 0 is the divisor. 


2. ‘The signs are alternately plus and minus when a + 0 is the 
divisor. 

3. The exponent of a in the first term is 1 less than its expo- 
nent in the dividend, and decreases by 1 in each succeeding term 
until it becomes 1. 


4. The exponent of b is 1 in the second term, and increases by 1 
in each succeeding term until it becomes 1 less than its exponent 
in the dividend. 


Exampre 1. Divide a’— 67 by a—b. 
Sotution: 1. By I, 1, a’ — 07 is exactly divisible by a — b. 
2. By Il, 1, 3, and 4, 


a= - = gS + adh + ath? + a3b3 +. a2b4 + ab> + BS, 
Fi 5 


Exampie 2. Factor 32 2° + 243. 


Sorution: 1. 8225 + 2438 =(2a)5 +4 35. 
2. This expression is of the type a*+ 6", where a= 22, b= 8, ana 
n=5. ByI, 4 and II, 2, 3, and 4, 
$2 25 + 2438 =(224+3)[((22)4-(22)?-3+4+(20)?- 3? — (2a) - 33 + 34] 
= (24% +8) (16 «4 — 24 23 + 36 2 — 54@ + 81). 

Cuncx: Letw=1. Then 3225 + 243 = 32 + 243 = 275; also, 

(2@+3) (16 «4-24 23 +36 e?—54 2481) =(2438) (16—24+36—54+81) 
= 5.55 = 275. 
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The method of factoring binomials of the form a* + b* given 
in this paragraph must be used frequently. However, if the 
prime factors (§ 87) of a binomial of this form are desired, 
proceed as in: 


EXAMPLE 3, 2 — 76 = (23 + °)(a3 — 73) 
=(@ + y)(@ — ay + y?)(@ — y)(a? + ay + y). 


Nore 1. By § 209, x6— y6 = (x — y) (a5 + afy + --- -+ y8), 
The second factor is not prime however. 


Note 2. Whenever the binomial is the difference of two even powers, it 
may be treated as the difference of two squares. 


_ Exampre 4. a + y? =(25)3+ (y%)3 = (a? + y3)(a® — ay + 9) 
=(@+ y) (a — ay + 9°) — ay? + x). 


Nore 1. By § 209, e+ y9 = (e+ y) (ee — aly + aby? +--+ -+y8). 
The second factor is not prime however. 


EXERCISE 133 
Find the following quotients : 


i aan 6. — 11. aa 
a a 
2, < a 7, ee 12. —— 
ary 
ao — 5 es 
3. = an te. on 16 at 
a— 2 
ae 9, 2a 14, = 243.28 
mer 2—a a—3a 
aU — of 10, Maat 15, Siet— 16a! 
ab +c m—n ah hah ie ae 


Factor the following expressions, if possible : 
16. 27 —8y'. 18. 25 — yid, 20. r6s5 — 28, 
17. af — yf. 19. 32 — m5. 21. a’ + 07. 


4 
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22. 324.7%. 25. g— yy, 28. 64—<a°%, 
23. 14+32m% 26. 2+y% 29. 2° — 256. 
24. af + 7%, 27. me — 240. 30. 32 a°-+ 243 dF. 


SUPPLEMENTARY TOPICS 


210. The Remainder Theorem makes it possible to find the 
remainder in certain division problems by a short process. 

It is known that dividend = divisor x quotient + remainder. 

Suppose that 2*+ 2° — 2 is divided by x— 2; then: 


x +a47-2=(¢—2)-Q+ Rf. v2+3x2+6 
Let 7 =2; then: e+ w—2\e4—2 
8+4—2=0-Q+R8. a3 — 2 x 

7 10=0-904+ 8. 3 22 

Pal 2. 322—6 x 
That is, the remainder is 10. 6x— 2 
Cuecx: See solution on right. 6% — 12 


10 = R. 


At the left, the correct remainder was obtained by substitut- 
ing 2 for # in the given expression. This suggests the 


Remainder Theorem. If a rational and integral polynomial 
(§ 115) involving x be divided by x—a, the remainder may be 
found by substituting a for x in the given polynomial. 

Proor: 1. The polynomial (containing x)=(%—a)-Q+ 8. 

2. .. The polynomial (x replaced by a)=(a—a)-Q+ &. 

3. .. The polynomial (x replaced by a) =0-Q+H=R. 

Exampre 1. Find the remainder when 2*—32-+5 is di- 
vided by «—3. *: 

Sorution: 1. Comparing x— a@ and «— 3, a must be 3 

2. Substituting 3 for x in xt —32-+5, 

R=3*—3-8+5=81—9+4+5=77. 


Exameie 2. Find the remainder when the divisor is x + 3, 


~ 


Sotution: 1. Comparing x— a and x +3, a must be — 3. 
2. Substituting — 3 for xin z*—32-+ 5, 
R=(—38)t—8-(-3)+5=8149+45=9%. 
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EXERCISE 134 


Find the remainders when: 

1. 2 4+2a*—7 is divided by ~—1; by a+1. 

2. 220°4+32°—4a+5 is divided by x—5; by x+5. 

3. a*+203—6 is divided by 7+ 2; by x—2. 

4. m?>—2m?—4 is divided by m—3; by m+4. 

5. y—y+y—y+6 is divided by y+3; by y—2. 

211. Synthetic Division is a short process for finding the 


quotient as well as the remainder when a polynomial containing 
« is divided by a binomial of the form #— a. 


_ Consider the two solutions: 


Soiurion (a): Sorutron (0): 


Beet Oss ois ala area Oe en 
x — 3(523~1la22—6x—10 e+3/5a 112 6zx—10 


6. 416.) 4s 


623 — 2 5 +15 +12 +18 
Te Oe 5 +i eles 
4o2—122 Quotient: 52244246, 
6x2—10 Remainder: +8. 
6%—18 
+ 8 


The method of performing the solution (b) : 

(1) — 8 of the original divisor is changed to + 3. 

(2) 508 +2 =652%, Place 5 in the third line. 

(3) +8-+5=+415. Add the product, +15, to —11. Place the 
sum, + 4, in the third line, 

(4) +38-+4=+412, Add the product, + 12, to —6. Place the sum, 
+ 6, in the third line, 

(5) +3-4+6=+418. Add the product, +18, to —10. Place the 
sum, + 8, in the third line. ; 

(6) The numbers 5, + 4, and +6 are the coefficients of the quotient, 


Since 5 28 + % = 5 x2, the full quotient is 522+4a2+6, The last number 
of the third line, + 8, is the remainder. 
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A partial explanation follows: 

(1) In step (1), —3 is changed to + 8. This permits addition in steps 
(8), (4), and (5) instead of the customary subtraction. Thus, in solution 
(a), when — 15 2? is subtracted from — 11 #2, the result is 4%?; in solu- 
tion (6), when + 15 2? is added to — 112%, the result is again 4 22, 

(2) In step (3), +4 below the line represents, first, the coefficient of 
the first term of the remainder as in solution (a). When 42? is divided 
by x the quotient is + 4%, so that 4-may properly be considered also the 
coefficient of the second term of the quotient. Similarly in the case of 
+ 6 in step (4). 

ExamMpe 2. Divide 7 at—29 #2°—3 t* by 24-28. 

Sotution. Changex+2ttox—2t. 

2—2t}7at+ Ot? —2972?4+087-—84 
7 —14¢ +282 428 —4¢# 
7 —14¢ — @ +28||-74 

Quotient: 7 2? — 14 ta? — #4223, Remainder: —7@. 

Note 1. When powers of x are missing, supply them with coefficients zero, 
as in this example. 

EXERCISE 135 

Divide by synthetic division: 

1. @—20?4+2e—-—5bye—-1 

2. 20°—4e?+6e—15 by z74+1L 

3. y—3y+10 by y—2. 

4. +5 2415 2—25 by 2+2. 

Bones 32 bye 

6. 3 m*—25 m?—18 by m—3. 

7. 403+18 a? +50 by a+5. 

8 6c'+15 8+ 28¢+5 by ¢+3. 

9. 34° +4 ma’ —2 m’x—5m' by ex—m. 
10. 4a'—15 bx? — 40! by x +25. 


Nore. In §§ 210 and 211, two short processes for finding the remainderin . 
_ gertain division problems are given. Each is important. The second has the 


further advantage of determining the quotient as well. 
“fi * 


j 
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212. The Factor Theorem makes it possible to factor certain 
polynomials. 


ExampteE 1. Is x—1 a factor of 2° +27—2? 

Sotution: 1. If x —1 is a factor, the remainder when 23 + gz? — 2 is 
divided by x — 1 will be zero. 

2. By the remainder theorem, R=1+1—2=90. (@=1.) 

8. «.e—1is a factor of 23 + 2? —2. 


This example illustrates the 


Factor Theorem: If a rational and integral polynomial (§ 115) 
involving x becomes zero when x is replaced by a, then the poly- 
nomial has x—<a as a factor. 

Proor: Considering the given polynomial the divideud and x — @ the 
divisor, the remainder will be the value of the dividend when & is replaced 
by a. According to the conditions, this value is zero ; hence the remain- 


der will be zero and the division exact. Therefore x — ais a factor of the 
polynomial. 


In applying the factor theorem: 


1. Determine mentally, if possible, some number a for which 
the given polynomial becomes zero. (Factor Theorem.) 

2. Divide the polynomial by x—a by synthetie division 
(§ 211). This division will give further assurance that the re- 
mainder is zero, and will also determine the other factor, the 
quotient. This factor may often be factored. 


Examptr 2. Find the factors of #3 +3 a?—4”—12. 
Sorurion: 1. When x = 1, then (mentally) a3 + 322—4a— 12=——12, 
“. £—1 is not a factor of the polynomial. 
2. When x =—1, #84 342-—4x—12=—6. ».%-+1 is not a factor. 
3. When « =2, #+32?—42—12=—0. .». 2—2isa factor. 
4. Dividing by x+ ong +322— 4%—12 Remainder = 0, 
synthetic division ; 1 +2 410 +12 .». x«—2 isa factor. 
eS ear 0 The other factor is 


x?+ 54+ 6. 
6. 4+ 3a%— 44-12 = (2 —2)(22 +52 —6) ; 


= (@ — 2)(@ + 2) (x + 8). 


oe” —_— 
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EXERCISE 136 
Factor by the factor theorem: 


a +-a2 — 6. 6. 2¥+7—3. 

— 2 ee 1% 2—2 25-3; 

a to? —Ag—A, 8 rP+4r+6r+4, 
a: 


e@— 67+ 11 2—6. #+8—2?—t+1. 
e—e—I2+9. 10. m*—5m+5m?+5m—6. 
11. 23 + ma? —2 mi’. 
Let's =m; m+ m3— 2m? =0. 


“. ©— m is a factor, 
Find the other factor by division. 


12. 328+ pe—4p'. 14. 8+3te?—48, 
13. a —5re’+6r°. 15. at—ce—T ea? +r+6 4. 


Pr eee 


EXERCISE 137 
“MiscELLANEOUS EXAMPLES 


In the following list of examples, the types of factoring 
studied in this chapter will be used. Before taking up the list 
of examples, review, if necessary, the rules for obtaining the 
H.C. ¥F. and the L.C.M. of two or more expressions in Chapter 
IX and for operations with fractions in Chapter X. The ex- 
amples marked with an asterisk (*) depend upon the supple- 
mentary topics in § 210 to § 212, and should be omitted if 
these paragraphs are not studied. ; 


Factor the following expressions : 


1. a@bce+ aced — ab’d — bed. 6. 15ac+18 ad—35be—42bd., 
2. a*—(b+c)% 7% B+4e+"—6. 

83. 4a°b? +4 a°b*. 8. 3 a°b? — 3 ab’. 

4. @+aey+tay+y* 9. at — 22 a? + 81. 

6. 1—@. 10. at—2?—42—4, 
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11. (2—5 x)?—2(a?—5 x) — 24, 
16 at — 76 wy? + 81 91. 

a?’ — 2 ae +- 1. 

9(m +n)? — 12(m+n)+4. 
32 aw + y?9, 

16.* a@—a—d5a—3d. 

17. 9a? +25 y? —16 2 +30 ay. 
18. ab + aby’ — b3a8 — ay3, 
19. m* — 625. 

20. a®’—7 ai — 8. 


12. 
13. 
14. 
15. 
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gi. 128—m’. 

22. 2 abc—2 b’c—4 bce? 2 de® 
23. 294+2e°+1. 

24. @—d5a?— 10424. 

25.* at—4a2 +a?-—6a+8. 
26. al— 1. 

27. a&— a +e=—1. 

. vw + of — o3 — 1. 

. (@ —y — 2)? — 4 ye’, 

(a + 08) — 2 ab(a+ 5). 


Find the H.C. F. and the L. C. M. of the following: 


m. — 4 m, m§ + 9m? —22 m, 2 m4 —4 m$ — 3 m?+6 m. 
. 88—a@b+3 ab — B, 27 FB — B, 9a—6 abt Bb. 


. 16m! — n‘, 16 mt — 8 min? + ni, 2 me + 2 my — nx — ny. 


31. 3a3— 21 a?—a+7, and a?+6a-— 91. 
32. ac+ad— be — bd, and a2 —6ab+50?. 
33. a+ b?— c?+2 ab, and a —b?—c?+ 2 be. 
34. 

35 

36 

37. a — ae — av’? + 23, 3a? — 


3 a +5 aw — 5 23. 


38.* a +a— 2, and v+a—2. 


39.* oF —v—a—2,anda’+a—6. 


40. w+ 3ax°— ae — 3 a, and 23 + 2 aw’ — aa — 2 a. 


Simplify the following fractional expressions : 


opt e+ 2 xe 
v—y— 42 yz 
4 m3—10 m*—6 m+15_ 


6 m3+8 m?—9 m—12 


41. 


av — be — ay + by: 
@ — b2 , 


43. 


4A. 2 ac — 2 be — ad + bd | 
@—4¢ 
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45. w+ pP—P4+2 ay x? — 9? +2 y2— 2 
e+yP—2—2Qey 2—y—Qyz—2 
3 
46. +5 (-sets. ‘ 
a—b+e a’—ab+b? 
47 a—b?—C?—2be .a—b—e 
a—P—c+2be a+d—c 


48. ar — as + br — bs © ar + as + br +bs 


7? — 3? "a 205 
49. Solve the equation: a? + ax —3ab—3bc =0. 
SotuTion: 1. 2?+axr—8ab—3brc=0. 1 


2. Factoring: z(<+a)—3b(%+a)=0. 
(@ —38b)(x +a) =0. 
8. “. 2©=8b, orz=—a. (§ 110) 


Solve the following equations: z 
50. a?-+ar—ab—be=0. 52. ax*—br—acr +bc=0. 
61. 2? —2mn—m—n?=0. 53. ax’—2dx—6d+3ar=0. 
54. 3anz’?+3 mnx— apx—mp=0. 
55. ada*+ cdx + aexw+ce=0. 


213. An equation of the first degree, having one unknown, 
has one root; an equation of the second degree has two roots 
(§ 109). In general, an equation of the nth degree, having one ~ 
unknown, has n roots. 

The roots of equations of degree higher than the second are 
not obtained readily, except in particular equations which may 
be solved partially at least by the factoring method. 


Exameze 1. Find the roots of xt —132°+36= 0. 


Soturion: 1, Factoring, (x* — 4)(2?-9)=0. 
2 2.08 —4=0; 2.24; 10 e= 2, ore = — 2, 
Also, 2—9=0; «©. 22=9; .. 2=38, orz=—38. 
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Exampie 2. Solve the equation 7? +2y?—4y+1=0. 
Souution: 1. Factoring by the factor theorem, 
(y—1)(y?+3y—-1) =0. 


2. “.y—1=0, ory =1. 
Also, y+3y—1=0; py =a beverd _ HS 28, 
y= SABO, y = 802+, or — 3.802+. 
Hence, Yi =1; y2 = 802+; ys =— 3.302+. 
EXERCISE 138 

Solve the equations: 
1. at —262°+25=0. 9.* m>’—19m—30=0. 
2. m*—11m?+18=0. 10.%* 2—2—32+2=0. 
3. y*—15y?—16=0. 11.* #—5t—2=0. 
4. 4#—177+4=0. 12. #&—-1=0. 
5. 9at4+142?-8=0. 13. y—8=0. 
6.* v2&—Txe+6=0. 14. P—5r=5—r, 
7 2+ 207—9x"—18=0. 15.* oa —2t—167+16=0, 
8.* yy—13y—12=0. 16. at—a®—5a°—az—-6=0. 


Solve for a: 
17. at§— ma? — 2x? + m?n?= 0. 19.* 22° —3a%x+a°=0. 
18. aa? + ba? — acta — bP =0. 20. at—7#=0- 


Remark. The graphical solution of equations of higher degree is consid- 
ered in § 343. : 


XVIL QUADRATIC EQUATIONS HAVING TWO 
VARIABLES 
GRAPHICAL SOLUTION 


214. Graph of a Single Equation. 
Exampte 1. Draw the graph of y—2?=0. 


Sotution: 1. Solve the equation fory: y= 2% 
2. : 


When z= 


then y= |0|1/4/9}] 16) 25) +1) +4/+9] +16) +25 


8. This curve is a Parabola. 


4. The codrdinates of any 
point on the parabola satisfy 
the equation. The codrdinates 
of A are: ee 455 
and y = 20+. 

Substituting in y = x?; does 
20+ =(—4.5)?? 

Does 20+ = 20.25? Yes, 
approximately. The codrdi- 
nates should satisfy the equa- 
tion of the graph. Since the 
graph cannot be absolutely ac- 
curate, and since the codrdi- 
nates of a point on the graph HH 

 eannot be read exactly from Biber ceneeeeee 
the graph, the codrdinates de- 9-74 See reser Be Hr 


i A so 
termined may not exactly sat- TE Tann SAAC 
_ isfy the equation. SFR eS Sees 


: 


4 
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Exampie 2. Draw the graph of 27+ y?= 25. 
Soturion: 1, Solve the equation for y: y =+V25 — 22. 


+V25 | +V24} +V21/ + V16| + V9| +v0 
+5 +4.8 1/445 | +44 +3 0 


8. When x is negative, y has the values given by the corresponding 
positive values of x Thus, when x is — 8, y is 


[+ V256 —(— 8)? =4 V25—9 =4 VIG =44. 


Notice that for each value of x, y has two values; thus, when 2 is + 4, 
y is either +38 or —3, Hence, both (4, 8) and (4, —38) are on the 


graph. 
H+ For x greater than 5, y is 


ss farteteestact coh imaginary ; thus, when x=6, 
flee = = 
PEPE #2 VEE 08 mt VAL 
PE AH This means that there are 
EEE EEE not any points on the graph 
REE Palin fer cial set ale (aie) for values of x greater than 5. 
PEPE ce : The square roots required 
EEE ELH BE in step 2 may be obtained 
Bias -—— either by the method of 
BEECH § 181, or from the table of 
aE square roots constructed in 
Lp | | § 182. 
EEEEEEHEBEEHEH , rs 
EERE EE EHH 4, This curve is a Circle. 


Every equation of the form 


x? + y? = 72, is a circle with its center at the origin and its radius equal 
& tr. 


‘Examptz 3. Draw the graph of 9 74-25 y? = 225, 


= 2 
Sorurion: y? = Rte: “y =+ $¢ V225 — 92% 


2. When #=2, y= +} V225—86 = +} V1980 = 418 V21) = 
£ 3G x 4.5)= 4 3(13.5)=+ 2.7, 
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£$-V216 |+3-V189 |43-V144|41-V81|V0|43V—99 


+4$(14.6)/+4(13.5)/432 |g 0| imag’y 
+2.9 +2.7 42.4 +1.8 0} imag’y . 


For negative values of x, y has the values given by the corresponding 
positive values of x. (See Example 2.) 
Notice that for each value of x, there are two values of y. 


¥, 


=5 2] 3114 


8. This curve is an Ellipse. Every equation of the form ax? + by? = ¢, 
where a, 0. and c are positive, and @ not equal to 0, has for its graph an 


ellipse. 
Exampre 4. Draw the graph of 9 #?—47?=36, 
pecoren i y= we, oy H=tiVver—s. 
2. When x = 1ly=t$VI—-4F=43V—3; sw. yis imaginary. 


Pek ne eee aaa oe 


oe 0 nee ae ae see 
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For negative values of xz, y has the values given by the corresponding 
positive values of . (See Example 2.) 


PREECE EEE sists PEPE 
r= eee HH || H SEED HH 
Sinaia! 
corre 
EERE REE EEE PAE EEE 
= PAE eek HSE 
PEELE SEE EEE 
Boe EES 
cH TREE POSS 
=f HEE EEE EEE BEC aH 
Pee crepe PEE 


3. This curve isa Hyperbola. Every equation of the form az2—by2=c, 
where a, 6, and ¢ are positive numbers, is a hyperbola. 


EXERCISE 139 


Draw the graphs for the following equations; name the 
curves obtained ; 


1. +7 = 36. 6. 2°—4y°=36. 
2 y= 32%. 6. wy = 4, 

3. a= 6y. 7% e+y=—55. 
4. +4442 = 36, 8. 42°+y7?=16. 


215. Solution of a Pair of Simultaneous Quadratic Equations. 


Exampe 1, Solve the pair of equations: psa aah. 511) 
e—y+1=0. (2) 
Sotution: 1. The graph of equation (1) was drawn in Example 2 of 

§ 2145 it is the circle of radius 5, with center at the origin. 
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2. The graph of equation (2) is found as in § 156. Itisa straight 
line (§ 153). Whenz=0, y=1; whenz=2, y=3. 


8. Since points Aand B are on both graphs, their poladinatns should 
a both equations, 

A= (8,4); B=(—4, —8). When the codrdinates of A and of Bare 

substituted in the equations, it is found that they satisfy the equations. 


. ©=3, y=4, andx=—4, y=—8 are solutions of the pair of 
equations. 


Nore. Since the graph of every linear equation having two variables is a 
straight line (§ 153), and since, as the student’s subsequent courses in mathe- 
matics will show, the graph of every quadratic equation having two variables 
must be one of the curves discussed in § 214, it is clear that, as a rule, a 
quadratic and a linear equation with two variables will have two common 
solutions, for a straight line will, in general, meet such curves in two points. 

The straight line might touch the curve at only one point, thus giving only 
one solution; or it might not touch the curve at all, thus not giving any real 


solution. 
a+y%=25. (1) 
a2 42 7°=34, (2) 
Sortutron: 1. The graph of equation (1) is the circle of radius 5° 
(see Ex. 2, § 214). The graph of equation (2) is the ellipse of the 
2. The points of intersection of the graphs are: 
A: (4,8); Bs (—4,8); @: (—4, —8); Dz (4, -8). 


Exampte 2. Solve the pair of equations: 
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8. Substituting these values of x and y in equations (1) and (2), it be- 
comes clear that the equations have four common solutions. 


WY 
| 
6 

5 

T | 

| 
i=} 3] i: A 
| 
2 im 
| 
x] fel ie) T x 
c Fa ma Fo a i 41 1516 

i mr 

9 
ic 2 

=5 

6 

TTY 


Norg. Two quadratic equations, having two variables, will have four 
common solutions, in general. This becomes clear when the graphs of § 214, 
which result from such equations, are combined in pairs. For example: 


ae HH om 
(IS 


eure eiset Ty vi 
DANES SERRE OM 


hal 
|| 
|| 
a 
|_| 
|_| 
_| 
‘ei 
|| 
| 
ew 
| 
|_| 
[| 
| 
a 
a 


However, there are other possibilities. Thus, the ellipse might intersect 
only one branch of the hyperbola in such manner as to give only two real 
Solutions; or it might not intersect it at all, giving no real solutions. 
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EXERCISE 140 


Solve the following pairs of equations graphically 


xe—y+2=0. 
2 Log eer 


2e—y=1. 
| 
3, [@-Y 8 
prea 
"a Fa ma 
cy = —T. 


9. Draw the graph of — 


ols 

xy = —T 

6. psoas 
3y—11lw=4 

7. hee —y=16. 
yt a= 4, 

8. (oe sey 
v’—y=—16. 
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af 
ei w+ o5 =1. On the same sheet, draw 


the three graphs obtained from the equation 2? =y-+4, when 
k is made successively 6, 2, and — 6. 


Remark. The four curves studied in this chapter, the circle, the parab- 
ola, the ellipse, and the hyperbola are called conic sections, for each may be 
derived by intersecting a circular cone of two nappes by a plane. A special 
study of these curves is made in a later course in mathematics, analytic 


geometry. 


XVIII. SIMULTANEOUS EQUATIONS 


INVOLVING QUADRATICS 


216. A set of equations having two or more variables are 
called Simultaneous Equations if each equation is satisfied by 
the same set, or sets, of values of the variables. 


217. A set of equations that are solved as simultaneous 
equations will be called a system of equations. 


218. A pair of simultaneous linear equations (§ 165) having 
two variables have one common solution (§ 163). The com- 
mon solution is readily obtained by the addition or subtrac- 
tion method (§ 167), or by the substitution method (§ 168) of 
elimination. 


219. Pairs of simultaneous equations occur of which one 
or both are of degree higher than the first. 

Thus, in (a) below, equation (1) is of the first degree and (2) is of 
the second; in (6), equation (1) is of the second degree and (2) is of the 
third. 


8e+4y=5. (1) x?*—2y2=6. (1) 

(2) es (2) (?) (ee (2) 
Many such combinations, even with two variables, are possi- 
ble. Only in special cases, however, are the common solu- 
tions readily obtained. A few such cases will be considered. 


220. Case I. One Linear and One Quadratic Equation. 


Examete. Solve the system: e+y+6e—16=0. (1) 


1+2¢—-y=0. (2) 
Soxrution: 1. From (2), y=2x%+1. (8) 
2. Substituting in (1), w+(2%+1)2+62—16=0, (4) 
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8. Simplifying (4), e?+2e%—38=0. (5) 

4. Solving for a, f= ly. OTe == —'s,  (G) 

5. Substitute in (2): whenz=1,1+2—y=0; ..y=3. 
when « =— 3, 1—6—y=0; ».y=—5. 

The solutions are: x=1,y=3; 2=— 3, y=— 5. 

The solutions may be checked by substitution. 

Nore. One linear and one quadratic equation having two variables have, 


in general, two common solutions. The graphical solution of a particular 
pair of equations of this type is given in Ex. 1, § 215. 


EXERCISE 141 
Solve the following systems of equations: 
1 [Ot P= 113. 10, [8¢+2d=-2 
: re : cake se 
2. 5e—3Y=—-T7. 4%: Rene ea 
yt+2e=T. 5a+4b=—8 
is. 2¢2—4ay+3y=11 12. hes 
x—3y=5 xy = a" + 
m + mn—n?=—~19. ee 
4. 13 
tard e+y=2Za. 
ee 3,3_4 
6. keg aA ie 
paar 4 Beye ed 
q. a pgeler 15. 3.4 3 
e+y=—9 fat 5) 
i a) Pd 
= 2- r,t _10 
, weet ps 3" 
Qyt2a=5 ay CG ae a eae 
a oe: 3r—2t=—12 
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HOMOGENEOUS EQUATIONS 


221. An equation is a Rational Equation if the variable does 
not appear under a radical sign. 


222. A rational and integral (§ 139) equation is Homogeneous 
if all of its terms are of the same degree (§ ne with respect 
to the variables. 

Thus: 22—3 ay + y? =0 is a homogeneous equation ; 2? — xy + y?=5 
is homogeneous except for the constant term; 22~-3y=2y? is not 
homogeneous. 


223. Case II. Quadratic Equations Homogeneous Except for 
the Constant Term. 
a? +3 y= 28, (1) 
e+ ay+-2y?=16. (2) 


SortuTion: 1. Eliminate the constant terms: 


Exampte 1. Solve the system: { 


M, (1) :* Aa 4 12y? = 112, (3) 
M; (2): Ta? + Tay +144? = 112. (4) 
(4) — (8): 802+ 7 ay +2y2=0, (5) 


2. Solve (5) for x in terms of y: 
(8a +y)(@+2y)=0; z=—?, or 2 =—2y. 
Substitute A forzin (1): .*. St 8 y2 = 28. 


y+ 27 y2 = 9-28; Wyt= 9.28; y—9; y= 8B, 
Wheny=8: x#=— 


=--=-1. .. %«=—1,y =8 isa solution. 


core COre 
co 


When y=—3: 2=— =-(5#)=1. «*. ©=1, y=—8 is asolution. 


8. Substitute —2y for xin (1). .. 4y?434? =28. 

* 1 y?= 28; yaa; y=-+ 2: 
Wheny=2: *=—2y=—-2.2=-4, .+, x=—4, y=2 isasolution. 
When y =—2: s=—2y=-2.—2=4, .-, x=4, y=—2 is a solution. 


* See § 167 for M, (1). 
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Cueck: These four solutions are readily checked by substitution in 


equations (1) and (2). 
Note 1. 


In case one equation does not have a constant term, solve it im- 


mediately for one variable in terms of the other as the equation (5) instep 2. 


Notre 2 
four solutions. 


2. A system consisting of two quadratic equations has, in general. 


Nors 3. The Sc apa solution of a particular pair of equations of this 


type is given in Ex, 2, § 215. 


EXERCISE 142 


Solve the following systems: 


“ 3 cd +2d?=—7, 6 (eos 63. 

* (e&—2cd=30. OF == 27) 
[22?—ay=2, 7 ere y= —T, 
|42°4-4%=10. * |at4+3ay— 2a a 

5 aie 8 aS xy = 28 
9m? +27? =9, ' * (g?4+272=18 

4. os = 75. 9 eae 3 cy +5 y? = 38, 
h? +7? = 125. * (3a? +ay—10y?=0. 

5. | a 10. en eas 
xy —y? =— 35. 2mn—n? = — 64. 


224. Equivalent Systems. One system of equations is equiv- 
alent to another when the common solutions of each system 
are the solutions of the other system. 


225. Case III. Systems Reducible by Division. A given 
system may sometimes be reduced by division to an equivalent 


‘system in which the equations are of lower degree. 


a — 4? = 56. (1) 


Exampte. Solve the system: { af + ny + y? = 28, (2) 


Sotution: 1. Dividing (1) by (2): sx—y=2. - 
, [Pray ty? = 28. 
2. Form the new system : eRe (8) 


= Solve the new system by the methods of Case I: 
Diet eae and%=—2;y=—4 
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Curck: These two solutions are readily checked by substitution in the 
equations (1) and (2). 
Note1. Whenever possible, divide one equation of the given system by 


the other, member by member, and form a new system consisting of the quo- 
tient equation and the divisor equation. 


Note 2. The full theory underlying chis type of example belongs in a more 
advanced text and is therefore omitted. 


226. Number of Solutions. In Case I (§ 220) two solutions 
and in Case II (§223) four solutions are generally obtained. 
The following rule for determining the number of solutions of 
any system of equations having two variables is given without 
proof : 


Rule. —Two integral equations, having two variables, whose 
degrees are m and n respectively, have in general mn common 
solutions. 


Thus, a cubic (third degree) equation and a quadratic equation would 
have six common solutions. If, however, the system could be reduced to 
a simpler system, asin the example of § 225, then the number of solutions 
would be determined by the degrees of the equations forming the new 
system. 


EXERCISE 143 
Solve the following systems of equations: 
ae 6 {ob heen 


e+y=14, a’— ab+0? = 67. 
o [amy = 240. Pies = tit: 
La? + y? =20. m—n=—3. 
[2 -v= 198, - (ase ~ 
Oya tT e+ @= 
a + ay + y’ = 37. named 
of + 4? = — 217. ss: 504. 
A 10. 
G+y=—7. x? — vy +o? = 84, 


ra 
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11. fete 4. [+ y= 26 a 
xy — xy? = 30. . eae 
aa et on ‘ feces 
sy —y+3y=4. Ee 


227. Miscellaneous Types and Methods. Many systems ol 
equations which cannot be solved by the methods already 
given may be solved by combining the equations so as to ob 
tain a linear equation or an equation of the form ay=a 
constant. 


Exampte 1. Solve the system: ie +y°+22+2y=23. (1) 


xy=6. (2) 
Sorution: 1. Me (2): 2 ay = 12, (8) 
2. Adding (1) and (8): 274+ 2ay+42+22%+2y=35. (4) 


- (@+y)?+2(@+y) —85=0. 
“ @+yt+T@+y—5)=0. (§ 205) 
“2+ y=—7, org+y=5. (§ 110) (5) 
8. Form the systems: A: le oe ae te. ee is We - 3 
4. Solving A: e=—1, y=—6; orx=—6, y=—1. 
Solve B52 = 3, y= 23 orc = 2, y =3. 
Cuecx: The four solutions check when substituted in equations (1) 
and (2). 
m+mn+n?=T. (1) 
m+n=5+mn. (2) i 
Sorurion: 1. Square (2): m?+2mn+n?=25+10mn-+m?n?. (3) 
2. Subtract (1) from (3): mn=18+10mn+m?n2. (4) 
-. mn? + 9mn +18 =0. (5) 
.. (mn + 6) (mn + 3)=0; .. mn =— 6, or mn =— 3. (§ 110) 


_ Exampre 2. Solve the system: 


8. Form the systems : In Ri i B: bade 2 ci 


mn =— 6. mn =— 3. 
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4. Solving A: m=2,n=—38; orm=—3,n=2 
Solving B: m=38,n =—1; orm=—1,n=3. 
Cueck: The four solutions check when substituted in equations (1) 
and (2), 


EXERCISE 144 

Solve the following systems: 

1. eas m+n, m—mn_ 10, 
e+ y? = 40, 13. jm—n pate 3 
eee AB~480=0. ee 
AB = 11, a a3 ~y=3a?+3a4+1. 

: Pie mee 
ae 15. ee 5vt —3 = 36. 

4 m? + p? = v+3et4+P=—4. 
pa iaty ety, 2e—y_ 15, 

5. aes = 61. 16. jx—y aw+2y 4 
2e4+3y?=938, wes ues 
4y—5ve=19. 3r 

6. =*\= 
ees 6. re (14550) a, 
81 —Brt+20= —3. 1+_")\ = 480, 

t: Rae »( * 400 : 

g, (C@ted+P=97. 18. [i ted 

‘ (heen (p ah mv = —150 

Spe rei Cee 

x — xy + y? = 63, 2+ ¥ = a 
w+ y=2 a—2ab+b2 

10. 20. 
vee eu y=a? + 2ab—b. 

li. iy +20?= 47 +2a. a. (ot +y? = 5(a? +b). 
a—20°= —7. 4a?-y?=5 a(3 a—4b) 

12. hs fos ata ee 


e+y= 2a. " (129? + 13 y? = 248, 
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ee a8 30. ese 
ee he x(y —b) =2ab. 
r—2s=1. “ 
y—x=—14, 
e—y’?=16. 31. 
24, 2 ies : 
ee xy’ + a = 148 
25. ea a ee 32. isolate 
x + ay + y?=13, Tn? —3 m?=105. 
Hint: See § 207. “Ny frase 
mn? + (m —n)* = 18, 


26 ie at + a®b? + B4= 133. 
of 2s 2 
Peas oe a? — ab — 128? = 8, 


34. 
lgten a+ ab — 100? = 20. 


Hint: Clear of fractions; divide Ane 

(1) by @). 2+ 5tw—wt=—7, 

28. | ened ae 2w? = — 4, 
mn —n?=3m, 

Hint: Mg (2); add; factor. 87. 

29. ta er 
y= sy—z. 38. et 

Hint: Find (1)—(2). 


EXERCISE 145 


1. Find two numbers whose sum is 15 and the sum of 
whose squares is 113. 

2. Find two numbers whose difference is 9 and me sum of 
whose squares is 221. 

3. Find two numbers whose difference is 7 and whose sum 
multiplied by the greater gives 400. 


4. The difference of the squares of two numbers is 16 and 
‘the product of the numbers is 15. Find the numbers. 
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5. The sum of the squares of two numbers is 52; the 
difference of the numbers is one fifth of their sum. Find 
the numbers. 


6. The difference of the cubes of two numbers is 218; the 
sum of the squares of the numbers increased by the product 
of the numbers is 109. Find the numbers. 


7. If the product of two numbers be multiplied by their 
sum, the result is —6; and the sum of the cubes of the num- 
bers is 19. Find the numbers. 


g. Find two numbers whose difference is 4 and the sum of 
whose reciprocals (Ex. 6, p. 272) is 3. 


9. The sum of the terms of a fraction is13. If the numera- 
tor be decreased by 2, and the denominator be increased by 2, 
the product of the resulting fraction and the original fraction 
is 3. Find the fraction. 


10. Find the number of two digits in which the units’ digit 
exceeds the tens’ digit by 2, and such that the product of the 
number and its tens’ digit is 105. (See § 172.) 


11. The sum of the squares of the two digits of a number 
is 58. If 36 be subtracted from the number, the digits of the 
remainder are the digits of the original number in reverse 
order. Find the number. 


12. Find the number of two digits such that, if the digits 
be reversed, the difference of the resulting number and the 
original number is 9, and their product is 736. 


13. The area of a rectangular field is 216 square rods, and 


its perimeter is 60 rods. Find the length and width of the 
field. 


14. The hypotenuse (§ 190) of a certain right triangle is 
10 feet, and the area of the triangle is 24 square feet. Find 
the base and altitude of the triangle. 
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15. Find the dimensions of a rectangle whose diagonal is 
2/10 inches and whose area is 12 square inches. 


16. A rectangular field contains 21 acres. If its length 
were decreased by 10 rods, and its width by 2 rods, its area 
would be less by one acre. Find its length and width. (See 
p- 145.) 


17. The altitude of a certain rectangle is 2 feet more than 
the side of a certain square; the perimeter of the rectangle is 
7 times the side of the square, and the area of the rectangle 
exceeds twice the area of the square by 32 square feet. Find 
the side of the square and the base of the rectangle. 


18. If the length of a rectangular field be increased by 2 
rods and its width be diminished by 5 rods, its area becomes 
24 square rods; if its length be diminished by 4 rods and its 
width be increased by 3 rods, its area becomes 60 square rods. 
Find its length and width. 


19 Aman has two square lots of unequal size, together con- 
taining 74 square rods. If the lots were side by side, it would 
require 38 rods of fence to surround them in a single inclosure 
of six sides. Find the length of the side of each. 


20. A and B working together can do a piece of work in 
6 days. It takes B 5 days more than A to do the work. Find 
the number of days it will take each to do the work alone. 


21. Find the sides of a parallelogram if the perimeter is 
24 inches and the sum of the squares of the number of inches 
in the long and short sides is 80. 


22. One of two angles exceeds the other by 5°. If the num- 
ber of degrees in each is multiplied by the number in its 
supplement, the product obtained from the larger of the given 
angles exceeds the other product by the square of the number 
of degrees in the smaller of the given angles. Find the angles. 


: ee 
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23. Two angles are supplementary. The square of the 
number of degrees in the larger angle exceeds by 4400 the prod- 
uct of the number of degrees in one angle by the number in 
the other angle. Find the number of degrees in each angle. 

24. The difference in the rates of a passenger train and a 
freight. train is 10 miles per hour. The passenger train re- 
quires 1 hour more fora trip of 175 miles than the freight 
train requires for a trip of 100 miles. Find the rate of each. 

25. A crew can row upstream 18 miles in 4 hours more time 
than it takes them to return. If they row at two thirds of 
their usual rate, their rate upstream would be 1 mile an hour. 
Find their rate in still water, and the rate of the stream. 


XIX. THE THEORY OF QUADRATIC EQUATIONS 
228. The Sum and the Product of the Roots. 


The general quadratic equation is: 


aw+ batc=0. (1) 
Divide both members by a: 
CRS eae 2) 
a a 
The roots of (1) are: 
a Vb? — =—fpaVPe 
ahem b a b 4 =<. T= b b 4 nes (§ 197) (3) 
2a Za 
—2b b 
= =—-. 4 
ate Za a @) 
en (OP (Versace)? _B-(H—4ac)_4ac_e 
= ta waar rier 
Rule. — In the general quadratic equation ax* + bx+c=0: 
1. The sum of the roots is — 2. From (4). 
a 
2. The product of the roots is 5: From (5). 


8. If the coefficient of x? is made 1, the coefficient of x is the 
negative of the sum of the roots, and the constant term is the 
product of the roots. From (2), (4), (5). 


Exampte 1. Find the sum and the product of the roots of 
the equation 222 —9x2—5=0. 


Sorution: 1. a=2; b=—9; c=—65. 
b =o 9 (ee ns) 
Ze 626 Mb fg = — — SS — Ste i 
ama a 2 ee ao 


Notes. The first part of this rule justifies the method of checking solutions 
of quadratic equations recommended in § 195. 
, 815 
B. 


7 
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EXERCISE 146 


Find by inspection the sum and the product of the roots; 
check examples 1, 2, 3, and 7 by finding the roots: 


1. f+72+6=0. 5. 9r—217°7+7=0. 

2. n?—m+12=0. 6. 4—y—67=0. 

3. 3?—c—6=0. 7% 20°+3pr—5p?=0. 

4, 127?—4y7y+3=0. 8. 1407+ 8t7+ 2127=0. 

9. One root of 422,—2—5=0 is —1. Find the other 
root. 

Sontution: 1. 7; =—1. Let rz be the second root. 

2. r+ =+4;5%.—-14+r=4, orm =14= 3. 

Cnueck: Does rom =? 7... does ~1.2= ="? Yes. 


10. One root of 327+72—6=0 is 3%. Find the other. 

11. One root of 7 g?+20¢+12=0is—2, Find the other. 
12. One root of 15 m?+-28 m= 32 is 4. Find the other. 

13. One root of 327—2kxe=33Kk is —3% Find the other. 


14. One root of 4p?—15ap—42°=0 is ~4p. Find the 
other. 


15. Find & so that one root of a —5a-+k=0 may be 7. 
Sonrution: Ll. rp + 7g = 53 re +7 =5, org =— 2. . 
2 Beary; k= ts —-2=— 14. 7 


Cuecx: If 227—52—14=0, then (c§—7)@+2)=0. .. %=7, or 
—2, 


16. Find % so that one root of 2 a? —32—k=0 may be 3. 


17. Find % so that one root of 322—72—2k=0 may be 
— 2. 


18. Find n so that one root of 2 +72+4n=0 may be 5. 
19. Find p so that the roots of 2? + 3@+ p=0 shall be equal. : 
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20. Find r so that the roots of 322—52+r=O0 shall be 
equal, 


229. Formation of Equations Having Given Roots. There are 
two methods of forming a quadratic equation which shall have 
given roots. 


Exampte 1. Form the equation whose roots shall be 4 and 
3 


3. 
Soxution: 1. Let the coefficient of 2? be 1; then by § 228 the equation 


a a —(r1 + 72) 2+ rire = 0. 
See e eee ti ile Pd 
2. ntn=5+( i 4° m"2=5 as 


8. .°. the equation is: 
1 3 os 
2 (—- —=\=0 =—2=0. 
x ( 1)*+( = Sd cae wir 5 (§ 228) 
Multiplying both members by 8, 
822 +22—3=0. 
Cuecxk: The given roots, if substituted, will satisfy the equation. 


Exampce 2. Form the equation whose roots shall be —9 


and 2, 
Sotution: 1. Ifz =—9, thenzx+9=0; ife=2, thenz—2=0, 


ces .. («+ 9)(x—2)=0, or 22?+7x%—18=0. 
It is clear that this equation has the given roots. 


Notr. This second method may be used also to form an equation having 
three or more roots. 
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Form the equations whose roots shall be: 


L..2, 3, 4, 12, —5. eS 
2. —3, —6. 5. 2,3. 8. 3m, —5m, 
3. 6, —9. . 6. 1, —1. 9. 4t, — $2. 
10. —$«6 $e. 13. 2a—b, 2a+0. 

11. 2, 3, —5. 14. 3+~V5, 3— V5. 

12. a+3m,a—3m. 3B. 2438-2, 2—3-V2. | 


318 ALGEBRA 


DETERMINATION OF THE CHARACTER OF THE ROOTS 


230. Classification of Numbers. The numbers considered in 
this text to this point are: 

(A) Real numbers. 

1. Rational Numbers: (a) integers (positive and negative) ; 
(6) fractions whose terms are integers. 

2. Irrational numbers : (a) quadratic surds (§ 184) ; (6) surd 
expressions, such as 2+ -/3. 

(B) Imaginary Numbers: (a) pure imaginaries (§ 202) ; 
(6) complex numbers (§ 202). 


231. It is often necessary to determine tne character of the 
roots of a quadratic. 


Thus the roots of 222 -— 82+3-=0 are fav v0) 


Since 10 is positive, the roots are real numbers. 
Since 10 is not a perfect square, the roots are irrational. 


Since V10 is added in one root and subtracted in the other, the roots 
are unequal. : 


Hence the roots are real, irrational, and unequal. 


It is possible to determine the character of the roots how- 
ever without determining the roots themselves. 
For the general quadratic aa? + b&+¢=0, the roots are 


n= b+ VP — Tae, —b-—V¥—4ae 
Miiapes oO, LTR srs 


Rule 1.— If 8? — 4 a¢ is positive, the roots are real and unequal. 
They are rational if 2 — 4 @¢ is a perfect square, and irraticnal if 
b? — 4ac is not a perfect. square. 


2. If b — 4ac equals zero, the roots are real and equal. 


8. If 6? — 4ac is less than zero, the roots are imaginary. 
0 — 4ac is called the Discriminant of the quadratic. 
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Exampre 1. Determine the character of the roots of 
207 —5a2—18=0. 

Sotution: 1. 6?—4ac =(— 5)2—4(2)(— 18) =25 + 144. = 169 = 13% 

2. By Rule 1, the roots are real, rational, and unequal. 

Exampie 2. Determine the character of the roots of 

$274+22+1=0. 

Sotution: 1. B#—4ac=4—4-3-1=4—12=—8. 

2. By Rule 8, the roots are imaginary. 

EXAMPLE 3. Determine the character of the roots of 
427? —122+9=0. 

* Sorution: 1. B®? —4ac=144—4-4-9= 144—- 144=0. 
2. By Rule 2, the roots are real and equal. 


Nore. This type is most easily understood if the quadratic is solved by 
factoring. This example becomes (2x —3)(2%—3)=0. The roots are then 
sand %. It is customary to say that the roots are equal. 
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Determine by inspection the character of the roots of: 


1. 624+727—5=0. 7. 5m—2=4m?. 

2. 4a7—207+4+25=0. 8. 4y?—y=6. 

3. 32—824+5=0. 9. 5f?4+7=81. 

4, 2&—9x24+15=0. 10. 2027—417+20=0. 
5. 5747r+3=0. 11. 7x7 -+32=0. 


Pe. 9 —1=12 6. 12. 16m?—9=0. 


XX. EXPONENTS 


232. In the preceding chapters, only positive integers have 
been used as exponents. The fundamental definition when m 
is a positive integer, is: 


a™=4+A-a-++a (m factors). (§ 15) 


233. There are five fundamental laws of exponents. When 
m and n are positive integers: 


I. Multiplication Law. Justas a’ x a’=a®, 
sv a" xX a= ae, 
Proor: 1. a®=a-a-a+-a@ (m factors). (§ 232) 
2. a*=a-a@-a-+-+a@_ (mn factors). (§ 282) 
3. w. a™- a" ={a-a-a ++ a (m factors)}+ {a-@ @ e- @ (n factors)} 
=@-a-a-- a{(m-+-n) factorst. 
4. &. a. a™= qin, (§ 232) 


IL. Division Law. Just as a®-+-at=a', 
soa™--a"=a™"", (m greater than n.) 


Proor: 1. a” _d-d-d- di f-a-a- -» @ (m factors) (§ 282) 


an a d+ t-te ++» & (n factors) 
2. = @-a--+a{(m —n) factors} = a™—*, (§ 232) 
Deuce On = Get, ; 
III. Power of a Power. Just as (a°)’=a¥, 

80 (a™)*= a", 

Proor: 1. (a™)"=a™.a™.a™...a™ (n factors) (§ 232) 
De = antmtm-+ + -+m (n terms). (Law I) 
3. “. (a™)" = am {since m +m + +++ + m (nm terms) = mn}. 


IV. Power of a Product. Just as (ab)'=a'd®, 


so (ab)”=ar"b* 
820 , 
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Proor: 1. (ab)"=(ab) - (ab) - (ab) --- (ab) (n factors) (§ 282) 
2. ={a@-a@-a--- a(n factors)}- {0.b-b-+. b (nfactors)}, 
(§ 282) 

3. -*s (ab)"= a. br, 


5 
V. Power of a Quotient. Just as () = < : 


(5) ie (5) (n factors) (§ 232) 


@-a@-a@--- a(n factors) | 
b-6-b--- b (m factors) 
a 


3. x Glae (§ 232) 


Involution is the name given to the process of finding a power 
of a number. 
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Find the results of the indicated operations in the following 
examples, using the five laws above; the literal exponents 
denote positive integers. 


1. ol. a. 13. 2 = a8, 25. (x4. 

2. m2. mi, 14, 2+ a8, 26. (yS)7. 

3. 4° --y": 15. y+ y". 27. (m*)5. 

4, m™*-m*. 16. m* +m. 28. (— a5b3)5, 

5. ae a". 17. a” +a". 29. (y>z?w)4. 
6. 61. O. 18. b7*4 + 02. 30. (min®p*)s, 

ei teal ban 19. c= &. 31. (a?)". . 

8. dv. d’. 20. d**8 +d’, 325 (07) 

9, gt. gt, 21. 2g tt 2°12, 33. (— cd)’. 
10. "2. on48, 22. 6 + pr, 34. (atty3)™. 
Piso. 20°F". 23. wri wn, 35. (17st). 


BAe aye) 7G. 24. gts 9". 36. (a7y")’. 
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234. Only cube and square roots have been considered in 
the preceding chapters. More general roots occur in mathe- 
matics. 


235. Just as x indicates the cube root of x (§ 91), so Vx 
indicates the nth root of a. 

n is called the Index of the root. 

The nth root of # is the number whose nth power equals x; 


that is, (Va)r= a. 
Thus, Vz® = x8, since (z°)4 = 12, 
Vx = 24, since (#4)5 = 2%, 
Veal =— xy8, since (— 22y3)7= — gl4y21, 
The number under the radical sign is called the Radicand. 


Rule. — To find the nth root of a perfect mth power, divide the 
exponent of each factor of the radicand by 7. 


Every number has n nth roots. Unless something is said to 
the contrary, the principal root is denoted by the symbol / . 
If n is even, this root is the positive root; if n is odd and the 
radicand is negative, this root is negative. 

Evolution is the name given to the process of fidiap the 
root of a number. 


Historrcan Norn, <A symbol for extracting a root did not appear 


until the fifteenth century. In Italian mathematics, the first letter of the 
word Radix, meaning the root, was used to indicate the square root: thus 


. Presently there were used R.20, R.3+, ete. to indicate the square, 


cube, and other roots. Chuquet, a French mathematician of about 1500, 
used R?, R3, etc. 


7 


EXPONENTS 323 


In Germany, a point was placed before a number to indicate that its 
Square root was to be taken. Two points were used to indicate the fourth 
root, and three the third root. Reise, 1492-1559, replaced the point by 
the symbol, ,/, to indicate the square root, and Rudolph, 1515, used the 
symbol, ./,/, for the fourth root. Stevin, 1548-1620, used the better 
symbols: y@, ./@, etc. Girard, 1590-1632, used: 2/, ¥/, ete. Des- 
cartes used the vinculum to indicate what numbers were affected by the 
root. 


EXERCISE 150 
Determine: 


“A. 11. ~/64 akd®. 21. Var, 

tt Pe 12. 1/625 a®bt. 22. V/asr, 

3. A= 32. 13. V—27 mn? 23. Ve, 

4, V/81 at. 14. ¥/—32 mn®, 24. V = aye 

5. »/243 b5. 15. W/81 ye. 25. Valois, 

6. Vm’. 16. V/— dict, 26. Vabe. 
4 pe — 
=e 17. .(™, a7, . (en 
y? 81 8 6 


PY 19. | 288 mi, 29. ./%" 
yp 32 n> bin 


6 m! mn 
oS a 20. . /eyZ 30. 4/2 
wit pl2g24 Qe 


236. Fractions, zero, and negative numbers Te used as ex- 
ponents. Up to this point the symbols a and as do not have 
any meaning, for the base a cannot be used as a factor minus 
three times or two thirds times. (See § 232.) 
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237. Meaning of a Fractional Exponent. If a} is to obey the 
multiplication law (§ 233), then at-at-a3 =a! =a% 
3 (a5)3 = a, ora = Var. 
This fact suggests the definition: in a fractional exponent, 
the denominator denotes the principal root (§ 235) of the power 
of the base indicated by the numerator. In symbols, 


m 
a" = Va". 


Thus : pie at, \(Saee— aa— — 8, 


EXERCISE 151 


Express with radical signs and find the values of: 


1, 42, 4. 32%. 7. (—125)?, 10. (a). 
2. 278. 5. 813. 8. 256%. 11. (8, 
3. (—8)t. 6. 648. 9. (—1000)%. 12. (298, 
13. (— 64 ay?)5, 14. (32 a5)! 15. (81 a8y')?. 


Express with radical signs: 
16. 2%. = 8. BY. = 20. dwt, = 2, 2add. 24. mini. 
17. 44. 19. (42)2. 21. 3y). 23. (2ab)8. 25. Sado’. 
Express with fractional exponents : 
a6. v/a. 28. W2a. 30. Vm. 32. 2V/n% 34. 3yVat. 
a7. Ye. 29. 2a. 31. V0. 33. 40/8, 35. a2/B2 


238. Meaning of a Zero Exponent. If a? is to obey the multi- 
plication law (§ 233), then a”. a° =a" =a”. 


. @=a"+a"=1. 
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This partially suggests the definition: the zero power of any 
number, except zero, is 1. 
Thus : 50 =1; 2 =1; (—65)°=1. 


239. Meaning of a Negative Exponent. If a-” is to obey the 
multiplication law (§ 233), then a~™-a™=a-™*™=a9=1. 


This suggests the definition: a-™= =. 

Thus : 

tabs vide ds (-}) hota gedaan 

Ye pi tie 
EXEROISE 152 

Express with positive exponents and find the values of: 
ies. 6. B2-24. 9, fs 490 15 een: 
ana. 6. 5-4-2 10. 164. 14. (—125) + 
3. ‘3-4 1 OeG* 1s C27 be 
a. 7. 8. 100-5-% 12. 817%, 


Write with positive exponents: 


16. a’b~. 18. 2a, 20. 3a-%b*. 
17. (2a)~. 19. (8 a)-*b. 21. 2-*m'n-. 
22, 4a~%-*, 23. (2a)? (3d). 


240. Negative Exponents in Fractions. _ 


. 2 
This example makes it clear that a factor may be trans- 
ferred from one term of a fraction to the other provided the 
sign of its exponent be changed. 
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Bary te 8 _ 5 x?w? 
wt tye 
3 ae 


EXAMPLE 2. 


EXAMPLE 3. = 3 abcd. 


EXERCISE 153 


Write with positive exponents: 


me 3 ae 5 6 min | 8 ath 
a * Bars * Tae . cca 
2 3 a-3h2 ee 
2a = 8 5ath > 
2.53 5. (2y)3 2 ods 6etas 


Write without any denominator : 


6 2d »—7 3 
9. ee. a We a . 13. = Y. The 8 ath} 
y. i as 2 edt 
1 4 -3 Font 
ee 3, Ua a8 16, SORE. 
c ds b-aes 2 bin 2 


Husrorrcat Nors. In the note following § 14, credit is given to 
Herigone for having grasped the idea of an exponent, and for introducing 
a rather good notation. As early as 1484, another French mathematician, 
Chuquet, had had some idea of an exponent and had written expressions 
involving a form of negative exponent and also the zero exponent. His. 
ideas, however, did not spread far. Other attempts to introduce general 
exponents were made between that time and the time of Newton. To 
Newton must be given the credit for having finally fixed the present form 
of writing the various kinds of exponents. 


_ 241. The Fundamental Laws of Any Rational Exponent. 


The symbol a has been defined now (§§ 232, 237, 238, 239) 
for all rational (§ 230) values of n. The five fundamental laws 
which have been proved for positive integral exponents (§ 233) 
apply also for other rational exponents. This fact will be’ 
assumed without proof in this text. 


EXPONENTS 327 


EXERCISE 154 


Law I 


1 ~ 
EXAMPLE. @- a>. q0.q? = q?+0t3 — 7%, 


1. Express Law I in words. 


2. Multiply each of the following numbers: 


. :7 5 —4. 5 a2 « 230-6. . 
Ne ie Sy NS ih a Ds GB el 


bye (ayes (6). se) stay st er ere 


3. Multiply each of the following numbers: 


1 = et 2 
PS) AG ahys ; iy? ; 


by: (a) 2; (6) at; (6) y8; @ aty’. 


4, Multiply each of the following numbers: 


pa | =e 1 1 = 1 sae 
UG ae | ea qty mnt ; men, 


by: (a) m; (B) ms (c) m4; (d) mn’, 


Multiply: 
5. at + add§ + 08 by ab — BF. 
6. 2at—T—3aby4a1!+5. 
”. ot +Qe%+4a4 + 8 by ot —2, 
8. at + aby? + yt by ab — aby + 93. 
Find: 
9. (at o(at—d). 12. (at — 6)(@? +18). 
10. (at —y§), 13. (r? — 83)? 


11, (— 8") 14. (a? +7 0>)(a? — 80>). 
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Law II 


Examete, mt+m t= m3-—-D — nt 


15. Express Law II in words. 


16. Divide each of the following numbers: 
OM naa imi Uae it; t 
by: @ #3; ®t; © 4; @et 
17. Divide each of the following numbers: 
cra sea: eat : etd? : 
by? (a) ca) ca 


9Q1 
rer 


18. Divide a~*+a-?+ a by a. 

19. Divide 42-°+6a*+12 a by 2a7% 

20. Divide at+a*+a?+a by at, 

21. Divide a?-+ 0? by at + d8. 

22. Divide a—1 by at+1. 

23. Dividea—4at+6at—4at+1 by a? —2a%+1. 
Law III 

EXAMPLE. (a4) mat ta aot, 

24. Indicate and find the values of the following numbers: 

yrs ys Ys Os Cs 
when nis: (a) 2; (0) —3; (c) 4; (ad) —4; (e) —? 
Laws IV anp V 


Exampte 1. (a-by8)-% = g tytn Ft any, 


Shyer tt =3 
- ay eae 
EXAMPLE 2. ca) Seren a =7s, 
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25. Express Law IV in words. 
26. Express Law V in words. 
27. Indicate and find the values of: 
(a%*)"; (m= pty; ty ty; Gres; 
when n is: (a) 2; (6) —4; (ec) 4; @ —}. 


Find the values of: 


28. (—8)§. 

Soxution : (— 8)? =[(— 8)? 2 = (Y—8P =(—2)27=4 

29. 254. = 32. 815, 35. (40°)% 38, (—32)5. 
30. 93. 33. 493, 36. (2432°)%, 39. (64 a%y%)8. 
31. 8%, 34. (—27)8. 37. (16 m)%. 40. (—125)8. 
41. (—64 a%)3, 43. (256 aty®)}, 

42. (—128 m7)’, 44, 16%, 

45. Simplify was 

SoLuTion : oe = 1015+2-1.2 — 102.5, 


46. Multiply each of the following numbers: 
108. aes 19"; 1 10°, 
by (a) 10; (©) 100; (c) 10™. 

47. Examine the results of 46 (a) and (0). What is the 
effect upon the exponent of a power of 10 when the power 1s 
multiplied by 10? by 100? 

48, Replace the word “multiply” in Example 46 by 
“divide” and solve the resulting exercises. 


Simplify: 
q2m—3n 4 gq 5m—n 5 Qa”. Renae 
——_——* ‘ . Fy 
49. onan att. qr 


XXI. RADICALS 


242. A Radical is a root of a number indicated by a radical 
sign ;.as, V5, Va, a+ 1. 
If the indicated root can be obtained, the radical is a rational 


number ; if it cannot be obtained, it is an irrational number 
(cf. § 230). 


243. The index (§ 235) determines the order of the radical. 
Thus, Vz + 1 is a radical of the third order. 


244. An introduction to radicals of the second order (square 
roots) has been given in Chapter XIV. In § 186, a means of 
simplifying radical expressions in order to find their approxi- 
mate values is illustrated. Some methods of simplifying more 
complicated radical expressions will be given in this chapter. 
These methods, like the one in § 186, lead to more economical 
and often to more accurate methods of finding the approximate 
arithmetical values of the expressions. 

It will be of interest also to find that radicals, like integers 
and fractions, can be added, subtracted, divided, ete. 


245. Radicals of the second order will be emphasized. 
Where the final expression involves only square roots of arith- 
metical numbers, the approximate arithmetical value should be 
found as in the examples solved in the text. 


246. Two principles are used frequently in this chapter : 
(A) (Va) =a (§ 235). Thus, (V2)?=2. From this it 
follows that V2?=2. Similarly ¥/3' = 3. 


(B) Vab=Va- Vo. Thus, -Y7-9=V7. 9, 
3830 
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This principle may be expressed: the nth root of the product 
of two numbers is equal to the product of the nth roots of the 
numbers. 


REDUCTION OF A RADICAL TO ITS SIMPLEST FORM 
247. Reducing a Radical to a Radical of Lower Order. 
Examrre 1. 125 =V/5 =(5)' =5! = 53 =V5. 

V1 = V5 = 2.23. 
ExamPte2. ~V/64= 28)% — 2% — 23 Y/R — V7. 
.. the ninth root of 64 may be found by obtaining the cube 


root of 4. In the chapter on logarithms, a method for deter- 
mining a higher root of any number will be given. 


EXERCISE 155 


Reduce to radicals of lower order; see § 245: 


1. \/25. 7oi6.” is. Gi, 19. 125 ay’, 
2. ~/100. 6. V81. — 14, 4, 20. V/32 mé, 
BNO. 9, 32. 15, B/2i6. 21. 81 wt. 
4. \/36. 10. V49. 16, ¥/100. 22. \/8am'. 
5. W/2T. 11. 0/25. 17. 4/243. 23, /27 ava’. 


Ny eM 12, 79. 18. i210, 24. 0/256a'%, 


248. Removing a Factor from the Radicand. 
Examerel1. V76 =V25-3=V25.V3=5- V3. 
. V75 = 5(1.732+) = 8.66+. (See also § %82.) 
ExaMpie 2. +96 aD" = V/32 ab . VY 3 bc 
= 2abev/3 PO. 
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Rule. — To simplify a radical by removing factors from the radi- 
cand : 

1. Resolve the radicand into two factors, the second of which 
contains no factor which is a perfect power of degree corresponding 
to the order of the radical. 

2. Find the required root of the first factor; multiply it by the 
indicated root of the second factor. 


EXERCISE 156 
Simplify by removing factors from the radicand ; see § 245: 


1. V28. 5. V98. 9. V125. 13. V/40 a8. 
2. Vi2. 6. V96. 10. V99 a. 14. V54m. 
3. 80. Toon Lie. 11. V60 ay, 15. /375 2x8, 
4. V63. 8. V108. 12. V200mn2. 16. ~/108 a5 
17. W128 ay. 19. 162. 21. \/64 ate. 
18. \/1125 min’. 20. ~/64.a°D°. 22. \/243 nips. 
23, 9/128 a, 26. V27 ab — 36 ab? + 12 abe. 
24. V/128a%8, 21. Ba + 300° 4 45a. 
25. V(a? — 40) (a — 20). 28. V(a*—a— 6)(a?+2a—15). 
® We-Vo- Gen a 

m 


sf 2 ff 5| 3d 384? 
2 ae a eens ay . SP fash ka 
27 m® 16a By 32 ¢ aS Vee 
a4 @? al 52 15 rs 
31. VJ. $3. 4/7. te ees eee 
125 81 at 2 ie mE 128 min# - 


249. Changing a Fractional to an Integral Radicand. 
Review § 183 and Exercise 114. The method of § 183 applies 
to radicals of higher order. 


EXAMPLE. V— 27 | 38+ 2 ar pe ee = os 2a’, 
4h (20%)? 2a2 a). 2a? 2a? 
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Rule. — To change a fractional to an integral radicand : 


1. Multiply both numerator and denominator of the fraction 
by such a number as will make the denominator a perfect power 
of degree corresponding to the order of the radical. 


2. Simplify the resulting radical as in § 248. 


EXERCISE 157 


Express with integral radicands; see § 245: 
2 13 mi 3/ 5 a8 5/1 
= : s"LDe ° 22. . 
= NE 5 N30 16 ¥: Vo7 
7 3/1 a1 53a 
=e : = 16. = 23. : 
<a NE eG V3 16 


5 3/3 4/2 yt 4 
= 5 =e , See 24, es 
3. Ve aN oe OAs 125 b3 


or 


1 3. of 7 5 26. eee 
aN ia Feo Nia oom SON OBB 32 mi 
= E730 3 b 
5 3/5 b8c i 45 m3 | 27. a+ ‘ 
a VE ao 
9a Cees eer BOM iye yy ve-(9) 
Nee 14, eae 21. Nigu ; 


250. To Introduce the Coefficient of a Radical under the Radical 
Sign. 

Exampie. 2aV3@=V(2a)- V3 2=V802-3 = V24 wat, 

Rule. — To introduce a factor under the radical sign: 

1. Raise the factor to the power denoted by the index. 

2. ‘Multiply the radicand by the result of step 1. 
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EXERCISE 158 


Introduce under the radical sign the coefficients of : 


1. 5V2. 4. 5V4. 7. 4aV8a. 10. wiy2V/aryi. 
2. 8V3. Bev 8. TatV6a% 11. 3m2V2m. 
3. 45. 60S N/2: 9. 3abVdba. 12. 2av7a’. 

1—a a—b ja+b 

. 15. hei SRE 

a ON ea a+bVa—b 


2 e—1 2% 
14. @ 1 +1. 16. agin! ee 


251. Similar Radicals are radicals which, in their simplest 
form, do not differ at all or differ only in their coefficients ; 
thus, 2\/ax? and 3-\/a# are similar radicals. 


252. Addition and Subtraction of Radicals. Review § 186 
and Exercise 115. The methods of § 186 apply to radicals of 
a higher order. 


Exampis. Vi} —V24+4 V54 =V2—V8-34V27-2 
= 4V2 — 23 + 3V2 = 3h1/2 — 2-78. 

Rule. — To add or subtract radicals: 

1. Reduce them to their simplest form. 


2. Combine similar radicals (see § 186) and indicate the addi- 
tion or subtraction of those which are dissimilar. 


EXERCISE 159 
Simplify the following expressions ; see § 245: 
1, S688. 54, N54 W/O. Wage = 1a 
2. 2/804 -V180. 5. VI92m—VW3m. 8. V/64—V/2. 
3. 8V24—V150. 6. V27#4+V24e% 9. V/B4-/192. 
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10. m2¥/32 m? 4+mv/108 m— ~/500 m=. 


11. 2?V150e +9623 —V54 a? — 2/24 ad. 


12. V3 4-25, (me 
13. V2 +V3. 
3/5 OY a rasa 
14. V24V74.. 18, Von s ae : 
—— v7 
15. V8+V3, —V3. 
laa [Bs qo aes 
4a 4! : | ae oe 
16. Vet 8 19. Vo b4 
la +6 a—b 2a ———. 
ae Na— aft Bye Fk 


253. Reduction of Radicals of Different Orders to Equivalent 
Radicals of the Same Order. 


Exampie. Reduce V2, 1/3, and ~/5 to equivalent radicals 
of the same order. Determine which is the greatest number. 


Sorution: 1. By § 237, V2 =(2)? =217 ~ 8/26 — Wed, 
2. V5=(8)' = 30 — V/s = Ver. 
V5 =(5)* = 512 — V5 = ¥/ 108. 
.. V5 is the greatest number. 


Rule. — To reduce radicals to equivalent radicals of the same 
order : 


1. Express the radicals with fractional exponents. 
2. Reduce the exponents to a common denominator. 


3. Rewrite the resulting expressions with radical signs. 
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EXERCISE 160 


Reduce to equivalent radicals of the same order: 


1. V3 and V5. 6. Vay, Vyz, and a2. 
2, V2 and V3. 7. 2a, ~/26, and V6c. 
3. v/a and ~/ate%, 8. V2, V/8, and 7/13. 

4. V2 and V12. 9. Wi—a,and Vi+@. 
5. V4 and V6. 10. Wa+band Va—b. 


Arrange in order of magnitude : 


11. V2 and V3. 14. V3 and 15. 
12. \/11 and V5. 15. V3, V5, and V7. 
13. 10 and V4. 16. +/14, V6, and \/175. 


MULTIPLICATION OF RADICALS 
254. Multiplication of Radicals of the Second Order. 
Exampie. 2V3.V6=2V3-6=2V3?2.2 =2.3V2=6V2 
“. 2V38-V6 = 6V2 = 6(1.414*) = 8.484", 


EXERCISE 161 
Find the products; see § 245: 


1, V2--V10. 4. V5. V15. 7. 2V5.3V6. 
a. V8. 12. 5. 2V3.V21. 8. (8-V3)2. 

3. V7. V4. 6. 3/20. V10. 9. (6V2), 
10. (2V7)3. 13. Ve+1-V2—1. 

11. 5V6a-2V3 a. 14. (Wa —5)?. 


12. 3V3m?-2V15 m. 15. (8Vx + 2)% 
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16. Multiply 2-V3 + 3-V2 by 3V3 — V2. 


_ Soxvtton : 2V3 + 3Vv2 
8v3 —Vv2 
18 + 9V6 
SV RTE 
18+7V6—6=1247V6. 
-*. (2V8 + 8-V2)(8-V3 — V2) = 12 + 7(2.44) = 12 + 17.08 = 29.08. 


Find the following products : 


17. (6 —V3)(5 + V3). 24. (V2 —7)(V2 +7). 

18. (2a—V0)(2a+V0). 25. (2V3 + 5)(2V3 — 5), 
19. (V3 +7)(V3—8). 26. (Va—Vb)(Va + V5). 
20. (24+3-3)(6 — V3). 27. (Vx+1+1)2 

21. (V2. — 4)8V2 —5). 28. (Va—3—4)% 

22. (44+ V5). 29. (Vx—Va+5)2 

ge (2 — Sy/T)% 30. (V2+1—Vx—1)% 


255. Multiplication of Radicals of Any Order. 
\ Examere 1. 402. V8 a!=V32 28 = 2aw/2. 
Exameitr 2. V2a-~/402 =7/(2 a). Via@pP 
=V2.8- 2B. a=VB.M aT 
=2av2a. 


Rule. — To multiply monomial radicals: 


1. Reduce the radicals, if necessary, to equivalent radicais of the 
same order. (§ 253.) 

2. Multiply together the radicands obtained in step 1 for the radi- 
cand of the product ; place it under the common root. (§ 246, B.) 

3. Simplify the result of step 2 asin §§ 248 and 249. 
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EXERCISE 162 
Find the products: 


1. 3/4. 4/2. 8. Va-Va. 

2. 25/3. +/18. 9. V2. Vb. 

3. 5V9a. V3 a. 10. Vm-Vmi. 

4, ~/9. 27. 2a 48 AS. 

5. V8-3V12. 12. V10- V4. 

6. V16 a2. W12 at. 13. V9a2. Vida. 
1. OV xbys . W/ ay’. 14. V4. V2e. 


15. 5 mn - \/6 mint. 


DIVISION OF RADICALS 
256. Division of Monomial Radicals of the Same Order. 


EXAMPLE 1. V6 +VF=1/9 = V3. “ V6+V2 =1.732¢. 


Tyee ees ieee i 4.5 25 
EXAMPLE 2. Vil+Vib=\12 =|! — = 


i ag 
id i= 70.36" * ae = 894+, 
vin 8, ¥8+Vi8= V8 =n E38 _ ly 
EXxaMPe 8. V8 -++/18 a 2 - al 


Rule. — To divide monomial radicals of the same order. 


1. Divide the radicand of the dividend by the radicand of the 
divisor, and write the result under the common radical sign. 


2. Simplify the result as in §$ 248 and 249, 
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EXERCISE 163 


Perform the indicated divisions; see § 245: 


1 WS ye. 9. 4cV12 ed + V2 d. 
ei oT Ts 10. W15 + vi. 

3. V12m +V4m. 11. 11Vay+ Vi y. 

Ae GWI5 + 2/5. Re hoe ere 

5. 2avV72 + avis. 8.410 = V8: 

a ee £8 14 12 +V7 

7. 15-/ab? + 5-Vab. 1B 28 

8. 6V18 rs + 2V6r°s. 16. (8V12—6V3)+2V3. 


17. (15V2a + 25V6 a) + 5V2a. 
18. (V8 +2V10) +v3 
19. (8V1le — 4vV13)+ V6. 


20. V135 +V5. 25. 2aV12 xy + avo ay. 
21. 63 +V7. 26. 3 abv xyz + av xyz. 

92. ¥/26 a8 + V39 a. 27. 6 m2nw/ab3 + 2 mnV ab". 
23. 192 mi + V3 m. 28. V5 ris + Vis. 


24. ~/125 a0 +~/25 0%. = 29. Vaaty + Vaary. 


257. Division of Monomial Radicals of Any Order. 
2 2 ie \S= 2/5, 


EXAMPLE 1. wa 
\/4 


ExaMePte 2. Ya ys. _ie- i N57 37 
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Rule. — To divide one radical by another: 


1. Reduce the radicals, if necessary, to equivalent radicals of 
the same order. 


2. Divide the radicand of the dividend by the radicand cf the 
divisor for the radicand of the quotient and write the result under 
the common radical sign. Simplify the result. 


EXERCISE 164 
Find the quotients: 


Ve We Sev bie 4. 5 +-~%/25. TeV oe 

2. 3+-/3. 5. a+Va. 8. V3+ 79. 

3. 3+ V6. 6 V2+ V2. 9. V8a+V32a. 
10. Vil@+V2a. 13. V2i+ V3. 

11. VE+-V3. 14, 1/20 + V125. 

12. V81 ay +-V9 ay. ots V2 wy & V2 xy? 
258. Division by a Binomial Quadratic Surd. 

Exampce 1, 


De Gh. 4 pees 
24+V3 (24+V8(2—V38) 4-5 1 
2 1+(24+-V3) = 2—1.732+ = 267+. 
Nore, 2+3 is multiplied by 2—V3, thus giving the product of the sum , 


and the difference of two numbers. The product is the difference of their 
squares. 2+'V3 and 2—V3 are called Conjugate Surds. 


In general, the product of two conjugate surd expressions is 
a rational number, for (a+~Vb)(a—Vb) equals a? —( Vb)? 
=a’?—)d | 
° . 
| 
Rule.— To divide a number by a binomial quadratic surd: ) 


1. Multiply both dividend and divisor by the conjugate surd of ; 
the divisor, and simplify the result. 
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EXAMPLE 2, 


8V24+1_ BV24+)2V241)_1245V341_ 
2V2-1 (2V2—1)(2V2+1) 8—1 
. 8V2+4+1_ 18 +5(1.414*) _ 20.07+ _ o ges 
et 7 eee 


‘Nore. Since in this method of division the original fraction is changed 
into an equivalent fraction with a rational (§ 242) denominator, the process is 
referred to as “ Rationalizing the Denominator.” 


EXERCISE 165 
Perform the indicated divisions; see § 245: 


1. 6 —s 4. 5 = bm 3—v2_ 
3+V5 V3—4 44+ V2 

Ae 1 ® 5. 6 e g. Vatd, 
V6—2 342V5 Vexb 

3 cate 6. 24-3, 9. Vi 
3—V5 1+V3 Va+vy 
V5 —V2 Ve—2+1 

gee eee Lee Gs Mer eee 
V5+V2 Vae-2+2 

‘a eems ya Mold Va. 

 8V2+42 Va—b—Va 
5V2+6 VitG—Vileg 

t+ 15. ——____—_—_-- 
3V2—6 VWi--a+Vl—e 


259. Involution and Evolution of Radicals is accomplished 
in the case of monomials by the use of exponents. 
Exampte 1, (-/12)?= (124)? =12' — 123 = V12 =2V3. 
. a. (0/12) = 2. (1.782+) = 3.4644, 
Exampre 2. /(W/27 2) = {(27 a%)8}4 = 5 (3.337 =(3 ab, 
oe V(V27 x) — V3 a. 
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EXERCISE 166 
Simplify the following expressions ; see § 245: 


1. (V5)? 6. (2av/b)§. 11. (V3a—2)* 
2. (V8)? 1. (V7a‘). 12. (48 a8"). 
3. (128). 8. (W50xy). 13. V(V32). 
4, (V6)4 9. (3). 14. V(V27). 
5. (W16)2. 10. (5mV96 m5), 15. V(W25) 
16. V/(V32 a). 19. V (V2 ay), 

17. V(V49). 20. V(V9a'). 

18. V(V10). 21. V(/a?— 62+ 9). 


260. Square Roots of a Binomial Quadratic Surd. It is possible 
to find the square roots of some binomial surds by inspection. 


(V2 —V3)?=2—2V643=5-—2V6. 
Notice that the square of the binomial surd is a binomial; that 5 is 
the sum of the two radicands 2 and 3 and that the radicand 6 is the 


product of the radicands of the given binomial. This example suggests 
the 


Rule. — To find the square root of a binomial surd (§ 184): ° 
1. Reduce the surd term so that its coefficient is 2. 


2. Separate the rational term into two numbers whose dee 
shall be the radicand obtained in step 1. 


8. Extract the square roots of the two numbers of step 2 and 
connect them by the sign of the surd term (§ 96). 


Exampie. Find the square roots of 22 — 3/32. 
Soxution : 1. V 29 — 8/32 = V22 —V9-8- 4 = V22 — 279. 
2. 22=1844and18x4=72. 


. V2 —3V32 =4(VI8 — V4) =4(8V2—2). (§176.) 
Curck : (8V2 —2)? = 18 — 12 V2 4 4 = 22 —8V16- 2 = 22 — 3332. 
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EXERCISE 167 


Find the square roots of : 


111 Seves. 4. 8— V60. 7. D8 4/8. 
S 1% 272. 5. 64. -V 32. 8 844V3. 
$s. 11-2V 530, 6 6— V20. 9. 20—6V11. 


IMAGINARY NUMBERS 
261. An introduction to imaginary numbers was given in 
Chapter XV. Review, if necessary, paragraphs 199 to ‘202 
inclusive. 
262. Powers of the Imaginary Unit /. 
By § 201, i is V—1; therefore #®#=—1. (§ 235.) 
B=? -¢=(—1)i=—-i. 
#=8-¢=(—t) i=—? =—(—1)=1. 
oe ee Dae 
Thus, the first four positive integral powers of ¢ are i, — 1, 
— i, and 1; and for higher powers, these numbers recur in the 
same order. Find, for example, 7%, 7’, and 7%. 


263. Multiplication of Imaginary Numbers. 
EXAmpete 1. 
N/ = ie V—3=iv2. iVv3= 2/6 = (—1) . V6 =— V6. 
Note that each number is expressed in terms of the unit i, 
and that the fact that 2 =— 1is used. 
Exampe 2. Find the product (2 — -V— 3) (5+ V — 38). 
Sotution: (2—V—8)(5 + V— 8) =(2 — iv8) (5 + iv3). 
2—iv3 
5+iv3 
10—5iv3 
+2iv8— 2.3 
10 — 8ivV38—(— 13 = 13 — 8iv3 
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EXERCISE 168 
Find the products: 
(4. V—9. 8. aV—b-cV—b. 


aN: 

a eee V3 oan ao ed 

Bo VW 66 = 8. 10, V¥—@5— V8. 

OS a eG Is 11. (2+ V—1)-2—vV—1) 
5. V—9a?- V— 160? 12. (3 + V—5) (3 -- V—5). 
6. 2V—3-38V—3. 13. (1+ V—6)(7+2V—6), 
7. 5V—2.4V—2. 14. (9— V—8) (414+ V—83). 


15. (—14+V—8)(—1-vV—38). 16. 44—V—5)% 
it. (@+V—y)(e@—-V—-y). 19. [}(—1—-V—3)}*. 
18. {4(—1+V—8)}? 20. {3(-—1—-vV—3)}*. 


264. Division of Imaginary Numbers. 


ven _ ivi _vB_ vg 
Maso INS oe 
EXAMPLE 2. 
10 10 10. iv2 _10iv2 _ 
—-= —siv2. 
Pe IN os V/2- ae 
2 es 2(1 — iV3) 
14+V—8 Ee ae (1+ ¢-V3)(1 — V3) 


_ 201 — t-V3) _ 2(1— i v3) _1—iv3 
1— 2.3 1+3 <> 


I 
ts 


EXAMPLE 1. 


EXAMPLE 3. 


Norn. Asin division of real radicals, rationalize the divisor, by multiply- 
ing by the shh in imaginary. Thus, to rationalize 3—-V — 5, multiply it 
by 3 + » oe ; the product will be 32— (Vv — 5), or 9—(— 5), which is 14. 


; 


‘ 


RADICALS 345 


EXERCISE 169 

Find the quotients: 
1 V—25+V—5, 10. V—40 a8 +V—5 22. 
Be af = So 1 — 5. 9 

11, ———-. 
8. V42+V/—6. 1-—-vV-3 
4. V63 +V—7%,. Gee 14+V=1 
5. V—ab+vV—be. i-vV—1l1 
& V—a+V—a - 5+4V=8. 
$. 2 — 15 +vV—35. 5—4V—6 
8 12V—18+4V—2. e 7—6V=3. 
9. av—108+V—4 o+2V=—5 


265. Application of Radicals. In Chapters XV and XVIII 
irrational (§ 242) roots were found for quadratic equations. 
Checking by substitution in such cases was not recommended 
at that time. 


Exampur. Solve the equation 2?+a2—1=0. 


Sotution: 1. By the formula (§ 197), za ate oe 

» ee witvs, ,  -1-Vv5, 
2. N= 2 i= 2 
Curck Does (3+ (4 )-1=02 


1a 2V5 45, =14V8_ 120° 


1 =A V8 45-2 +2V5—-4_ 9 Yes. 
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EXERCISE 170 
1. Check the second root r, above by substitution. 


Solve and check the following equations : 


oe — we — 10. 5. &@+ae+1—0. 
8. e—2e—2=0. 6. #&+1=0. (See § 215:) 
4, 7 —38y4+1=0. 7. e—8=0. 


8. Ina higher course in mathematics (trigonometry) certain 
six numbers occur, five of them bearing the following indicated 
relations to the sixth; calling the numbers s, c, t, S, C, T : 


(a) c=V1-—s% (©) §=—— mi (), T= ‘a 
i OS oe Pee 
@ t=. @ o=! 


lis = ee find c, t, S, C, and 7 in simplest radical form. 
9. Ifs= eh find ¢, t, S, C,and 7 in simplest radical form. 
10. When factoring expressions in Chapters VIII and XVI, 
only factors involving rational numbers were permitted. Fac- 
tor the following expressions, using irrational or imaginary 
numbers, if necessary : 


(a) @—2 (d) a +2, (g) Bar —9. 
(b) 2 — 5. (ec) +4. (h) 2a%—5. 


(c) 2+ 9. (f) 3.2% — 4. (i) aw—b, 


IRRATIONAL EQUATIONS 


266. An Irrational Equation is one in which the unknown 
number appears under a radical sign or with a fractional 
exponent. 
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267. It is agreed that the radical sign or fractional ex- 
ponent shall denote the principal root (§ 235); thus the square 
root shall always denote the positive root. 


268. The following examples illustrate the methods of solu- 
tion of irrational equations. 


Examp te 1. Solve the equation « —1—W2?—5=0 


Sotution: 1. Transposing, z—1=W2z?—5. 
2. Squaring both members, z?—22+4+1=a2?—5. 
3. . —22=—— 6, ort =3. 


Cueck: Does3—1=V3?—5? Does2=~V4? Yes. (See § 267.) 


Nore. Whena single radical occurs in an equation, transpose the terms 
until the radical is on one side by itself and the remaining terms are on the 
otherside. Then, if the radicalis asquare root, square both members of the 
equation ; if it is a cube root, cube both members. 


Exampre 2. Solve the equation e—1+-~Va?—5 = 0. 


Sortution: 1. Transposing, Vz? —5=1—dg. 
2. Squaring both members, «#?—5=2?—22-+1. 
3. 5%. Dre Oy Oar, 


Cueck : Does3 —1+-V3?—5=0? Does24+V4=0? No. (§ 267.) 


Therefore 3 is not a root of the equation. Recall that in solving an 
equation a number is sought which will satisfy the equation. The equa- 
tion may, however, impose an impossible relation upon some numbers, as 
in this case, and then it is impossible to find a solution. 

What is the explanation of the solution z=3? If the original equa- 
tion is compared with the equation of Example 1, it is noticed that the 
only difference is in the sign of the radical; also that in step 2, after 
squaring both members in both examples, the resulting equation is the 


same. In each example, if the equation of step 1 has a root, that number 


is a root of the equation of step 2; but, since the equation of step 2 is the 
same in each solution, it cannot be asserted in advance whether its root 
or roots are roots of the equation of Example 1 or of Example 2. When 
finally the solution =3 is obtained, the question arises, is 8 a root of - 


the equation in Example 1 or in Example 2? The root z= 8 satisfies the 


348 ALGEBRA 


equation of fxample 1; it does not satisfy the equation of Example 2, 
It is customary to say that, in Example 2, the extraneous root 3 is intro- 
duced by the method of solution. 

This example makes clear the necessity of checking the solutions of 
equations. 


Examprr 3. Solve the equation V#—2+V2e¢+5= 


SoLution: 1. Transposing, Vx —2=38—V2Za2+ 5. 


. Squaring, 2—-2=9-—6V2~74+542245. 
3. oy 6V2e+5=4"4+ 16. 
4. Squaring, 386(2@ + 5) = 22 + 32 a + 256. 
5. . 2%—402+4+76=0. .. = 2, or 38, (§ 110.) 


Cuuck: Does V2—2+4+V2-2+5=3? Does V04-V9=3? Yes. 


Does V38 —2+V2-38+5=8? Does V36+V81=3? No. (See 
§ 267.) 


Therefore x = 2 is the only solution of this equation. 


Nore1. It will be found that the extraneous root 38 will Satisfy the equa- 
tion V2 +5 —Vz—2=3. 


Note 2. When there are two radicals in an equation, arrange the terms so 
that one radical appears alone in one member of the equation. 


EXERCISE 171 
Solve and check the following equations: 


eee = 0. Wi re ee 
2. V6e+9+8=5. ar 
8. V9eLb—3e—1, 105 ee ae 
Va V3r+1—V3r 

4 —vVy-—-12= 

ee 1 eae 
Ee eee TS Vata—Va—a 
6. V8a'—12e8+1 = 22, ee tre View4 
1% Ve+lit+vs ¢6=5. aaa Véa-+-1 


ee 13. VY10+2—Vi0—#=2. 
Vn 14. V6+10a—3@=2a—3 


Ibs Wer 2+V7$0+4=2. 
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17. V8+8e2416e—1l=2+3, 


16. Vw—1+V3w+3=4. 18. Vy+3—Vy+8=—Vvy. 


19. 


20. 


21. 


Solve for z: 


22. 


23. 
24. 
25. 


26. 


27. 


Ve—V2e+1=—7— 1. 


Vata—-Va—e#= v2. 
V(e —2 b)(a@+8b)=2+4b. 


V32+2a—V4a—6a=V2a. 


Solve the equation t = a 
(a) for 7; (6) for g. 


Solve the equation V= V2 gs: 


(a) forg; (0) fors. 


XXII. LOGARITHMS 


269. Logarithms are exponents. 


Every positive number may be expressed, exactly or approxi- 
mately, as a power of 10. The exponent corresponding to a 
number so expressed is called its Logarithm to the Base 10. 


Thus, 10?=100; therefore 2 is the logarithm of 100 to the base 10 
This is written : 10219100 = 2, or more briefly log 100 = 2. 


Similarly logy»35 is read “logarithm of 35 to the base 10.” 


270. Much difficult computation may be simplified by the 
use of logarithms. To make this fact clear, the approximate 
values of some powers of 10 will be computed and some ex- 
amples will be solved. 


1. 10°=1; 10'=10; 10°=100; 10°=1000. 1.0000 = 10°” 
1.7782 = 10% 

2. 105= 10?=-/10 = 3.1623. 3.1623 = 10°" 
105 = 10' x 10° = 10 x 3.1623 = 31.6238. 5.6234 = 10°* 
10*5 =10'?x10= 10 x 81.623= 316.28, | 10.0000 = 10 
17.7820 = 10% 

8. 10%=(10*)?= 3.1623 = 1.7782. 31.6230 = 10° 
101 = 10'x 10% = 10 x 1.7782 =17.782. | 56.2340 = 10% 
10° = 10! x 10**= 10 x17.782=177.82. | 100.0000 = 102 
177.8200 = 102 

4, 10 (10)4—-/31.623 = 5.6234. 316.2300 = 102 
10°10 x 10%=10 x 5.6234 = 56.234. | 562.3400 = 1027 
10%” = 10 x 10° =10 x 56,234—562.34. | 1000.0000 = 10% 

350 


LOGARITHMS 851 
ExamptE 1. Find 3.1623 x 17.782. 
. CHECK : 8.1623 
17.782 
Sotution: 1. 3.1623 x 17.782 63246 
2. = 10-50 x 1012 — 10175 252984 
3. .*. 8.1623 x 17.782 = 56.234. 221361 
This is approximately correct. 221361 
31623 
56.232+ 
EXAMp.Le 2. Find 1000 -~ 56.234. 
CHECK : 17.78 
56.234) 1000.00000 
Soturion: 1. 1000 + 56.28 eee 
2. = 103 = 101% — 198-175 — 191.95, one 
3. .*. 1000 + 56.234 = 17.782 393 638 _ 
The solution is correct. ie ee 
4 65820 
4 49872 


EXxAmpLe.3. Find (5.6234) x 316.23 + 177.82. 


Sorutton : 1. (5.6234)? x 316.23 = 177.82 


2. = (10-75)2 x 10250 + 102.25 
; 3. — [150+ 250—2.95 — 101.75, 
} 
4, -* (5.6234)2 x 316.23 + 177.82 = 56.234. 


This example also may be checked by ordinary computation. 


: 271. From the examples of § 270 it is clear that a more 
complete list of exponents (logarithms) and ability to use 
them must be of great advantage, for in each case the solution 
by exponents is the simpler. The following paragraphs teach 
the methods of using logarithms. 


ye 


272. Logarithms of numbers to the base 10 are called 
- Common Logarithms, and form, collectively, the Common System . 
of Logarithms. 
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273. Ifa number is not an exact power of 10, its logarithm 


can be given only approximately; a four-place logarithm is 
one given correct to four decimal places. 


Thus the logarithm of 13 is 1.11389 ; z.e. 18 = 101-439, approximately. 

The integral part of the logarithm is called the Characteristic 
and the decimal part, the Mantissa. 

The characteristic of log 13 is 1 and the mantissa is .1139. 


Notge1. The plural of mantissa is mantisse. 


Nore 2. A negative number does not have a logarithm. 


274. The Characteristic of the Logarithm of a Number Greater 
than 1. It is known that 353 = 10°, or log 3.53 = .5478 


Multiplying both members of 3.53 = 108 by 10, 
35.3 = 10°48 x 10! = 10™8 or log 35.3 = 1.5478. 
Similarly, 353 = 101 x 10178 — 10°48, or log 353 = 2.5478. 


The numbers 3.53, 35.3, and 353 have the same significant — 


Jigures ; they differ only in the location of the decimal point. 
Their logarithms differ only in the characteristics. These two 
facts indicate a connection between the location of the decimal 
point and the characteristic. 


8.53 has one figure to the left of the decimal point; its logarithm has 
as characteristic 1 less than 1, or 0. 


35.3 has two figures to the left of the decimal point ; its logarithm has 
as characteristic 1 less than 2, or 1. 


353 has three figures to the left of the decimal point ; its logarithm has 
as characteristic 1 less than 8, or 2. 


Rule. — The characteristic of the common logarithm of a number 


greater than 1 is one less than the number of ee figures to 
the left of the decimal point. 


_ Thus, the characteristic of log 357.88 is 2; of log 70890.5 is 4. 
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EXERCISE 172 
What are the characteristics of the logarithms of: 


1. 365. 4,07, 7. 6.35. 10. 300506.7. 
2. 2000. 6. 16.5. 8. 60907.03. 11. 300.506. 
3. 50698. 6. 123.05. 9. 500.005. 12. 1000000. 
Tell the number of significant figures preceding the decimal 
point when the characteristic of the logarithm is: 


13. 4, 14. 2. 15: 0. aR pea be Ae Ss 18. 5. 


275. The Characteristic of the Logarithm of a Number less than 1. 
Dividing both members of 3.53 = 10#8 (§ 274) by 10, 
d5d = 10-5478 + 10! = 1054781, .-. log .353 = .5478 — 1. 
Dividing both members of .353 = 10-81, by 10, 


0353 = 10-4781 + 10! = 10-4782, +, log .0353 = 5478 — 2. 


Similarly, .00353 = 10-78%... log .00353 = .5478 — 3. 

Between the decimal point and the first significant figure of: 

.308 there are no zeros; the characteristic of log .353 is — 1. 

.0353 there is one zero; the characteristic of log .0353 is — 2. 

. 00353 there are two zeros; the characteristic of log .00353 
is — 3. 

Rule. — The characteristic of the common logarithm of a number 
less than 1 is negative ; numerically it is one more than the number 
of zeros between the decimal point and the first significant figure. 

} ‘Thus, the characteristic of log .0045 is — 3; of log .00027, is — 4. 


EXERCISE 173 


q What are the characteristics of the logarithms of : 
#; 05. 3. .00064. 5. .00007. Te Di 
2. .0032. 4. .0586. 6. .08375. 8. .33759. 


Tell the number of zeros preceding the first significant Beare 
when the es of the logarithm is: 


9, AB: Ceo t NERA yates 2.) sve 
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276. Method of Writing a Negative Characteristic. In § 275 
log .3853 = 5478—1. Actually, therefore, log .353 is —.4522, a 
negative number. For many reasons, however, the positive 
mantissa and the negative characteristic are retained. 

.5478 —1 is written: 9.5478—10. Numerically the two ex- 
pressions have equal value. Note that 9-10=—1. 

The process in general is to decide upon the characteristic 
by the rule in § 275; then, if it is —1, write it 9—10; if —2, 
write it 8—10; etc, 

Thus, log .02 is .8010 — 2, or 8.3010 — 10. 


Nore. The negative characteristic is often written thus: log .02= 2.3010; 
again, log .353 = 1.5478. The minus sign is written over the characteristic to 
indicate that it alone is negative, the mantissa being positive. 


EXERCISE 174 


1-12. Tell how each of the characteristics of the examples 
of Exercise 173 should be written. 


277. Mantissa of a Logarithm. From §§ 274 and 275: 


log 3.53 = .5478; log .353 = 9.5478 — 10; 
log 35.3 = 1.5478; log .00353 = 7.5478 — 10. 


The numbers 3.53, 35.3, .353, and .00353 have the same 
significant figures. Their common logarithms have the same 
mantisse. This is an example of the 


Rule.— The common logarithms of all numbers having the 
same significant figures have the same mantissa. 


Thus, the logarithms of 2506, 2.506, 250.6, etc., all have the same 
mantissz. 


278. A Table of Logarithms consists of the mantisse of the 
logarithms of certain numbers. The characteristics of the 
logarithms may be determined by the rules given in §§ 274 
and 275. The table given on pages 356 and 357 gives the 
mantisse of all integers from 100 to 999 inclusive, calculated 


. 
4 
4 
: 
| 
| 


ee eee 
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to four decimal places. The decimal point is omitted. Such 
a table is called a fowr-place table. While a five or six place 
table would be more accurate, this table is sufficiently ac- 
curate for all ordinary purposes, 


279. To find the Logarithm of a Number of Three Significant 
Figures. 


Exampie 1. Find the logarithm of 16.8. 


Soxtution: 1. In the column headed * No.” find 16. On the hori- 
zontal line opposite 16, pass over to the column headed by the figure 8, 
The mantissa 2253 found there, is the required mantissa. 


2. The characteristic is 1, by the rule in § 274. 

8. . log 16.8 is 1.2253. 

Rule. — To find the logarithm of a number of three figures: 

1. Look in the column headed “ No.” for the first two figures of 
the given number. The mantissa wili be found on the horizontal 
line opposite these two figures and in the column headed by the 
third figure of the given number. 

2. Prefix the characteristic according to §§ 274 and 275. 


Examere 2. Find log .304. 

Sotution: 1. Opposite 80 in the column headed by 4 is the mantissa 
4829. ‘The characteristic is ~lor9—10. (§§ 275 and 276.) 

2. 2. log .3804 = 9.4829 — 10. 

Norz. The logarithm of a number of one or two significant figures may 


be found by using the column headed 0. Thus the mantissa of log 8.3 is the 
same as the mantissa of log 8.30; of log 9, the same as of log 900. 


EXERCISE 175 
Find the logarithms of : 
1. 235. pre 9. 56.2. 13. .00465. 
2. 769. 6. 8. 10. 7.83. 14. 8690. 
8. 843. 7. 3.2. 11. .924. 15. 24700. 


4. 900. 8. 620. 12. .0326. 16. 60.7. 
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280. To find the Logarithm of a Number of More than Three 
Significant Figures. 


ExampteE 1. Find log 327.5. 


Sotution: 1. From the table: log 327 apr Difference 


log 327.5= ? SESH 


log 328 = 2.5159 


2. Since 327.5 is between 827 and 328, its logarithm must be between 
their logarithms. An increase of one unit in the number (from 327 to 
828) produces an increase of .0014 in the mantissa. It is asswmed there- 
fore that an increase of .5 in the number (from 327 to 327.5) produces an 
increase of .5 of .0014, or of .0007, in the mantissa. 


8. .*. log 327.5 = 2.5145 + .5 x .0014 
= 2.5145 + .0007 = 2.5152. 


This result is obtained in practice as follows. The difference between 
any mantissa and the next higher mantissa as written in the table (neglect- 
ing the decimal point) is called the tabular difference. The tabular dif- 
ference for this example is 14(5159-5145). .5 of the tabular difference is 
7. Adding this to 5145 gives 5152, the required mantissa of log 327.5. 

Similarly to find log 327.25, the tabular difference is 14, .25x14=3.5. 
Hence the mantissa of log 327.25 is 5145 +3.5 or 5148.5. .°. log 827.25 
= 2.5149. 

Notre. The process of determing a mantissa which is between two 
mantissz of the table is called Interpolation. 

Norr 2. The assumption made in step 2 is not warranted by the facts. 
Nevertheless, for ordinary purposes, the results obtained in this manner are 
sufficiently correct. This is the common method of interpolating. 

Nore 3. When interpolating, it is customary to cut down all decimals so 


that the mantissa will again be a four-place decimal. Thus 3.5 is called 4. 
3.4 would be called 3. 


Rule. —To find the logarithm of a number of more than three 
significant figures : 


1, Find the mantissa for the first three figures, and the tabular © 


difference for that mantissa. 

2. Multiply the tabular difference by the remaining figures of 
the given number, preceded by a decimal point. 

8. Add the result of step 2 to the mantissa obtained in step 1. 

4. Prefix the proper characteristic by §§ 274 and 275. 
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EXxAmpte 2, Find log 34.652. 

SotutTion: 1. Mantissa of log 346 = 5391. 
Mantissa of log 347 = 5403. 

2. Tabular difference =12. .52 x 12=6.24=6, 

3. .*. Mantissa for log 34652 = 5891 + 6 = 5397. 

4. .+. log 34.652 = 1.5397. 


Exampte 3. Find log .021508, 
Sorution: 1. Mantissa of log 215 = 8324. 
Mantissa of log 216 = 3345. 
2. Tabular difference =21. .08 x 21=1.68=2. 
3. .*. mantissa of log 21508 = 3324 + 2 = 3326, 
4. .*. log .021508 = .3326 — 2, or 8.3326 — 10. 
EXERCISE 176 


Find the tabular difference when the mantissa is: 
Voze2. 3. 6590. 5. 8982. 7. TO76. 9. 4728. 
2. 4166. 4. 7364. 6. 5340. 8. 8692. 10. 7435. 


Find the logarithms of: ji 
11. 325.5. 16. 32.16. 21. 327.11. 26. 3.1416. 


12 260.1. 17. 1.608. PA de Sei] ie 27. 1.0453. 
13. 786.3. 18. 7.961. 23,0 G2 T21s OBS... 22780: 
14. 492.2. 19. .8462. 24. 803.75. 29. .063457. 


15. 703.4. 20. .05375. 25. 6.2534, 30. .004062. 


281. To find the Number Corresponding to a Given Logarithm. 

i Exampte 1. Find the number whose logarithm is 1.6571. 

1 Sotutrion: 1. Find the mantissa 6571 in the table. 

; 2. In the column headed “ No.” on the line with 6571 is 45. These 

are the first two figures of the number. At the head of the column con- . 
taining 6571 is 4, the third figure of the number. Hence the number 

sought has the figures 464. 
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8. The characteristic being 1, the number must have two figures to 
the left of the decimal point. (§ 274.) 
.*. the number is 45.4. 


Rule —To find the number corresponding to a given logarithm 
when the mantissa appears in the table: 

1. Find the three figures corresponding to this mantissa, as in 
the example. . 

2. Place the decimal point according to the rules in §§ 274 and 
275. 


EXERCISE 177 
Find the numbers whose logarithms are: 
1. 2.6138. 4, 2.9542. 7. 1.7404. 10. 9.8000 — 10. 
2. 1.3365. 5. 3.9289. 8. 4.7024. 11. 8.53878 —10. 
3. 3.6972. 6. 0.8162. 9. 0.8893. 12. 7.4133 — 10. 


. Examete 2, Find the number whose logarithm is 1.3934, 

Sotution: 1. The mantissa 3934 does not appear in the table. 

The next less mantissa is 3927, and the next greater is 3945, 

The corresponding numbers are 247 and 248, That iss: 

mantissa of log 247 = 3927 | Diff. Tabular 
mantissa of logx = 3934 | =7. } difference 
mantissa of log 248 = 3045 } =18. 

2. Since an increase of 18 in the mantissa produces an increase of 1 
in the number, it is assumed that an increase of 7 in the mantissa must 
produce an increase of 3; or .388 in the number. Hence the number has 
the figures 247.38. 


8. Since the characteristic is 1, the number must be 24.738. 


Rule.— To find the number corresponding to a given logarithm 
when the mantissa does not appear in the table: 
1. Find in the table the next less mantissa. Find the correspond- 
ing number of three figures, and the tabular difference. 
2. Subtract the next less mantissa from the given mantissa and 
divide the remainder by the tabular difference. 
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8. Annex the quotient to the number of three figures obtained in 
step 1. 


4. Place the decimal point according to the rules in §§ 274 and 
275, 


EXERCISE 178 
Find the numbers whose logarithms are: 


1. 1.8079. 6. 0.8744, 11. 2.5369. 
2. 3.3565. % 9.9108 —10. 12. 9.7022 — 10. 
3. 2.6639. 8. 8.8077 —10. 13. 2.4644. 
4. 0.7043. 9. 7.5862 —10. 14. 3.1634. 
5. 2.5524. 10. 8.2998 — 10. 15. 2.9310. 


PROPERTIES OF LOGARITHMS 
282. The preceding discussion relates entirely to the Com- 
mon System of Logarithms. (§ 272.) Certain properties of 
logarithms to any base will be considered now. 
Nore. The base may be any positive number different from 1. 


283. Just as logy3.053 =.4847 means that 10” =3.053, 
so log, N= means that N= a". 
Log, N is read “the logarithm of W to the base a.” 


284. Logarithm of a Product. 

Assume that a*= | then [= log, M4, 

and C= iy=log, NV. 

Also a* -a"=MN, or a*##= MN. .. log, MN=a+y. (§ 283) 
Therefore log, MN = log, M+ log, N. 

 Rule.—In any system, the logarithm of a product is equal to the 
- gum of the logarithms of its factors. 


Exampie 1. Given log2=.3010, and log3=.4771, find 
log 72. 
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Soturion: 1. log 72 =log2-2-2-3.-3. 
2. = log 2 + log 2 + log 2 + log3 + log3. 
8. .* log 72 =8 log 2 + 2 log8 = 3(.8010) + 2(.4771) 

= .9030 + .9542 = 1.8572. 


EXERCISE 179 


Given log 2 = .3010, log 3=.4771, and log 7=.8451. Fina 
the following logarithms as in Example 1; check the solutions 
by finding the same logarithms in the table: 


1. log 21. 4. log 126. 7. log 324. 
2. log 42. 5. log 128. 8. log 378. 
8. log 36. 6. log 252. 9. log 168. 


10. Find by logarithms the value of 35.2 x 2.35 x 6.43. 


Sotution; 1. Let v = 35.2 x 2.85 x 6.48. | log 35.2 = 1.5465 
2. .* log v = log 35.2 + log 2.35 + log 6.48. | log 2.85 = 0.8711 
8. .°. log v = 2.7258. log 6.43 = 0.8082 
4, . v = 531.87. (§ 281.) 2.7258 


Find by logarithms the values of: 

11. 325 %27.8. 14. 34.55% 29.9. 17. 3.142 x 6039. 
12, 249 65.7  15./678.1X37. 18. 541.2x1.523. 
13, .289x 365. 16. 1.732580. 19. 43.65 x 865.25. 


20. Find by logarithms the value of .0631 x 7.208 x .51272. 


Sotution: 1. logy = log .0631 + log 7.208 + log .51272. 

2. log .0681 = 8.8000 — 10 
log 7.208 = 0.8578 

log .51272 = 9.7099 — 10 


19.3677 — 20 = 9.8677 — 10 


3. . loge = 9.8677 —10. °. v= .2982. (§ 281.) 


Nors. If the sum of the logarithms is a negative number, the result 


should be written so that the negative part of the characteristic is —10. 


| 
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Find by logarithms the values of: 


21. .0235 x 3.14. 24. 84.75 x .00368. 
22. .5638 x .0245. 25. .0273 x .00569 x .684. 
23. .7783 x 6.282. 26. .2908 x .0305 x .0062. 


285. Logarithm of a Quotient. 
Assume th — cs 

at oa a then (?2= log, UM, 

and any. y= log, N. 
Also, a? +a" = M+ WN, or a= M+N. 
. log, (M+ N)=a—-y. 

Therefore, log, (M+ N) =log, M—log, N. 
Rule. —In any system, the logarithm of the quotient of two num- 


bers is equal to the logarithm of the dividend minus the logarithm 
of the divisor. 


Examprte 1. Given log2=.3010 and log3=.4771, find 
log 3. 
Sotution: 1. log 3 =log 3 — log 2 =.4771 — .3010 = .1761. 


Exampre 2. Find log 8. 


Sotution: 1. log § = log 222. 

2. =(log2 + log 2 + log 2)— (log 3 + log3). | .9030 = 10.9030 — 10 
3.  =3(.3010)—2(.4771) = .9030 — .9542. | .9542= .9542 

4, .. log§ = 9.9488 — 10. 9.9488 — 10 


Note 1. To find the logarithm of a fraction, add the logarithms of the 
factors of the numerator, and from the result subtract the sum of the loga- 
__ rithms of the factors of the denominator. 


Note 2. To subtract a greater logarithm from a less, or to subtract a 
negative logarithm from a positive, increase the characteristic of the minuend 
by 10, writing — 10 after the mantissa to compensate. Thus, in this example, | 
.9542 is greater than .9030; therefore, .9030 is written 10.9030 — 10, after which 
the subtraction is performed. 
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EXERCISE 180 
Given log 2=.3010, log3=.4771, and log? =.8451, find: 


1. log4. 3. log ?. 5. log 4%. 7. log i. 
2. log 44. 4. log 4A. 6. log 4. 8. log 24. 


Find by logarithms the values of: 


9. 255 + 48. 12. 630.5 +- 402. 15. 2865 + 1.045. 
10. 376+ 83. 13. 300.25+3.14. 16. 7.835+23.75. 
11. 299 +99. 14. 230.56+1.06. 17. 9.462+85.64. 

3.14 x 25 0036 X 2.35 
BE aa 32. "0084 
23.5 x 1.05 287.5 x .096 
Rees aTeh ae R EST 
20 24.75 x .0058 | 24 25.6 X .738 X .0535 | 
ae 1.41 265 x 432 
21 16.08 x 256, 25 1.405 x 207 x .00392 
‘ 17 3 508 x .6354 
286. The Logarithm of a Power of a Number. 
Assume that a* = M; then x=log, M. 
Also, (a*)? = M®; or a= M?. .. log M? = D2. 
Therefore, log M? = p log, M. 


Rule.—In any system, the logarithm of any power of a number 
is equal to the logarithm of the number multiplied by the exponent — 
indicating the power. 

Exampre 1, Given log 7 =.8451, find log 7°. 

SoLurion : log 75 = 5log7 = 5 x .8451 = 4.2255. 

Exampre 2. Find by logarithms 1.04™. 

Sorution: 1. log 1.0419 = 10 log 1.04 = 10 x .0170 = .1700. 


2, The number whose logarithm is .1700 is 1.479. (§ 281) 
8. 2. 1.0410 = 1.479, 


a a 
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Exampte 3. Find by logarithms 1/365. 

Soxutron: 1. log W365 = log 3653 = 2 log 365. 

2. .*. log W365 = 4 x 2.5623 — 0.8541. 

8. The number whose logarithm is 0.8541 is 7.146. (§ 281) 
*. W365 = 7.146. 

When finding a cube root, the logarithm of the radicand is 


divided by 3; when finding a square root, the logarithm of the 
radicand is divided by 2. This suggests the 


‘Rule. — In any system, the logarithm of a root of a number is 
the logarithm of the radicand divided by the index of the root. 


Exampte 4. Find by logarithms -/.0359. 
Soxvtion: 1. log 7.0359 = }log.0359 = 1 (8.5551 — 10). 
2. .*. log V.0359 = 4(88.5551 — 40). (See note.) 

3. .. log V.0359 = 9.6387 — 10. 


4. The number whose logarithm is 9.6387 — 10 is .4352. (§ 281) 
-. V.0359 = .4352. 


Note. To divide a negative logarithm, write it in such form that the 
negative part of the characteristic may be divided exactly by the divisor, and 
give — 10 as quotient. 
Thus 8.5551 — 10 is changed to 38.5551— 40 since the divisor is 4. if the 
divisor were 3, it would be changed to 28.5551 — 30. 


EXERCISE 181 
Given log 2 = .3010, log 3 = .4771, and log 7 = .8451; find: 


1. log 3’. 3. log 74. 5. log (21)8. 7. log V6. 

2. log 25. 4. log 27%, 6. log V7. 8. log -V14, 
Find by logarithms the values of the ernie : 

9. 235°. 13. 3.1416 x 187. . V2T88, 
10. 2.045%. 14, 7.7954 1s, V25x 19.6. x 17.8. 
ai V/6.50. 15. 127. 19. V3 x V5. 


12. ¥/9.863. 16. 4x 3.1416 x 5% 20. (4499). 
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21. The volume of a right circular cylinder is given by the 
formula V= 7H. 
Find the volume (by logarithms) : 
(a) if R= 10.5 and H = 26.5. 
(0) if R= 8.2 and H = 33.1. 
22. The volume of a sphere is given by the formula V=4 rh’. 
Find the volume: 
(a) ifR=12; (0) tf R=62. . 
23. The interest on P dollars at r % for t years is given by 
Prt : 
the formula I = Oe Find I 
(a) if P= $ 765, r= 5, and t = 6.5 years. 
(bo) if P= $1250, r = 4.5, and ¢ = 8 years and 3 months. 
24, The amount to which P dollars will accumulate at r% 
compound interest in m years is given by the formula, 
a: ; 
A=P(1 asa) . Find A: 
(a) if P= $ 250, r = 4, and n= 10. 
(6) 2 PSB 75,7 = 3.5, and n= 15, 


25. A cylindrical cistern has for its diameter 5 feet. Find 
the number of barrels of water this cistern has in it when the 
water is 9 feet deep. (One cubic foot of water is about 74 
gallons ; one barrel contains 314 gallons.) 


Historircat Norn. Logarithms were introduced by John Napier (1550- _ 
1617), a Scotch gentleman who studied mathematics and science as a pastime. 
The Napier logarithms were not the common logarithms. Briggs (1556-1631), 
an English mathematician, computed the first table of Common Logarithms. 


XXIII. PROGRESSIONS 
ARITHMETIC PROGRESSION 


287. An Arithmetic Progression (A.P.) is a sequence of 
numbers, called terms, each of which after the first is derived 
from the preceding by adding to it a fixed number, called the 
Common Difference. 

Thus, 1, 3, 5, 7, --- isan A. P. Each term is derived from the preced- 
ing by adding 2. The next two terms are9and 11. 2 is the common 
difference, 

Again, 9, 6, 3, --- is an A. P. The common difference is —3, The 
next two terms are 0 and — 3. 


Nore. The common difference may be found by subtracting any term 
from the one following it. 


EXERCISE 182 
Determine which of the following are arithmetic progres. 
sions; determine the common difference and the next two 
terms of the arithmetic progressions: 


1. 4, 7, 10, 13, ---. 6. 5m, 7.5m, 10m, -o. 

2. 1, 3, 7, 9, 15, «++. 7% 4p,1.5p, —p, oe 

8. 10, 7, 4, 1, »- 8. 1.06, 1.12, 1.18, .... 

4. 25, 20, 15, 10, «+, 9. a+b,a+26,a+38, ---. 
5. 24, 34, 4, 43, ; 10. 5r+6s,6r+4s,7r+2s,-... 


Write the first five terms of the A. P. in which: 


the first term is 15 | 25 | 7.5 
the common difference is | g | —8 | 3.5 


367 
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288. The nth Term of an Arithmetic Progression. It is possi- 
ble to determine a particular term of an arithmetic progression 
without finding all of the preceding terms. : 

Given the first term a, the difference d, and the number of 
the term n, of an arithmetic progression, find the nth term 1. 

The progression is a,a+d,a+2d,a+3d,--. The coeffi- 
cient of d in each term is 1 less than the ents of the term. 
Thus, the 10th term would be a+9d. Therefore the coeffi- 
cient of d in the nth term must be (n — 1). 

+, l=a+(n—1d. 

Exampie. Find the 10th term of 8, 5, 2, «+. 

Sotution: 1. 2=8;d@=—3;n=10;1=? 

2 t=at(n—Nd. ».1=8+4+(10—1)(—8)=8 —27 =— 19. 


ee EXERCISE 183 
1. The 12th term of 3, 9, 15, «++; also the 20th. 
The 15th term of 16, 12, 8, ---; also the 25th. 
The 13th term of —7, —12, —17, «++; also the 31st. 
The 16th term of 2, 21, 3, ---; also the 51st. 
The 11th term of 1.05, 1.10, 1.15, ---; also the 26th 


’6 What term of the progression 5, 8, 11, --- is 86? 
SoLtution 1. @a=5;d=3; 1= 86; findnz. 

2 t=at+(n—1)d. »86=5+(n—1)38. : 
8. Solving for n,n =28. .. 86 is the 28th term, 


7. What term of the progression 8, 5, 2, «++ is —70? 
§ What term of the progression 4, 8, 4, -- is 203? 


9. What term of the progression —75, — 67, —- 59, --. is 
lS Gg 


10. What term of the progression 1, 1.05, 1.10, ---is 21 | 


2 m8 ~ Bw 
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11. If the first term of an A.P. is 15, and the 11th term is 
35, what is the common difference ? 


Hint: 35 =15+(11—1)d. 


Find the common difference : 

12. If the first term is 5 and the 22d term is 173. 

13. If the first term is — 20 and the 33d term is — 4. 
14. If the first term is 325 and the 31st term is 25. 


15. Find the 10th term of the arithmetic progression whose 
first term is 7 and whose 16th term is 97. 


16. A man is paying for a lot on the installment plan. 
His payments the first three months are $10.00, $10.05, and 
$10.10. What will his 20th and 25th payments be? 


289. The terms of an arithmetic progression between any 
two other terms are called the Arithmetic Means of those two 
terms. 


Thus, the three arithmetic means of 2 and ce are 5, 8, 11, since 2, 5, 
8, 11, 14 form an arithmetic progression. 


A single arithmetic mean of two numbers is particularly im- 
portant. It is called The Arithmetic Mean of the numbers. 

When two numbers are given, any specified number of 
arithmetic means may be inserted between them. 


Exampte. Insert five arithmetic means between 13 and 
saa 
Sorution: 1. There results an arithmetic progression of 7 terms, in 
which a = 13, T= Tivandin= (0) Hind:d: 
2. l=at(n—Dd. .. —11=18+46d, ord=—4. 
8. The progression is: 18, 9, 5,1, —3, —7, —11. 
Cuecx : There is an A. P. with five terms between 13 and — 11. 


Pf 
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EXERCISE 184 
Insert three arithmetic means between 3 and 19. 
Insert four arithmetic means between — 10 and 20. 
Insert nine arithmetic means between 3 and 28. 
Insert five arithmetic means between and 5. 
Insert five arithmetic means between — § and —5. 
Find the arithmetic mean of 7 and 15. 
. Find the arithmetic mean of V2 and V18. 
Find the arithmetic mean of +7 and «—7. 


a 


9. Find the arithmetic mean of a and b. From the result, 


make a rule for finding the arithmetic mean of any twa 
numbers. 


Note. The arithmetic mean of two numbers is commonly called their 
average. 


10. Find the common difference if two arithmetic means are 
inserted between r and s. 


11. Find the common difference if &% arithmetic means are _ 


inserted between m and p. 


290. The Sum of the First nm Terms of an Arithmetic Pro- — 


gression. 


Given the first term a, the nth term J, and the number of © 


terms n; find the sum of the terms 8S. 
Sorvrion: 1. S=a+(a+d)+(a+2d)+ +. +(@-2d) +(7—d) +2. (1) 
2. Writing the terms in reverse order, 
S=1t+(l—d)+(—2d)++-+(a4+2d)+(a4+d)+a. (2) 
8. Adding the equations (1) and (2), term for term, 
28=(a+1)+(at+D+(a+d+ +(@+1)+(a4+1)+(@4+2). (8) 


4. There were n terms in the right member of (1) ; from each, there 
results a sum (a +7) in (8). 


28=n(a+d, or S=F (a+). (4) 


PROGRESSIONS 371 


5. In §288, 1=a@+(n—1)d; substituting this value of | in (4), 
S=Fia +(a+(n—1)d)}, or S= {2a +(n~1)d}. (5) 


Exampete 1. Find the sum of the first 15 terms of the 
arithmetic progression, of which the first term is 5 and the 
15th term is 45. 


Sotution: 1. @=5; 1=453; n= 15. 


2. S=Fat+d. o. S=48(5 + 45) = 15 - 25 = 875. 


Exampie 2. Find the sum of the first 12 terms of the pro- 
gression 8, 5, 2, «++. 
Sotution: 1. a=8; d=—3; n= 12. 
5. S=F2a +(n—1)d}. o. S=6{16 + 11- (—8)} = 6{16 — 33}. 
. S = 6(— 17) =— 102. 


EXERCISE 185 
Find the sum of: 
1. 12 terms of 3, 9, 15, --. 
2. 15 terms of —7, —12, —1T, «+. 
3. 16 terms of — 69, — 62, —55, ++. 
4. 10 terms of $1.06, $1.12, $1.18, ---. 


Find the sum of the terms of an arithmetic progression if: 
5. The number is 12, the first is 5, and the last is 50. 
6. The number is 31, the first is 40, and the last is 0. 
7. The number is 18, the first is — 18, and the last is 22. 
g. The number is 8, the first is — 2%, and the last is 7. 
9. Find the sum of the numbers 1, 2, 3, «++, 100. 
10. Find the sum of the even numbers from 2 to 100. 
-‘:11, ‘Find the sum of the odd numbers from 1 to 99. 
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12. Find the sum of all even integers, beginning with 2 and 
ending with 250. 


13. If a boy earns $360 during his first year of work, and 
is given an increase of $50 per year for each succeeding year, 
what is his salary during his 10th year, and how much has he 
earned altogether during the 10 years ? 


_ 14. If at the beginning of each of 10 years a man invests 
$100 at 6% simple interest, to what does the principal and 
interest amount at the end of the 10th year? 


15. How many poles will there be in a pile of telegraph 
poles if there are 25 in the first layer, 24 in the second, etc., 
and 1 in the last? 


16, A man has a debt of $3000, upon which he is paying 
6% interest. At the end of each year he plans to pay $300 
and the interest on the debt which has accrued during the 
year. How much interest will he have paid when he has 
freed himself of the debt ? 


17. A man is paying for a $300 piano at the rate of $10 
per month with interest at 6%. Each month he pays the total 
interest which has accrued on that month’s payment. How much 
_ money, including principal and interest, will he have paid 
when he has freed himself from the debt ? 


18. It has been learned that, if a marble, placed in a groove - 
on an inclined plane, passes over a distance D in one second, — 
then in the second second it will pass over the distance 3 D, in 
the third, over the distance 5 D, ete. Over what distance will - 
it pass in the 10th second? in the tth second. 


19. Through what total distance does it pass in + seconds ? i 
in 10 seconds? in¢seconds? ; 
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20. Experiment has shown that an object will fall during 
successive seconds the following distances: 

Ast second, 16.08 ft. ; 3d second, 80.40 ft.; - 

2d second, 48.24 ft.; 4th second, 112.56 ft. 


Find the distance through which the object will fall during 
the 7th second; the tth second. 


21. Find the total distance through which the object falls in 
5 seconds; in ¢ seconds. 


22. Substitute g for 32.16 in the final result of Example 21 
and simplify the result. 


291. In an arithmetic progression, there are five elements, 
a, d, 1, n, S. Two independent formule connect these ele- 
ments, the formula for the sum and the formula for the term J. 
Hence if any three of the elements are known, the other two 


_may be found. 


Nott. Remember that the formula for the sum is given in two ways. 


Examere 1. Givena=—38, n=20, S =—$; find d and 1. 
Sorution: 1. S=FG +). -2= 10(-3+2) ‘ whence 7 ==. 
2. t=a+(n—1)d. .. §=—$+(19)-d; whence d=}. 
Examete 2. Givena=7, d=4, S=403; find n and 1. 
Soturron: 1. S=f2atm—)G. a 408 = F{l4 + (n—1) - 43 
2. 2%. 806 = nf4n+10}; 402+ 10n —806=0; 2n?+5n—403= 0. 
_ — 54 v5 f Sead _ 5 + VBS _~5 457__ 62 4 ag, 
ia 4 


ES —_———— =- — >; 


4 4 
Since n is the number of terms, must be 13. 


oe % 


8 t=at(n—1)d «1 =74+12-4= 55. 


Nor. A negative or a fractional value of n is inapplicable, and must be 
ejected together with all other values depending upon it. 
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ExamMPLE 3, The sixth term of an arithmetic progression 
is 10 and the 16th term is 40. Find the 10th term. 


SoLuTion: 1. By the formula? =a@+(n—1)d: 


a+5d=10. 
a+15d=40. 


2. Solving the system of equations in step 1, d=3 and @=— 5, 
8 The 10th term: 7=>~5+9-3=—5 +427 = 22. 


° 
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EXERCISE 186 
Given d=5, l1=71, n=15; finda and S. 
Given a=—9, n= 23, l= 57; find dand 8. 
Given a= 4, /=85, S=4}5; find d and n. 
Givena =}, l=— 5, d=—-1 find n and 8. 
Given d=}, n=17, S=17; find aand J. 
Given a=%, n=15, S=425; find d andl. 
Given a=— §, J=—28, S=—91; find d and n. 
Givena=15, d=—8, S=135; find nandh 
Given a, 7, and n; derive a formula for d, 
Given a, d, and 7; derive a formula for n. 
Given a, n, and S; derive a formula for 2. 
Given d, n, and S}; derive a formula for a. 
Given d, J, and n; derive formule for a and 8. 
The 8th term of an arithmetic progression is 10, and the 


14th term is —14, Find the 23d term. 


15. 


The 7th term of an arithmetic progression is —1, the 


16th term is {, and the last term is 13, Find the number of terms. 


16. 


The sum of the 2d and 6th terms of an arithmetic pro- 


gression is —$, and the sum of the 5th and 9th terms is — 10, 
Find the first term. 


17. Find four numbers in arithmetic progression such that 


the sum of the first two shall be 12, and the sum of the last 
two — 20. 


‘Sis bce eee 
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18. Find five numbers in arithmetic progression such that 
the sum of the second, third, and fifth shall be 10, and the 
product of the first and fourth — 36. 


19. Find three numbers in arithmetic progression such that 
the sum of their squares is 347, and one half the third number 
exceeds the sum of the first and second by 41. 


20. Find three integers in arithmetic progression such that 
their sum shall be 12, and their product — 260. 


GEOMETRIC PROGRESSION 


292. A Geometric Progression (G. P.) is a sequence of num- 
bers, called terms, each of which, after the first, is derived by 
multiplying the preceding term by a fixed number called the 
Ratio. 

Thus, 2, 6, 18, 54, --- is a geometric progression. Each term is ob- 
tained by multiplying the preceding term by 3. The ratio is 3. 

Again, 15, —5, +3, —3,--is a GP. The ratiois—4. The next 
two terms are + 3 and — 3}. 


Note. The ratio may be found by dividing any term by the one preced- 
ing it. 


EXERCISE 187 


Determine which of the following are geometric progres- 
sions; determine the ratio and also the next two terms of the 
geometric progressions: 


4. 4,8, 16, 32, -.-. 6. 3a, 62%, 12 2%, «+ 


2. 200, 50, 25, 10, ---- FD iA; AS AG) 282 eas 
8. (1+7), 1472, 1+7)% «>. 
3. 81, 27, 9, +» : ate oe y%, +7) 


BD. 1-6, 18, deb crepe peas ae’ 


5m 5m a0 2502 


CBee: a? a? 5a’ 
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Write the first five terms of the G. P. in which: 


The first term is: 
The ratio is: 


293. The nth Term of a Geometric Progression. It is possible 
to determine a particular term of a geometric progression 
without finding all of the preceding terms. 

Given the first term a, the ratio 7, and the number of terms 
n, of a geometric progression, determine the nth term J. 

The progression is a, ar, ar, ar, +. 

The exponent of r in each term is 1 less than the number of 
the term. Hence the 10th term would be ar’. Therefore the 
exponent of r in the nth term must be (xn — 1). 


* l=ar, 


Exampre. What is the 7th term of 9, 3, 1, «+? 


? 
Sovution: 1. @=9; r=4;n=7;1=? 


2. t= are, “b= 9(5)'= 8-3 ep Peet 


EXERCISE 188 
Find the 6th term of 1, 8, 9, - 
Find the 7th term of 6, 4, 8 By one 
Find the 5th term of — 2, 10, — 50 
Find the 9th term of 3, 3, 3, .... 
Find the 10th term of — $, +5, — 10, .. 


9 oe% 


Srey Rol teae 5 pi 


6. Find the 8th term of ® oe 
32°16" 8’ 


7. Indicate the 11th term of 1, (1+.), (1+ 1)2, ws, 
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8. Indicate the 15th term of 1, 1, 1, 1, ».; also the kth 
term. 


9. Indicate the 13th term of m, ™, ™, ™ ..., also the 
5) 3 ) 9 > 57’ ) 

(n + 1)th term. 

10. What term of the progression 3, 6, 12, 24, --- is 384? 

11. What term of the progression 5, 10, 20, -.- is 160? 

12. What term of the progression 18, 6, 2, -.- is 3? 

13. If the first term of a geometric progression is 5, and 
the 6th term is ~,, what is the ratio? 


Find the ratio of the geometric progression if: 


14. The first term is 7, and the fifth term is 9. 
15. The first term is 3, and the 7th term 24. 


294. The terms of a geometric progression between any two 
other terms are called the Geometric Means of those two terms. 


Thus, the three geometric means of 2 and 162 are 6, 18, and 54, since 
2, 6, 18, 54, 162, form a geometric progression. 


A single geometric mean of two numbers is particularly 


- important. It is called The Geometric Mean of the numbers. 


When two numbers are given, any specified number of geo- 
metric means may be inserted between them. 


Exampte. Insert three geometric means between 9 and 1°. 


Sonutron: 1. There results a geometric progression of 5 terms, in 
which a=9,1=1, andn=5. Find r. 


2) t= arr, Bag rorntas. raybas?. 


3. The progression is: 9, 6, 4, 3, 48, or 9, — 6, 4, — 3, 79. 
-Cuxcx: There is a G. P. with three terms between 9 and 4$. 
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EXERCISE 189 
1. Insert 4 geometric means between 3 and 729. 
2. Insert 5 geometric means between 2 and 128. 
3. Insert 2 geometric means between 7 and 3. 
4 


. Find the geometric mean of 8 and 32. 


5. Find the geometric mean of 3 ¢ and or 


“a 


6. Find the geometric mean between 2 a and 8 ar. 


7. Find the geometric mean between ae ee: 
x m 


8. Find the geometric mean between a and b. 
9. Insert 3 geometric means between 3 and 12. 


10. Insert 2 geometric means between a and 8. 


295. The Sum of the First n Terms of a Geometric Progression. 


Given the first term a, the ratio r, and the number of terms 
n, of a geometric progression, find the sum of the terms S. 


Sotution: 1. S=a@+ar+ar+4--- 4+ ar? +4 arm, @) 
2. Multiplying both members of (1) by 7, 
rS = ar+ qr? + ars +... + ar™1 + ar*,. (2) 
8. Subtracting equation (2) from equation (1), 
S—rS=a— ar, or S1—r)=a—ar. (8) 
4. ents’ 
ee (4) 
a Since 1 = ar, then rl = ar". Substituting rl for ar” in equation 
’ 
s.2>" ey | 
l—r ©) 


Examp.r. Find the sum of the first 6 terms of 2, 6, 18 --». 
Sorution: @=2,r=8,n=6. Find 8S. 


=e Se 28: 


a 
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EXERCISE 190 
Find the sum of the first : 
Kight terms of the progression 5, 10, 20, +. 


~ 


Six terms of the progression 24, 12, 6, --.. 

Seven terms of the progression 5, — 15, + 45, -. 
Seven terms of the progression +, — 4, 3, -- 
Five terms of the progression — 2, 10, — 50, + 
Fifteen terms of the progression 3m, 3m’, 3m*, ---. 
Ten terms of the progression 1, m?, m4, m‘, --- 

Find the sum of 15 terms of 1, (1+7),0+4+7)’, >. 
Find the sum of the first 10 powers of 2. 

Find the sum of the first 10 powers of 3. 


OM AP AP w BW 


= 
= 


11. Each year a man saves half as much again as he saved 
the preceding year. If he saved $128 the first year, to what. 
sum will his savings amount at the end of seven years ? 


12. Find the sum of the terms from the 11th to the 15th 
_ inclusive in the progression 74, §) 4) **- 

13. A father agrees to give his son 5 ¢ on his fifth birthday, 
10 ¢ on his sixth, and each year up to the 21st inclusive to 
double the gift of the preceding year. How much will he 
have given him altogether after his 21st birthday ? 


296. Infinite Geometric Progression. By an infinite geo- 
metric progression is meant one the number of whose terms 
increases indefinitely. If the ratio is greater than one, the 
terms bécome larger and larger. For example, the progression 
3, 6, 12, 24,---. If S, represents the sum of the first n terms 
of a progression, then, when r is greater than 1, S, increases 
indefinitely as 7 increases indefinitely. 
Thus, in the progression 3, 6, 12, -, as n increases indefinitely, 


a 
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S,, increases indefinitely. Hence the sum of an infinite num- 
ber of terms of the progression must be an indefinitely large 
number. 

When the numerical value of the ratio is less than 1, the 


progression has special interest. 


Exampie 1. Consider the progression 5 ee, 
Sotvrion: 1. The ratio 7 is 4. 


2. 


1B $s 


5(3)° = dr 


10 | 5($)° = reéss 


3. Clearly, as n increases, J decreases ; also the term rl of §,, decreases. 
If 7 increases indefinitely, 7 will heusene approximately zero, the term ri 
will become approximately zero, and §,, will become approximately 

Biro. a5 
oO ee ad 

Consider now any geometric progression in which ¢ is less 

than 1 in absolute value (§ 21). The sum of the first n terms 


is: — 
ia See 


Now as n increases indefinitely, 7 decreases indefinitely, 
becoming approximately zero, Hence the term a +7" becomes 
approximately zero, a, and 1—7r remain the same. 

—0 de Ge 

r i—r ‘ 
Hence, the sum of an infinite number of terms of a geo- 
“metric progression in ate r is numerically less than 1, is 


»» S, becomes approximately = 


given by the formula S = 


_7 


, 
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Exampte. Find the sum to infinity of the progression 


Ao — 3 ap + 


Sorution: 1. a=4; r=— 3. 
2. Since r is numerically less than 1, S a ak 
—r 
ff eee 
14+% 2 5 
EXERCISE 191 
Find the sums to infinity of: 
1. 6, 2, Z. 2 © 
PS) Er 6. x, >? 4? oe 
2. 1, D % ay a a 


Be URIs 


3. 16, 4,1, --.. 
8. 1,-4,4+05-- 


A. 6, 38, 33 0 
> 109 100? hen FS Bae a 
5. 1, .1, .01, .001, --. 10. 4, — 5, +85 


11. Find the value of the repeating decimal 8181 ae 
4 Sg ile ier = te =p reeo + ete. 


ee fs Lm 
99 99 oll 


thy 2 


XXIV. THE BINOMIAL THEOREM 


297. The Binomial Theorem is a formula for determining by 
inspection the expansion of any power of a binomial. 


By actual multiplication : 


(a+ @)? = a? + 2ax+ a (1) 
(a+23= e+ 30x+ 3 a0 + 23, (2) 
(a+a)¢=at+4a%e + 6 a%? + daa + at. (3) 


Rule. — To expand any power of a binomial, like (a+ Ee 

1. The exponent of a in the first term is nm and decreases by 1 in 
each succeeding term until it becomes 1. The last term does not 
contain a. 

2. The first term does not contain x. The exponent of x in the 
second term is 1 and increases by 1 in each succeeding term until it 
is n in the last term. 

3. The coefficient of the first term is 1 ; of the second is 7. 


4. If the coefficient of any term be multiplied by the exponent of 
a in that term, and the product be divided by the number of the 
term, the quotient is the coefficient of the next term. 

Nore 1. ‘The number of terms is n + 1. 


Nort 2. The coefficients of terms “ equidistant from the ends”? are the 
same ; for example, the second and the next to the last. 


Examrie i. Expand (a + x), 


Sorvurion : 1. The exponents of @ are 5, 4, 8, 2,1. The exponents of 
-_®, starting with 1 in the second term, are 1, 2, 3, 4, and 5. Writing the 
terms without the coefficients gives : 


a5 + ate + ade? + a2a3 + aet + 25, 
2. The coefficient of the first term is I, and of the second term is 5 


(Rule 8). Multiplying 5, the coefficient of the second term, by 4, the 
382 


Pr —— 


lien 


i aaa 
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exponent of a in the second term, and dividing by 2, the number of the 


term, gives 10, the coefficient of the third term ; and so on. 
Filling in the coefficients in this manner gives : 


(a+2)'=a'4+5a4z +10 ae? 4+ 10 ae + 5 at + 25. 
Exampte 2. Expand (2 - a : 


Sotution: 1. In this example, a is 2 and x is (- SF 
3) 


ACa eel GU wmtah a teges ) 
415-22. (— m'+6. a3 (- ms (-2) 


- = 64—6-82. 415-16. — 20.8. 4 15.4. 
8. =64—6.82. 7+ : eo 
mm 
243 * 799 
160 4 ae 
= oe pee m3 oY mk = ont Be 5 
= nae 64 m +S mt — 27 ms 4 Sm 31” * 729 


Notr 1. When the second term of the binomial is‘negative, the terms of 
the expansion are alternately positive and negative. 

Notes 2. When the terms of the binomial are complicated monomials, 
place each in parentheses, and afterwards simplify as in steps 3 and 4, 


EXERCISE 192 
Expand the foliowing: 
1. (w@+y)* 6. (a? — 6%). 11. (a—})*. 
2. (m—n)’. 7 (2a+1)*. 12. G+2)*. 
3 (¢+1)%. 8. (a—3b)*t 13. (2m?—1)°*. 
4. (r—2)% 9. (1+ 27% 14. (a?+ 0%)4 
5 (m+n)® 10. (1—2)% - 16. (8+2°)°. 


7 Find the first three terms of: 


16 (a—3)". 18 (a—1)% 20. (a+ Sy) 
1%, (m?4+2n)” 19. (@—B*)”, 21. (an? —4n*)". 
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22. € + a) . 24, f: os a : 26. (at —33)’. 


23. & = a) . 25. (a7? + b-5, 27. (W2—v3)*. 
Le * 
28 Write the first 4 terms of (a+2)”. 


298 The rth or General Term of (a+x)". Following the 
cules of § 297, 


(a+v)"=a"*+n- ante + M1) - at 2y2 


4 W(n—D (m2) ona aoe 


1-2-3 


Note the fourth term. The exponent of 2 is 1 less than the 
number of the term, the exponent of a is nm minus the expo- 
nent of «; the last factor of the denominator equals the expo- 
nent of «; in the numerator there are as many factors as there 
are factors in the denominator. Hence, 


Rule. — In the 7th term of (a+ x)*: 
i. The exponent of x is r—1. 
2 The exponent of a is n— the exponent of x, ie.,2n—r+1. 


8. The denominator of the coefficient is 1.2.3. (r—1), the 
last factor being the same as the exponent of x. 


4. The numerator of the coefficient is n(n—1) -. etc., until there 
are as many factors as in the denominator. 


; fq ROR 1) nee PB) a 
. The rth term is fas (aa) arth. art, 
Exampre. Find the 8th term of (3 a? — by. 


2. SoLution: 1. (8 qu |jU={3 a?) +(— b)32, i 
In the 8th term, the exponent of (— 6) will be 7 (Rule 1); the ex- 


ponent of (3 at) will be 11 —7, or 4; the last factor of the denominator 


will be 7, and there will be 7 factors in the numerator starting with — 
11-10, ete. | 


i 
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3 
eli 10-0 8.08.8 eae 
8. .-. The 8th term igs ————_* ** *“ "# -*. (8 q?)4(— 0)? 
eS fw ened, 
or 830(81 a?) (— 67) =— 26730 ab". 
Notr. If the second term of the binomial is negative, it should be in« 
closed, sign and all, in parentheses, before applying the rules, Also, if either 


term has an exponent or coefficient other than 1, the term should be inclosed 
in parentheses before applying the rules. 


EXERCISE 193 


Find the: 
1. 4th term of (a+2)% 8. 5th term of (2 2? — 3)”. 
2. 9th term of (m—~—n)" 9. 6th term of (a™—y")% 
3. 5th term of 2). 

i. 10. 7th term of (4—b) « 
4. 10th term of (¢—2)”. b 
5. 8th term of (m?—7n*)”. 44 4th term of Ga as 
6. 6th term of (a*?+-3 2)". fy 
7. Tth term of (¢ — 4)”. 12. 8th term of (a?—2 y?)8. 


299. The Binomial Formula has not been proved in this 
chapter; it has been written down from observation of the 
results in certain special cases. The formula has been ap- 
plied only for positive integral values of n. 

The proof of the formula for positive integral exponents will 
be found in § 3365. 7 

In more advanced courses in mathematics, the formula is 


proved to be correct (with certain limitations) not only for 


positive integral values of n but also for negative and frac- 
tional values. 


Historicat Nor. The binomial theorem was formulated by Newton. 


XXV. RATIO, PROPORTION, AND VARIATION 


300. The Ratio of one number to another is the quotient of 
the first divided by the second. 


Thus, the ratio of a to bd is os it is also written a:b. The 


numerator is called the Antecedent and the denominator is 
called the Consequent. 

All ratios are fractions and are subject to the usual rules for 
operations with fractions. 


301. The ratio of two concrete quantities may be found if 
they are of the same kind and are measured in terms of the 
same unit. 


Thus, the ratio of 3 Ib. to 2 Ib. is 3; and the ratio of 350 Ib. to 2 tons is 


5 
Fdoo OF go 


EXERCISE 194 
Express the following ratios and simplify them: 
1. 3to9. 3. 52 to Zz. 5. 2to. 7 25 to 375. 
2. 12to2. 4. Gartolda®. 6. tol 8. a?—b? to as— bi. 
9. A line 15 inches long is divided into two parts which 
have the ratio 2:3. Find the parts. 


Soxrurion: 1. Let x = the short part. 
2. Then 15 — w = the long part. 


8. Then 2 —%, 
: 1-—a $8 


Complete the solution. | 


10. Divide a line 63 inches long into two parts whose ratio 
is 3:4, 
386 
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11. Divide 36 into two parts such that the ratio of the 
greater diminished by 4 to the less increased by 3 shall be 3: 2. 

12. The ratio of the height of atree to the length of its shadow 
on the ground is 17:20. Find the height of the tree if the 
length of the shadow is 110 feet. 

13. Divide 99 into three parts which are as 2:3: 4, 

Hint: Let the parts be 22,32, and 4a. 

14. Divide a farm consisting of 720 acres into parts which 
are as 3:5. 

15. Divide $1000 into 3 parts which are as 5:3: 2, 


302. A Proportion is a statement that two ratios are equal. 
The statement that the ratio of a to b is equal te the ratio of 
c to d is written either 

ee or a:b=ce:d. 
b a 

This proportion is read “a is to } as cis to a.” 

Thus 8, 9, 5 and 15 form a proportion since § = yy. 

Hisroricat Nore. Leibnitz, 1646-1716, was instrumental in estab- 
lishing the use of the form a:b =c:d. 


303. The first and fourth terms of a proportion are called 
the Extremes, and the second and third the Means. 

In the proportion a:b =c:d, a and d are the extremes, and 
b and c are the means; a and c are the antecedents, and 6 and 


 d@ are the consequents. 


EXERCISE 195 


Find the value of the literal number in the first six of the 
- following exercises and of 2 in the remaining ones : 


2 5 ieee 2—2_ 5. 
3 oT arg 8 Puiera ake g 
2_ 3 93. Eig) 
2: Seat. Sa2i— 5 § Tiara 
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7 4%. et en 53, 2-2 
bo -¢ sx ot x b 
Bei 100 eee 7 gee tee a te 
2b 3c np Ne t—tht « 


304. A Mean Proportional between two numbers a@ and 6 is 
the number # in the proportion a:%= a:b. 


A mean proportional between 2 and 3 is x in: 2 = 


“@=6;2=4V6. 
Thus, there are two mean proportionals between any numbers, Gener- 
ally the positive one is used. 


305. The Third Proportional to two numbers a and 0 is the 


number # in the proportion a:b = b: a. 
H 


Thus, the third proportional to 2 and 3 is z in: z= 


* 22%=9 and x = 4.5. 


306. The Fourth Proportional to three numbers a, b, and c is 
the number # in the proportion a:b =¢: 2. 


Thus, the fourth proportional to 2, 8, and 4 is the number z in: 2 = 4 ; 
z 
20 = 12and «= 6. 


Nore. Thenumbers must be placed in the proportion in the order in which 
they are given, as in the illustrative examples. 


EXERCISE 196 
Find the fourth proportional to: 


1, 2, 5, and 4. 4. 35, 20, and 14. 
2. 5, 4, and 2. 5. 6a, 2b, ande, 
8. 7,3, and 14. 6. @, y, and ay, 


Find the mean proportionals between: 
7. 18 and 50. 9. 2aanda. 
8. 21 and 3. 10. 12 m’n and 3 mn’. 


OE 
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2 
ries — and wreak. 12. a®—yeand eee a Sar 
13-16. Find the third proportional to the numbers in ex- 
amples 7, 8, 9, and 10. 
17. Find the third proportional to a? ~ 9 and a—3. 
18. Find the third proportional to 10 and 3y. 
19. Find the fourth proportional to: 
22°—-2y? aF—y7 ax — by + ay — ba 
Geet Mamet Btaeag ies: 
20. Find the mean proportionals between: 


ax — ay — ba + by e— x? 
—=———:~«and —_- 
F+ayty ~ @—op 


PROPERTIES OF PROPORTIONS 
307. In a proporiion, the product of the means ts equal to the 
product of the extremes. 
This property of a proportion is proved as follows: 


If ;=s , then ad = be, by clearing of fractions. 
Exampiy. Since ?= £, 2-9 should equal 3-6. Does it? 


308. If the product of two numbers is equal to the product of 
two other numbers, one pair may be made the means and the other 
the extremes of a proportion. 


| = ay, th mat. 
| If mn = xy, then ites 


_ Prove this by dividing both members of the given equation 
Bb: 
YY No. 
: Prove a0 the following proportions also are ue : 
—_ a — 1 id b Se ——} ae ° —— 
@ B=2 Gividebym). 2-2 @% 


Bley 1. Since 8.8=6-4, 3 should equal ¢. Does it? 
_ Examprze 2. Write three other proportions which should be true ac- 
cording to the property given in this paragraph. 
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309. In any proportion, the terms are in proportion by Alter- 
nation ; that is, the first term is to the third as the second ts to the 
Sourth. 


b 
If *— © prove oe 
a P nerd: 
Sueexstion. Use § 307 and then divide both members of the equation 
by cd. 


Exampte. Since ? = x4, then } should equal ,§. Does it ? 


310. In any proportion, the terms are in proportion by Inver- 
sion ; that is, the second term is to the first as the fourth is to the 
third. 

b_@ 

6 rove = 

b =e ¥ Gut 

Sueerstion. Use § 307, and then divide both members of the equation 

by ac. 


Exampie. Since 3 = +4, then § should equal 42. Does it ? 


311. In any proportion, the terms are in proportion by Compo- 
sition ; that is, the sum of the first two terms ts to the second as 
the sum of the last two terms is to the fourth. 


If wa Tove a+b_c+d 

wer b d 
Suaeustion. Add 1 to both members of the given equation. 
Exametn. Since z= re) then 2 — : should equal ks -+%. Does it ? 


312. In any proportion, the terms are in proportion by Divi- 
sion ; that ts, the difference of the first two terms is to the second, 
as the difference of the last two is to the fourth. 


If *=° prove ig a eS: 
ear eo b d 
Sucerstion. Subtract 1 from both members of the equation. 
10) 15 


Exampis. Since — creer then | a — 2 should equal ras Does it ? 


“ma 


or? 


: 
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313. In any proportion, the terms are in proportion by Compo- 
sition and Division; that is, the sum of the jirst two terms is to 
their difference as the sum of the last two terms is to -their 
difference. 


If Gane TOVe a+b_c+da. 
b @ P a—b c—@ 
Proor. 1. Since 2=£ ot b petd a 
ROOF ince 5a? then ° a (Composition) 
2. Since ;= = , then “3 = a: 3 a (Division) 


8. Divide the members of the equation in step 1 by those of the equa- 
tion in step 2: 


4. Simplifyingstep3: Ge Hl 9 


Exampie. Since v= 2, then, a +2 should equal = i + 3. Does it? 


314. In a series of equal ratios, the sum of the antecedents is to 
the sum of the consequents as any antecedent is to its consequent. 


If eee oso. etc., prove ae Se Peiee 7 Oe. 


Saf b+d+tftete 0b 
Proor. 1. Let vy =the common value of the equal ratios a ; , ° ete. 
2. Then since 5=” a= bv 
f=», c=dv 
a 
aa e= fo. 
8. Then (a+ c+ey=t+dv+fvu=v1(b+d+f). 
4. D on AE Ate he eee tg Paden 
aca ERE, OR, b+d+f b f, 
EXxaMp.e, Since See 1+8+5 should equal z Does it ? 


2-6 10° 24+6+10 
Hisrortcaut Note. All of these properties of a proportion were known 


"to Euclid, 300 B.c. 
; 
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315. There are several other properties of a proportion 
which follow directly from properties of an equation or of a 


Raise both members to the third 
Extract the cube root of both 


Multiply numerator and denomi- 
nator of the first ratio by m, and 


Multiply both members of the 


fraction. 
a_¢ ao, 
es b a’ ar b3 8 power. 
8 8 
(b) 1 2=8, then ¥4 — 22. - 
6 d vo Wa members. 
c 
(c) If oe © then 22 = @. 
a mb ond of the second by n. 
#%—£, then 72—™. ; 
ot aaa ab, ad equation by me 


316. In the preceding paragraphs, some of the simple prop- 


erties of a proportion have been given. 


There are many others 


which may be derived by means of these simple properties. 


2a+3b_ 2a—30b. 
E put a5 
XAMPLE Ft ako perne 5 did 5 ee 
Proor. 1. Since = ‘ then ao = a (§ 815, d) 
. 2a+3b_ 2¢+34_ 
2. Then Soray eh carr (By § 313) 
2a+8b_2a—3b— 
eos 2o4+3d 20—-3d Ore 
EXERCISE 197 
1. Write by inversion: 
a a 2 a_2 
b) <=— c) -==- 
@ 5 @) 5 © 55 


2. Write oe. same three proportions by alternation. 
8. Write these same three proportions by composition. 
4. Write these same three proportions by division, 
5. Write the proportion (c) in Example 1: 

(a) by inversion and the result by composition ; 


Ee 
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(0) by alternation and the result by division; 
(c) by composition and the result by alternation ; 
(a) by division and the result by inversion. 


6. If 2—%, prove that ME" —™. 
n x 


7] 
eal =) prove that neat ya aha 
, a 
8. If =, prove that 2—2— 9. 
age. ea a 
9. 1f2—”, prove that tM _ w+, 
uit u? = 
210. If 2=*. prove that 2a—36b_2c—3d 
pou * tae d 
EXERCISE 198 


Proportion in Geometry 


1. Ina triangle in which DE is parallel to BO, m:r=n:s. 


To test this truth: (a) measure m, n, r, and 
8; (0) find the value of the ratio m:r and of 
m:38; (¢) compare these two ratios. 

This truth may be tested in any triangle. It 
May be expressed thus: the upper segment on 
One side is to the lower segment on that side as 
the upper segment on the other is to the lower 
segment on the other. 


2. Write the proportion ier by alternation. Express 
the resulting proportion in words as in Example 1. 
: 8. Write the proportion of Example 1 by composition and 
express it in words. 
4. Write the proportion of Example 1 by inversion and 
express it in words. 
6. If AD=7, DB=4, and AE =8, find EC. 


EPPA 
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6 If AB=12, AD=5, and AC= 14, find AR. 
Hint. Let AH =a, and CH= 14—2x. 
7. If AD= DB, how does AE compare with EC? 
8. If AD=20, DB=8, and AC=30, find AH and EC. 


9. If two perpendicular lines BC and 
DE are drawn from one side of an angle 
to the other, then BC: AC= DE: AE. 


Test this statement by measuring the lines 
in the figure and finding the value of the ratios. 


Xx 
' 
1 
' 
' 
' 
‘ 
‘ 
! 
i) 


Y 


10. Draw any other perpendicular, as XY. Find the ratio 
of XY to AY and compare the ratio with those found in 
Example 9. What do you conclude 
about all ratios obtained by dividing 


the length of the perpendicular by the oe ‘ 
distance from A to the foot of the per- 4 N y cs 
pendicular (like AY)? a NZ 


11. Using the fact stated in Ex- i - at 
ample 9, tell how to find the height ———__________ 
of the tree in the figure, if the its 
height of the rod and the lengths on the shadows of the 
tree and the rod are as indicated. 


12. Suppose that HF and AC are 
perpendicular to OC in the adjoining 
figure. Suppose that HF=10 feet, 
OF =12 feet, OC=150 feet, and 
BC= 20 feet. Determine AB. | 


13. Suppose that CD and AB are 
perpendicular to AZ in the adjoining 
figure; that AX=5 feet, YB=§ 
feet, AH = 750 feet, CH = 25 feet 
and CD= 30 feet. Find XY. 
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VARIATION 


317. Some quantities change or vary and are called Variable 
Quantities. 


Thus, the distance between a moving train and its destination varies, — 
that is, it decreases; the age of an individual varies from moment to 
moment, — that is, it increases. 


318. A quantity which is fixed in any given problem is called 
a Constant. 


Thus, if a workman receives a fixed sum per day, the total wages due 
him changes from day to day if he works and remains unpaid. His daily 
wage is a constant ; his total wages is a variable. 


319. A change or Variation in one quantity usually produces 
a variation in one or more other quantities. Such variables 
are called Related Variables. For each value of one variable 
there is a corresponding value of the other variable, or variables. 

Thus, if the side of a square is increased, the perimeter and the area of 
the square are also increased. 


320. Variation is the study of some of the laws connecting 
related variables. Instead of the quantities themselves, their 
measures in terms of certain units of measure are used. 

Thus, distance is expressed as a number of miles, rods, or other units 
of length; weight is expressed as a number of units of weight; area is 
expressed as a number of units of area. 


- 321. One quantity varies directly as another when the ratio 
_ of any value of the one to the corresponding value of the other 


_is constant. 

Thus, the ratio of the perimeter of a square to the side of the square is 
f always 4, because the perimeter is 4 times the length of the side ; there- 
_fore the perimeter varies directly as the side of the square. 


q 322. The symbol, «, is read “varies as”; thus, ab is read 
“a varies as b.” 
r f \ 


396 ALGEBRA 


If way, then 7=™ where m is a constant, expresses the 


relation between any two corresponding values of x and y. 
(See § 321.) 
Since 77 m, then «= my. 


Either equation may be used to express direct variation. 


323. One quantity is said to vary inversely as another when 
the product of any valve of the one and the corresponding 
value of the other is constant. 


Thus, the time and rate of a train going a distance d are connected by 
the equation rt =d. If the distance remains fixed, then the time varies 
inversely as the rate ; for example, if the rate is doubled, the time is halved. 


If # varies inversely as y, then xy=m, where m is a cone 
stant, expresses the relation between them. 


If wy =m, then also x= 7 Either equation may be used 


to express inverse variation. 


324. One quantity is said to vary jointly as two others 
when it varies directly as their product. If # varies jointly 


x i 
as y and 2, then at m, where m is a constant, expresses the 
relation between the variables. 


Thus, the wages of a workman varies jointly as the amount he receives | 
per day and the number of days he works; for, letting W equal his total - 
wages, w his daily pay, and n the number of days he works, then W=nw. | 


Here m =1, i 
_Again, the formula for the area of a triangle is 
A=}ab. ) 


This shows that the area of a triangle varies jointly as the base and 
altitude. (Here m = }.) 
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325. One quantity may vary directly as a second and inversely 
asa third. Let # vary directly as y and inversely as:‘z; then 


my 


=. 


expresses the relation between the variables. Notice that this 
combines the equation for direct variation of y and inverse 
variation of z. 


326. Variation of more complicated related variables needs 
to be expressed sometimes. 


Example 1. 2«&y? may be written 2 = my’, 
EXAMPLE 2. 2° cy? may be written 2? = my’, 


Exampte 3. The volume of a circular cylinder varies jointly 
as the altitude and as the square of the radius. This may be 
expressed: v car’, or v= kar” 


Exampte 4. a varies directly as g, and inversely as d?. 


This may be expressed: a=“. 


EXERCISE 199 


Express the following relations both by means of the symbol 
and by an equation: 


1. The area of a rectangle varies jointly as the base and 
altitude. 


2. The area of a circle varies as the square of the diameter. 


3. The volume of a rectangular prism varies jointly as the 
length, width, and height. 
_4. The distance a body falls from a position of rest varies 
as the square of the number of seconds in which it falls. 
5. The interest varies jointly as the principal, the rate, and 
the time. 
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Express the following relations by means of equations. 
6. The rate of a train varies inversely as the time, if the 
distance is constant. 
7. The rate of gain varies inversely as the capital invested, 
if the total gain is constant. 
8. The weight of an object above the surface of the earth 


varies inversely as the square of the distance from the center 
of the earth. 


9. The per capita cost of instruction for pupils in a school 
room varies directly as the salary of the teacher and inversely 
as the number of the pupils. 1 

10. The volume of a circular cone varies jointly as the alti- 
tude and the square of the radius. 


11. Ifz varies jointly as wand y, and equals 2? when y = 
and # = 3, find z when y = $ and «= 4. 


Soxtution. 1. According to the conditions z = may. 


2 hee 
2 “gam. 2.2, orm =5, since z= when = $andy=4, 
3. .. 2=2ay, substituting 2 for m. 


4, ..2=2.$-$=102, whenzg=¢andy=8&. 

Nors. In such problems, first find the constant, as in step 2. 

12. If ya and is equal to 40 when «= 5, what is its value 
when «=9? 

13. If you’ and is equal to 40 when «=4, what is the 
equation for y in terms of a ? 


14, If @ varies inversely as y and is equal to 3 when y = , 
what is the value of y when x is 3? 

15. If (6% +48) «(6y —1) and «=6 when y =—83, what 
is the value of # when y = 7? 


16. The distance fallen by a body, from a position of rest, 
varies as the, square of the number of seconds in which the 
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body falls. If it falls 256 feet in 4 seconds, how far will it 
fall in 6 seconds ? 


17. The interest on a sum of money varies jointly as the 
rate of interest and the principal. If the interest is $375 
when the rate is 5% and the principal is $3000, what is the 
interest when the rate is 6 % and the principal is $2500? 


18. The principal varies directly as the interest and inversely 
as the rate. If the principal, $4000, produces $250 interest 
at 4%, what principal must be invested for the same time to 
yield $500 at 5%? 

19. The number of tiles required to cover a given area 
varies inversely as the length and width of the tile. If it takes 
270 tiles 2 inches by 5 inches in size to cover a certain area, 
how many tiles 3 inches by 6 inches will be required for the 
same area ? 


20. The number of posts required for a fence varies inversely 

as the distance between them. If it takes 80 posts when 

they are placed 12 feet apart, how many will be required 
when they are placed 15 feet apart? 


XXVI. SUPPLEMENTARY TOPICS 


CUBE ROOT 


$27. Cube Root of a Polynomial. By the binomial formula 
(§ 297), (at+bf=a+s ab +3 ab?+b%. Any polynomial which- 
may be put in this form is a perfect cube. Its cube root may 
be found by inspection. 

Exampre. Find V8 +367 + 54r+ 27. 

Sotution: 1. 8 72486 72454 r+-27=(2 r)8+3(2 r)? -343(2 r) - 32+ 33, 

2. 2. YBre + 367? = bir + 27 HI + 8. 

Notice that “a” is 2r and ‘b” is 3. 

Nore. If 6 is negative, the form is a2—3 a% + 3 ab? — b3. 


EXERCISE 200 


Find by inspection the cube roots of : 


1. Sat 4-12 0274+6"+1. 4. $i —60 tt — 125 +1507 
2. 1-12a+48a?— 643. 5, @_@ a _ i 
3. 27m +-1427 m' +9 m2. 8 4° 6 2 


328. The cube root, exact or approximate, of a polynomial 
may be found by a division process. | 

The perfect cube polynomial a?+3 a% +3 ab? + B may be 
put in the form a’+ 0(8a?+3ab +0"). This expression sug- 
gests the 


Rule. — To find the cube root of a polynomial: 


1. Arrange the polynomial according to the powers of some 


letter (§ 37). 
400 


q 
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2. Write the cube root of the first term as the first term of the 
root. Cube the first term of the root and subtract it from the 
given expression. 


8. For the trial divisor, take three times the square of the first 
term of the root. Divide the first term of the remainder (step 2) 
by the trial divisor. Write the quotient as the next term of the 
root. 


4. For the complete divisor, add to the trial divisor three times 
the product of the new term of the root by the part obtained previ- 
ously, and also the square of the new term of the root. 


5. Multiply the complete divisor by the new term of the root 
and subtract the result from the remainder (step 2). 


6. Continue in this manner until the cube root or the desired 
number of terms has been obtained: (a) for the trial divisor, take 
three times the square of the part of the root already found; 
(6) divide the first term of the last remainder by the first term 
of the trial divisor for the new term of the root; (c) form the 
complete divisor as in step 4; (d) multiply and subtract as in 
step 5. 


Exampre 1. Find V8 2° —36 aty + 54 xy? — 27 x, 


242—3 
Sorution: 1. a= V8a =2 22. 8 25 — 36 aty + 54 xy? — 27 y8 
2. a®?=8-2°; subtract. 8 26 


8. Trial divisor: 3 a? = 1224. — 36 aty + 54 x2y2?— 27 y? 
b =— 86 wty +1224 =—3y. 
Complete divisor: 8 at = 12 a4 
8 ab=—18a°y 
o2=9 
8a2+8 ab+b2?=120t—18 274y+9y? 
4, Multiply by —3y. Subtract. 


—36 aty 4- 54 22y2 — 27 y3 
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Exampte 2. Find 28 #—54 2+2°+3 of —9 27-625. 


22-2 ¢—3 
Sotution: 1. a= Vae=22 —6a°+3 +28 289 a3—b42—: 
2. a® = x5; subtract. x8 
3. Trial divisor: 3a?=8at. —62°+32!=—2 —6 +8 xt-4+28 x3 
Complete divisor: 8 a?=3 xt 
8 ab=—6 23 
2—4 ™? 


8a? + 8ab + 6? = 3 vt—6 23 +-4 x? 
4, Multiply by —22. Subtract. 
5, ‘Trial divisor: 3 a?=3(@2—2 x)2 =3 2t—12 48412 2?| —9 24+38623—9 P— 64 2 — L— 
b=—9 2!+3 2!=—3, 
3 ab=3(2?~2 %)(— 8)=—9 22+18% 


b?=(—3)? +9 
Complete divisor : 8 xt—12 23+3 2?+1824+9 
6. Multiply by ~3 Subtract. —9 xt +-36 «8 —9 229-54 2—5 
EXERCISE 201 
Find the cube roots of : 
C+3 cd +3 cd? + a3, 
r —3 173 +-3 rs? — 53, 
a® +-12 ab + 48 ab? + 64 23, 


QT m? +135 mn + 225 mn? +125 n3. i 
af —6 oF + 9at+4a8—9o2—6e—1, a 
8 a° +36 a’ + 66 at + 63 a? + 83 a2 + 9a+1. 
7. 809° + 27 +12 y—45 y— 8 — 35 99 4 97 y5 
8. 9a —36a+a0°+ 21 a'-9 a —8 — 4202, 


245° Pe 


329. Cube Root of an Arithmetical Number. The cube root of 
1000 is 10; of 1,000,000 is 100; etc. Hence the cube root of 
a number ‘eewenn 1 and 1000 is between 1 and 10; the cube 


root of a number between 1000 and 1 000,000 is iter 10. 
and 100; etc,. 


OO EE 


SUPPLEMENTARY TOPICS 403 


That is, the integral part of the cube root of a number of 
one, two, or three figures contains one figure; of a number of 
four, five, or six figures, contains two figures; and so on. 

Hence if the given number is divided into periods (§ 179) of 
three figures each, beginning with the units’ figure, for each 
period in the number there will be one figure in the cube root. 


330. The first figure of the cube root of a number is found 
by inspection; the remaining figures are found in the same 
manner as the cube root of a polynomial. 

Examprze i. Find the cube root of 157464. 

Sorution: 1. 157464 has two periods: 157 464. There are in the 


cube root two figures, a tens’ and a units’ figure. 50+ 4 
2. 125000 is the largest cube in 157000. 157 464 
@ = 125000 = 50. Place 50 in the root, 125 000 
Subtract, 82 464 
8. Trial divisor : 38 a? = 3(50)? = 7500 
b= 3824+ 75=4+t, Place 4 in the root. 
4. Complete divisor : 3ab=3-50-4= 600 
2=42—, 16 
5. Multiply 4. 3 a2+3ab+ b? = 8116 | 32 464 


Rule. — To find the cube root of an arithmetical number : 
1. Separate the number into periods (§179) of three figures each. 
2. Find the greatest cube number in the left hand period; write 


its cube root as the first figure of the root; subtract the cube of the © 
first root figure from the left hand period, and to the result annex 


the next period. 

_ 8. Form the trial divisor by taking three times the square of 
the part of the root already found annexing two zeros. 

E 4. Divide the remainder (step 2) by the trial divisor and annex 
the integral part of the quotient to the root already found. 


4 5. Form the complete divisor by adding to the trial divisor three 
imes the product of the new root figure by the part of the root 
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already found, with one zero annexed, and also the square of the 
new root figure. 


6. Multiply the complete divisor by the new root figure and 
subtract the product from the remainder. 


7. Continue in this manner until the cube root or the desired 
number of decimal places for the root has been obtained. 


Nore 1. Note 1, p. 249, applies with equal force to the above rule. 
Note 2. If any root figure is zero, annex two zeros to the trial divisor 
and annex the next period to the remainder. 


Exampte 2. Find the cube root of 8144.865728. 
The solution may be arranged as follows: 
20.12 
8 144.865 728 
8 
120000 |144 865 
; 600 
1 
120601 [120 601 | 
12120300 | 24 264 728 


12132364 |24 264 728 


Since 1200 is not contained in 144, the second root figure fs zero ; we 
then annex two zeros to the trial divisor 1200, and annex to the remainda 
the next period. 


i 
EXERCISE 202 . 


Find the cube roots of the following numbers: 
1. 19683. ° 4, 2515456. 7. 187149.248. 
2. 148877. 5. 857.375. 8. 444.194947. 


8. 59.319. 6. 46.268279. 9. 788889.024. 


° 


; 
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DETACHED COEFFICIENTS 


331. Detached Coefficients. Solutions of examples in “long” 
multiplication and division may be abbreviated as in the fol- 
lowing examples. 


Exampre 1. Multiply 3a°+22—4 by 32—2., 


Soturtion: (a) Sorution: (0) 
Ra8+0-274+22 — 4 828 +0-22+20— 4 
82 ~—2 8x2 —2 
9at+0-29 +622? —122 9 +0 +6 ~12 
—623 —0-2?— 4248 -6 -0 —~ 4 48 
9at—623 +627 —16%+8 9 —6 +6 —16 +8 


«. Result =9 a*—6 23-46 2?—16 «+8. 


Note that in solution (0) only the coefficients are written 
in the partial and total products; that the multiplier and 
multiplicand are arranged in the same order of powers of 2; 
that 0 is supplied for the missing powers. 

Solution (0) is by “detached coefficients.” 


Exampie 2. Divide 12a*—25a—3 by 2a—3. 


SoxuTion: (a) Sotution: (6) 
6a2+9a +1 6 +9 +1 
2a—8|12a8+0-a?—25a—8 2a—8|12a8+ 0—25a-—3 
12 a? — 18 a? 12 —18 
18 a? — 25a : 18 — 25 
18 a?— 27a 18 — 27 
2a—8 2 —3 
2a—3 2 —3 


«. Result =6a?+9a+1. 
Solution (6) is by “detached coéfiicients.” 


EXERCISE 203 
Solve by detached coefficients : 
1-5. Examples 21-25 on page 73. 
6-10. Examples 21-25 on page 94. 


Nore. The same device may be used to abbreviate addition and subtrac- 
tion exercises. 
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PROOFS OF THE RULES FOR THE DIVISIBILITY OF a” + 6" 


332. In § 209, the rules for the divisibility of a* + 6" were 
determined by inspection. These rules may be proved by 
means of the factor theorem. 


Proor or I, 1. If } be substituted for a in at — d*, the 
result is 6™— 6", or 0. Then, by § 212, a»—b" hasa—basa 
factor. 


Proor or I, 2. If —bd be substituted for a in a*— 6", the 
result is (—b)"—b". When n is even, (—b)"»—d"=b"— b*=0. 
Then, by § 212, a*»— 6" has a—(— 6’) or a+ as a factor, when 
n ts even. 


Proor or I, 3. If 6 be substituted for a in a*+0*, the 
result is 6"+ 6", or 26". This result is not zero unless 0 igs. 
zero. Then, by § 212, a" +b" never has a—b as a factor. . 


: 

Proor or I, 4. If —b be substituted for a in a* +b, ‘the | 
result is (—b)"+b". When n is odd, (—b)"+b"=—b"+8"=0, 
Then, by § 212, a*+ 0" has a —(—) or a+ as a factor, when 
n is odd. 


4 
; 


333. The Highest Common Factor of Polynomials which can| 


not be Readily Factored. The rule in arithmetic for finding 
the H.C. F. of two numbers is : 


1. Divide the greater number by the less. 
2. If there is a remainder, divide the divisor by it. Continue 
thus to make the remainder the divisor and the preceding divisor 


the dividend, until there is no remainder. 


8. The last divisor is the H.C. F. required. 
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Exampre. Find the H.C. F. of 169 and 546, 
169)546 (3 
507 
39)169(4 
156 
13)39(3 
39 
A similar process serves for polynomials, 
Let A and B be two polynomials, the degree (§ 115) of A 
being equal to or greater than that of B. 


.. the H.C. F. of 169 and 546 is 13. 


B) A(p 

Suppose that B is contained in A p times, ve B 
with a remainder C; that C is contained in ) Ae 
B q times, with a remainder D; and that D < Or: 
is contained in C exactly r times. ) ae 

r 
0 

Then D is a common factor of A and B. 

Proof. Since dividend = divisor x quotient + remainder: 
A=pB+C. (1) B=qC+D. (2) C=rD. 

Substitute the value of Cin (2) ; then, 

B=qrD+ D=Dcqr+1). (8) 


Substitute the values of B and C in (1); then, 
A=pD(qr+1)+7rD=D(pyr+p+tr). (4) 
From (8) and (4), D is a common factor of A and B. 
Further, every common factor of A and B is a factor of D. 
Proof. Let F be any common factor of A and B; and let 
A=mF and B= nF. 

Then: from(1) C=A—pB=mF—pnFk, | (5) 

from (2) D=B-—dg0. po (6) 
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Substituting in (6) the values of B and C, 
D=nF — q(mF — pnF)= F(n — gm + apn). (7 
Hence F is a factor of D. 


Then, since every common factor of A and B is a factor of 
D, and since D itself is a common factor of A and B, it follows 
that D is the highest common factor of A and B. 

In applying the process to polynomials the following notes 
should be observed. 


Notre 1. Each division should be continued until the remainder is of a 
lower degree than that of the divisor. 


Notsr 2. If the terms of one expression have a common factor which is 
not a common factor of the terms of the other expression, the factor may be 
removed, for it evidently cannot form part of the common factor of the two 
expressions. In like manner, any remainder may be divided by a factor 
which is not a factor of the preceding divisor. 


Nore 3. If the given expressions have a common factor which may be 
seen by inspection, remove it and find the H. C. F. of the resulting expres- 
sions. The result multiplied by the common factor that has been removed is 
the H.C. F. of the given expressions. 


Norr 4. If the first term of the dividend, or of ane remainder, is not 
divisible by the first term of the divisor, it may be made so by multiplying 
the dividend by any number which is not a factor of the divisor. 


Examepte 1. Find the H.C. F. of 
6 a —25 a? 4-142 and 6aa?+1lax—10a, 


Sotution: 1. Remove « from the first expression and @ from the 
second, (See Note 2.) Then continue as below. 


= 25 x + 14[6 a? + 114% —10|1 


6 a2 — 254 4 14 
Divide by 12. (Note 2.) "12/86 — 24 
3%4— 2|6 2% — 25% 4 14|2¢ —7 
6a2-— 44 


: —212+14 
. 3¢%—2is the H.C. FB. —21%+14 
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ExampuE 2. Find the H.C. F. of 23 —3m2—8m— 3, 
and 3m — 7 m3 — 5 m2 — m—6. 


Sorution : Since 3m‘ does not contain 2 m3, multiply the second ex- 
pression by 2. (See Note 4.) 


38m4— 7 m3 —5m2— m—6 
2m3 — 3m? — 8m — 3/6 m4 — 14 m3 — 10 m2 — 2m —12|3m 
6m4— 9m3—24m2— Om 
— 6m+14m2+ Tm—12 
— 2 
10 m3 — 28 m2 — 14m + 24[5 
10 m3 — 15 m2 — 40 m — 15 
— 13|-— 13 m2 + 26 m + 39 
- m— 2m— 8 
m? — 2m — 3|2m3 —3m2—8m—38/2m—1 
2m? —4m2—6m 
m?—2m—3 
m— 2m —3 


.. m2—2m—4 isthe H.C. F. 


Notice that — 5m’ of the first remainder does not contain 2 m3, and 
that the remainder is therefore multiplied by —2. Notice also that the 
divisor — 13 is removed from the second remainder, thus making the first 


term of the new divisor positive. 


EXERCISE 204 


Find the H.C.F. of: 

1. @4+52—24 and a4 402260415. 

2. 8a°—4ae—4 and 324 —7 234 622-924 2. 

3. 2m*+5m—2m?+ 3m and Cintn —T mn + mn — oh 
4, xy —6ay—27yand xy — 2 ay — 8 ay + 21y. 

5. 4a’ —15 a’?+9%' and 8 at — 18 ay 4 25 ay? — 12 ay’. 
6. 3n8+8n?—9n+2 and 6n'!+423n3 + 2n?—13n4+2. 
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% 6a8+5a5—6 a!—3 a3+2 a? and 9 a4+18 a3+5 a?—-8a—4 
8. 3b¢'— 1303+ 302+4b and 9b? + 120? — 8b — 5. 

9. 12 a3—5 ae—11 az?+ 623 and 15 a8+11 a’a — 8 aa’— 4 2%. 
10. 2a —3e°+2e—8and 38a3°9—T2?+4e—4. 


334. The L.C.M. of Two Polynomials which cannot be Readily — 


Factored. Let A and B be two polynomials; let F be their 
H.C. F. and Mtheir L.C.M. Let A=aF'and B=0F. 

Since F is the highest common factor of aF' and 0F, a and 
b cannot have any common factors. Hence, the L.C.M. of aF 
and OF is abF 


That is, M=abF=a(bF) =aB; 
or M =abF = b(aF’) =bA. 


Rule.— To find the L.C. M. of two polynomials : 


Divide one of the polynomials by their H.C. F. and multiply the 
quotient by the other polynomial. 


EXERCISE 205 


Find the L. C. M. of: 

1. 3a?—1384a+4 and 3a?+14a—5. 

2. 6a?+25 ab + 24 b? and 12 a? +16 ab —3 B2. 
3. 12 m? — 21 m—45 and 4m? —11 m?—6 m+9. 
4, 2a°—5 a?—18a—9 and 3 a®—14 a? —a+-6. 
5. 6a —Ta®+5a—2 and 4at—5a+4a—3, 


335. Proof of the Binomial Theorem for Positive Integral 


Powers. In § 299 attention is directed to the fact that the 
binomial theorem was not proved in §297. Assume now, as 
‘there, that 
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n— n— sel! — 22 = as 
(a+2)"=a"+na e+ BCD on rat MONO?) grea 4 wes CL) 
Multiply both members of (1) by a+. Then 


(4 + 2)*H=a"41+4 nare+ med) an—-lg24 MOAN Ce) ar—2g3 4... 
. iene 


tare + Narly? i Kled Se ee 
1 ts 3 a + 


> .(a42)"Hoa"414(n4+1)ae+ nf "1 1 Jara wee — +- 1| a-27 34... 


= artis (n + larz +n- nit alg? n(n—1) 5 OHI goes... 
1-2 3 
arty (nt dare CED 2 graze at - : — a 2y 34.0. 


It will be observed that the expansion on the right is in 
accordance with the rules of § 297. This proves that if the 
rules of § 297 are assumed for any particular positive integer, 
n, they hold true, also, for the next greater integer, n + 1. 

But the rules are known to be satisfactory in the case of 
(a+«)*; hence they hold for (a+-)* Since they hold for 
(a + 2)*, then they hold also for (a + ~)*; and so on. 

Therefore the binomial theorem is true for any positive 
integer. 

Note. The above method of proof is known as mathematical induction. 


INDETERMINATE FORMS 


a? —9 
b 
3 e- 


336. The fraction 2+5 becomes 2 for x= 3; 
x—3 0 x— 


comes 2. Neither has any meaning, for division by zero is 


‘not allowed (§ 64). Results like these, however, must be 
interpreted at times. The following paragraphs show how to 
give the interpretation. 

337. A constant is a number which always has the same 


An 


value in a particular mathematical discussion. 


eee 
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A variable is a number which assumes different values in a 
particular mathematical discussion. 


Thus nm may assume the values .1, .01, .001, «++, etc. 


A limit of a variable is a constant the difference between 
which and the variable may be made to become and remain 
less than any assigned positive number, however small. 


Thus, the variable n above is evidently approaching the value 0; or, 
the limit of n is zero. 

The symbol = is read ‘‘approaches the limit”? Thus, n =0 means 
6 approaches the limit zero.” 


338. If a number becomes and remains greater than any 
positive number which may be assigned, it is said to become 
infinitely large or to approach infinity as limit. 

The symbol oo is called “ infinity.” 


Thus, if m represents any positive integer (assuming therefore the 
values 1, 2, 3, -+-, etc.), it approaches infinity as limit ; ¢.e. limit of n =o, 
orn= 0. 


Nore. © is not a symbol for some definite value. It is a symbol for the 
limit of a number which ‘‘ becomes and remains larger than any assigned 
positive number.” 

Evidently as.n = 0, also-n® +o, Limit n? = o is read “the 
limit of n? as n approaches oo is infinity.” . 


339, Interpretation of 0° 


To determine the meaning of a 
derek: : Rt | : 
replace = by = and consider limit - as «= 0, 
0" & x 
If becomes «1, .01, .001, --., etc, ; becomes 10, 100, 1000, «-, 
Evidently, then,, 1 increases indefinitely. That is, Haak Leo, Th 
2% 


to the otherwise meaningless form He give the value oo. 


SUPPLEMENTARY TOPICS 413 


In general, 2 where a is constant, is given the value co 


with the meaning: 


If the numerator of a fraction remains constant, while the de- 
nominator = 0, the value of the fraction =: «. 


Thus, 2+? fore =8 is 8 ore; ota (oa) = a 
a L— 


340. Interpretation of “. To determine the meaning of — 1 
oo oo” 


replace I by * and consider limit 2 aS 2 = 00, 
2 ax 


If x becomes 10, 100, 1000, «--, etc., 5 becomes .1, .01, .001, «+, etc. 


Evidently limit Fs =0. Then, to the otherwise meaningless form i assign 
rs) 


- the value 9. 
In general, & = where a is constant, is given the value 0, with 
the meaning: 


If the numerator of a fraction remains constant, while the de- 
nominator = 0, the value of the fraction = 0. 


Thus, the value of 2 for n=o is So or 0. 
n? ) 


a 


= For « = 3, the fraction becomes °. 


341. Consider 


Since x —3=0 for x = 3, the fraction may not be reduced to 
lower terms by dividing numerator and denominator by x — 3. 
However, for x not equal to 3, the numerator and denominator 
‘may be divided by x — 3, giving the simpler form w+ 3. Con- 
‘sider now limit @ +3), limit @43)234+3=6, Then for 


i ct —9 . 
q = 3, assign to = the value 6. 
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In general, if any expression involving one variable asswmes 
an indeterminate form when the variable is assigned some par- 
ticular value, reduce the expression to its simplest form, find the 
limit of the result as the variable approaches that particular 
value, and assign the limit as the value of the expression for the 
\ particular value of the variable. 


EXxAMPLeE 2. =, for «= 5, has the value 2. 
For x not equal to 5, o > =a2+5. Week (a + 5)= 10. 
Hence for z = 5, give to a> the value 10. 
Exampte 8. Find the value of 2at+20—5 ose ten, 
+l f 
sa os 
For any jinite value of 2, 2A +95—6 a 
w+1 1 1 
ti 
x 
ria 
45 
limit = at 00 LF=% | 
x2 


Hence the value of 22 22=5 


J vf " ; 
al as % = 00 is 2. | 

: 
Direct substitution here gives the value = . This is another indeter- 
minate form. | 


0 0 


0 0 i 
342. The form =. The form — arises in the first two exam. 
ples of § 341. In one case this form is given the vatue 6, and 7 


in 
the other it is given the value 10. In general, the value of 5 i 
determined by the limiting process. ) 


SUPPLEMENTARY TOPICS 415 


EXERCISE 206 
Find the values of the following as x0: 


3 5 1 2a: at 
1. oh 3. | 3. a) 4, _————_- ts ee ey 
x 2 (;) x(x+5) : x(a-+1) 
x 


Find the values of the following as zo; 


62 712. 8B, . 9. 242, 10. x. 
Find the values of the following: 
11. eres = < : 14 oe =2=8 : 
13. oe 16, limit Goan ; 


17. The equations y=2a”+3 and y=2a”+5 have no com- 
mon solution according to § 158. Consider y=22+43 and 
y=az-+5. Solve them as simultaneous equations, and find 
the values of # and yasa=2. 


18. Solve 2%7+3y=6 and 4%+by=7 as simultaneous 
equations, and find the values of x and y as b = 6, 

§ 343. Graphical Solution of Equations. In § 213, the state- 
ment was made that an equation of the nth degree, having one 
_unknown, has n roots, but that these roots are not readily found 
for equations of degree above the second. Such equations may 
be solved graphically as in § 193. 
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Exampre. Solve the equation a —4a?—22+8=0. 


Sotution: 1. Lety=2?—42?—227+48. 


|_| 
a 
= 


| 
a 
ee Z 


RES ERSER (ZESEL 


Bas 
YT At 
rie 


FT 


+ 
F 
: 
wm : 
ia { 
eave 
2. The curve crosses the horizontal axis at points A, B, and C. ae 


its roots are, approximately, — 1.42, + 1.42, and + 4. 

Curck: This equation may be solved asin § 213. Using the factor 
theorem: a8—422-22%+8= (%—4)(2?—2) =0. 

“. @=4; also z22=2, orm@= + V9= + 1.414, 


Clearly the results + 1.42 obtained graphically are close to the roo 
+ 1.414. 
EXERCISE 207 


Solve the following equations graphically : 

1, &—32?-2+3=0. 4. «t—10a74+9=0. 

2. &—4e°—7T2+10=0. 5. #+o?—10%2—10=0. | 
3. a+ a%—6 a= 0, 6. 2—a’?—8e2+8=0. 
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DETERMINANTS 


§ 344. The symbol \> 7| is called a determinant. Its value 
is defined to be 3-7 —2- 4 which equals 21 — 8, or 13. 


: is called a Determinant of the Second Order 


and is defined thus: 


In general 


Fi ‘ = ad — be. 

The numbers a, }, ¢, and d are called the terms of the deter 
minant. 

Clearly, any difference such as rs — mn may be arranged as 
rn 
m 8 


a determinant: thus rs—mn= 


2 ~—5 
Examere 1. F 43 =2-.8-4(—5) =6+ 20=26, 


2 5 
ee 2 -15=2.18—-8.5=|3 lt 


EXERCISE 208 
Find the values of: 
16 6 ch as Mey =O. 9:3 2m —p 
tal eich aeons! dear 
3 Res Oa Sains 3a 4d 
* . pews ee 7° 6 lo¢ if SSO ae 
Express as determinants : 
[ 9. mn—ay. 11. 83—14 13. cd+pq. 
10. 2ab—cd. 12. 6c—5d. 14. 3mn+2rs. 
a 


§ 345. Determinants make it possible to solve simultaneous 
linear equations by inspection. Solving the following pair of ~ 
equations, 
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nites Gat 
da+ey =f§’ 
__ ce —bf _f-a 
~ ae—bd I~ ae—bd 
c 6b ae 
eee © A Ce 9 
hel rae and y= —— 
de de 


Notice that the two solutions may be expressed as the quo- 
tients of determinants whose terms are the coefficients of the 
equations. 


Rule: To solve two simultaneous linear equations having two un- 
knowns by determinants: 


1. Arrange the equations in the form: { ric ah ae 


2. The value of x is a fraction: its denominator is the determinant 


formed by the coefficients of x and y, | , ; its numerator is the deter- 


minant obtained by replacing the coefficients of x in the denominator 
cyo 
June 


determinant by the corresponding absolute terms, 


8. The value of yis a fraction with the same denominator as x3 its. 


numerator is the determinant obtained by replacing the coefficients of y 


in the denominator determinant by the absolute terms, | , x . 


, : . 2e—5y=—16, 
Examptz. Solve the pa 5 
@ pair of equations i w+ Ty=5. 
—16 —5 
Sorvution: #= eC =—16-7-5 (—5) _— 112425 _—87_ =a 
2—6 2-7~—3(— 5) 14415 29 
8 7 
2 —16 
vente 5] _10~8(—16) _10448__ 58 


= = = ———_ = — = 2. 
B sol 2-7-—8(—5) 14415 ° 29 
8 rf 
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CHECK: 
In (1): Does 2(—8) —5(2) =—16? Does—6—10=—16? Yas. 
In (2): Does8(—3)+7(2) =5? Does—9+14=5? Yes. 


EXERCISE 209 
1-10. Solve by means of determinants examples 1-10 of 
Exercise 101. Check the solutions. 


§ 346. Determinants are especially useful in solving simul- © 
taneous linear equations with more than two unknowns, 


A GW as 
b 1 6 £ bs 
Cy Cy C3 


is called a determinant of the third order. Its value is defined 
to be: 
Oybolg + Meg, + Aga — C4523 — Dy A1g — AygCe 


The adjoining diagram aids in recalling this 
value. Take the product aibecs along the di- 
agonal and add to it the two products formed 
by starting with az and ag respectively and fole 
lowing the arrows which point in the direction 
of this diagonal; then subtract the product 
¢ibeas along the other diagonal, and also sub- 
tract the two other products formed by starting 
with 6, and a, respectively and following the 
arrows which point in the direction of this 
second diagonal. 


i= 42 
Examriz. |4 7 3|=1-7-645-3-242(—3)-4 
2-8 6| ° —2-7.2—4-5.6—1-3-(—8) 
= 42 +30 —24—28—1204+-9. : 
= 91. 
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EXERCISE 210 
Find the values of: 


Le AS 2 4&4 6 Zi 2 3 
1.42 1. Zhe 2.{3 —2 3]. 38. |—2 —4 —I11}- 
3.3 1 1 56 4 5-6 2 


Saty—z=14. 
4. Solve the equations: e+3y—z2=16. 
e+y—38z2=—10. 


Soxvtion: A rule similar to that of § 845 applies for linear equations 
with more than two unknowns. Hence: 


124° 1 
1629 = 3 
eu-l-10 1 —8 — — 126 + 10—16~ 804 48414 _~100_¢ 
Bust eee I —27-1-1434343 — 20 
| PS oe 1 
bei 3 
Ce ae | 8° 1) 714 
Te ce 4 i>), 338 
1105-8 |-. — 196 L110 ee 140 
aed 1 eo ere ae eed ac 
7, cS = 1 oe | 
Po A =8 ey eee 


Cuxck: The solution checks when substituted in the three equations. 
Nore. The equations must be arranged first in the form ax+by-+cz=d. 
Thus the equation 2% —3z=7 would be written 2.x +0y—3z2=7%. 


Solve the following equations by determinants: 
G+ y—2z=24, — (4a—8y=1. 

5 {ie 9—2=0 8. [éy—8em a. 
62—5y—z=11. 4z2—32%=10., 
5a— yt+4z=—5, 9e+52=—7, 

6 [9253-4 02= 20, 9 [92-8 
e+3y—82=—27, 9y +32 = 2. 
4a—5b—6c= 22, 2e¢+5y+32=~-f7, 

7. a— b+ c=—6, 10. ley ntsm2—oa 
9a + c= 22, 5a+9y=5472 


INDEX 


A, the symbol, 48. 

Abscissa, 212. 

Absolute value, 26. 

Algebraic expression, 17; value of 
an, 17. 

Angle, 15; right, 15; straight, 15. 

Angles, complementary, 15 ; sum of, 
in a triangle, 17 ; supplementary, 
16. 

Arithmetic, means, 369 ; 
sion, 367. 

Ascending powers, 39. 

Axis, horizontal, 211; vertical, 211. 


progres- 


Base, 17. 
Binomial, 38; 
theorem, 382. 
Braces, 55. 
Brackets, 55. 


Cancellation, in an equation, 98; 
in a fraction, 161. 

Changing signs, in an equation, 99 ; 
in a fraction, 163. 

Characteristic, 352. 

Clearing of fractions, 185. 

Coefficient, 384; detached, 405; 
numerical, 34. 

Common, difference, 367 ; 
rithm, 351. 

Complement of an angle, 15. 

Complex number, 277. 

Conditional equation, 96. 


loga- 


square of a, 117; 


Cube, of a monomial, 111; perfect, 
112 ; root, 112, 400. 


D, the symbol, 48. 

Degree, of a monomial, 154; of an 
angle, 15; of an equation, 221; 
of a polynomial, 154. : 

Descending powers, 39. 

Discriminant, 318. 

Division, synthetic, 290. 


Elimination, by addition or subtrac- 
tion, 223; by substitution, 225. 

Ellipse,_299. 

Equation, 7, 96; cancelling terms 
in an, 98; changing signs in an, 
99; complete quadratic, 258 ; 
conditional, 96; degree of, 221; 
fractional, 185; graphical solu- 
tion of an, 259; homogeneous, 
806; identical, 96; indeter- 
minate, 222; integral, 185; 
linear, 221; literal, 200; mem- 
bers of an, 7; of first degree, 97 ; 
properties of an, 97; pure quad- 
ratic, 254; rational, 306 ; simple, 
97; solving an, 7; transposition, 
in an, 98. 

Equations, dependent, 222 ; forma- 
tion of, 817; inconsistent, 222 ; 
independent, 222; simultaneous, 
222, 304; system of, 304. 

Equivaient systems, 307. 

Evolution, 322. 


421. 


422 


Exponent, 18; fractional, 
negative, 3825; zero, 324. 
Exponents, law of division of, 87 ; 

law of multiplication of, 65 ; laws 
of, 326. 
Expression, algebraic, 17. 
Extremes, 387. 


824 ; 


Factor, 3; common, 11; 
common, 155, 406; 
theorem, 292. 

Factors, prime, 110. 

Formula, 19. 

- Formule, deriving, 202. 

Fourth proportional, 388. 

Fractions, 160; clearing of, 185; 
equivalent, 167. 

Fulcrum, 198. : 

Fundamental operations, 18. 


highest 
to, 110; 


Geometric, mean, 377 ; progression, 
875. : 

Graph, of an equation with two 
variables, 216, 297. 

Graphical representation, 206. 

Graphical solution of equations with 
one variable, 259, 415. 

Graphs, 206. : 

Grouping, symbols of, 55 ; factoring 
by, 285. 


Homogeneous equations, 306. 
Horizontal axis, 211. 
Hyperbola, 300. 


Identity, 96. 

Imaginary number, 275. 

Imaginary numbers, addition and 
subtraction of, 277; multiplica- 
tion of, 343 ; division of, 344, 

Imaginary roots in a quadratic equa- 


INDEX 


tion, 275 ; meaning of, on graphs 
278. 

Imaginary unit, 276. 

Inconsistent equations, 220, 222. 

Independent equations, 218, 222. 

Indeterminate, equations, 216, 222 ; 
forms, 411. 

Index, 113, 322. 

Infinite geometric progression, 379. 

Infinity, 412. 

Integral equations, 185, 

Involution, 321. 

Irrational, equation, 346 ; number, 
318. 


Left member of an equation, 7. 
Lever, 193. 

Like terms, 35. 

Limit, 412. 

Linear equation, 221. 

Literal, equation, 200 ; numbers, 2. 
Logarithm, 350 ; common, 351. 
Lowest common multiple, 157. 


M, the symhol, 48. 

Mantissa, 352. 

Members of an equation, 7. 

Minuend, 41. 

Monomial, 34 ; cube of a, 111 ; Cube . 
root of a, 112; square of a, 110) 
Square root of a, 112. 

Monomials, addition of, 35 3 mul. 
tiplication of, 67. 


Negative numbers, 26 ; addition of, 
27; division of, 86; multiplica~ 
tion of, 80; powers of, 82; sub- 
traction of, 43. 

Negative, term, 84 ; exponent, 325. 

Number, complex, 277 ; imaginary, 
275, 818 ; irrational, 318 ; literal, 


INDEX 


2; negative, 26; positive, 26; 

prime, 110; rational, 818; real, 

275, 818 ; unknown, 7. 
Numerical, coefficient, 84 ; value, 17. 


Opposite quantities, 23. 

Order, of determinant, 417 ; of radi- 
cal, 330. 

Ordinate, 212. 

Origin, 211. 


Parabola, 297. 

Parallelogram, 20. 

Parentheses, 4; inclosing terms in, 
59; removing 56. 

Perfect, cube, 112; square, 
square trinomial, 120. 

Periods, 247. 

Polynomial, 38; arranging a, 89. 
Polynomials, addition of, 88; divi- 
sion of, 91; multiplication of, 72; 

square root of, 245; subtraction 
of, 45; factoring of, 285. 

Positive number, 26; quantity, 24 ; 
term, 84. 

Power, 17. . 

Powers, ascending, 39; descending, 
89. 

Prime number, 110. 


112; 


- Progression, arithmetic, 867; geo- 


metric, 375. 


Proportion, 887; by alternation, 


— 


890; by composition, 390; by 
division, 890; by composition and 
division, 391; by inversion, 390, 


_ Proportional, fourth, 888; mean, 


$88; third, 888. 


‘Pure quadratic, 254. 
‘ Pyramid, 22. 


- Quaaati equation, 148, 254; solu-| 


423 


tion of, by completing the square, 
263 ; by factoring, 148, 258; by 
formula, 267; complete, 258; 
graph of, 259; having two un- 
knowns, 804; imaginary roots in 
a, 275; pure, 254, 

Quadratic surd, 252. 

Quantities, opposite, 28 ; signed, 24. 

Quantity, negative, 24; positive, 24. 


Radical, 380; index of, 118; order 
of, 330. 

Radicals, addition of, 252, 
similar, 3384. 

Radicand, 822, 

Ratio, 386; of a geometric progres- 
sion, 375. 

Rational, equation, 806; number, 
318. 

Rationalizing the denominator, sa 

Remainder theorem, 289. 

Right, angle, 15; member, 7; tri- 
angle, 256. 

Root, cube, 112, 400; square, of a 
fraction, 251; of an equation, 97; 
principal, 252, 322; square, 112. 

Roots, imaginary, 275; of a quad- 
ratic, 148, 254, 


834 ; 


S, the symbol, 48. 

Signed, numbers, 26 ; quantities, 24. 

Signs, change of, in an equation, 
99; law of, in addition, 27; in a 
fraction, 163; in division, 86 ; in 
multiplication, 31. 

Similar terms, 35. 

Simultaneous equations, 218, 222, 
804. 

Square root, approximate, 250; by 
division, 245; by inspection, 244 ; 
of a monomial, 112; of a number, 
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247 ; of a polynomial, 245; of a] Terms, dissimilar, 35; 


trinomial, 120. 

Straight angle, 15. 

Supplement, 16. 

Supplementary angles, 16. 

Surd, conjugate, 340; quadratic, 
252 ; addition of, 252, 334. 

Symbols of grouping, 55. 

Synthetic division, 290. 

System of equations, 304. 


Table, of square roots, 250; of log- 
arithms, 354. 

Term, 34; degree of, 154 ; negative, 
84; positive, 34. 


INDEX 


like, 35; 
similar, 35; unlike, 35. 
Theorem, binomial, 382 ; 
292; remainder, 289. 

Transposition, 98. 
Triangle, altitude of, 21; area of, 
21; base of, 21. 


factor, 


Unit, imaginary, 276. 
Unknown number, 7. 
Unlike terms, 35. 


Variables, 216. 
Vertical axis, 211. 
Vinculum, 55. 


ANSWERS TO WELLS AND HART’S NEW 
HIGH SCHOOL ALGEBRA 


EXERCISE 5. Page 11. 


18. 73.09 Ib. 1g. 2142 lb. 20. 150 lb. 
EXERCISE 7. Page 14. 

16. C, $16; B, $32; A, $48. 17. $839. 

So 8 0s 72. 1g. 12; 168; 180. 


20. 2d, $75; Ist, $150; 38d, $300. 21. 60 in.; 80in.; 100 in. 
22. 22in.; 44 in. 23. 40 rd. ; 120 rd. 

24. AB, 20in.; CD, 40 in.; AD, 60 in.; BC, 100 in. 

25. Philadelphia, 90 mi. ; Chicago, 900 mi. 


EXERCISE 10. Pages 20-22. 

1. 6. Equal to it. c. A rectangle; b; a; ab. d. ab square units. 
e. The area of a parallelogram equals the product of the base and altitude. 
g. 240. h. 375.4. 12.5. 7. 24. & 60. 1. 30. 

2. b. A parallelogram;.b; a; ab. c. fof it. d. 4ab. e. The 
area of a triangle equals one half of the product of the base and altitude. 
geeshs Test 8009 . +4. 43. »_ 7. 40. 

ao Gs = abc. 09,120. essai. ad. 3. 

4. @ V=tabd.. b. 90. c, 20. d. 90. 

5. a. The circumference of a circle equals twice the product of m and 
the radius of the circle. 6. 62.832 inches. c¢. 100 inches. 

6. a. The area of a circle equals 7 times the square of the radius. 
b. 814.16 sq.in. c. 78.54 sq. ft. ; 

7. 294.72. 7 Ae 629151. g. 113.1 eu. ft. 


ro. 314.16 sq. ft. 
EXERCISE 16. Page 33. 


14. — 6. 15. 4. 16. — 40. 
17. — 182. 18. — 8. 19. 2. 
20. — 20. 21. — 24. 22. — 62. 


23. — 16. 2q. — 15. a5. —1l. 


own wa 
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EXERCISE 19. Pages 40-41. 


A—2B. 


-—am+4bn. 


-~ 473 4 723 + 97s? — 10, 
—7 m3 — 2 mn — 5 mn? +- 2 n3, 


. 12kK—7—m. 

. 85r+4s—424. 

. 102. 

- 62? + xy — Ty, 

» 2H + 2 xy? + o2y3 4 2 ayt, 


3A’ +11A4?B+8 AB? + 6 Be, 


- 2im—tn. 
- TA—104B41.5C, 
8.5m +.7n4+ 2.4. 


8238 — a4 — 4, 


- 8a8—5a?+4a—2. 


EXERCISE 22. 


4a?— 3a — 20. 


- —38m+4n411p. 


8ab —6be +.a¢. 


. Tr3 + 2Qr2s — 2 rs, 
. 6a7b — ab? +368, 


—4xy. 
~66+48e. 


. 2be. 


—3x%+3y-—82. 


- Te + 1192+ 2¢—5, 
- 6a—126 + 21¢4+2@. 
- 4a— 20% — 2 a’. 


9a? + 8 a2b — 12 ab? — 8 88, 


2. —22+4 6n3, 
4. — 0%. 


6. — 243 + xy — 5 xy? + 3. 


8. 8¢44+30+38¢e. 

to. —2¢+5b—2¢c4+9d. 
12. 10 xy. 

14. 243 + 6 ab’. 
16. 12a3+ 24¢2~9q—8, 
18. 19234 822 —23%— 7. 
20. 3a+4b— We. 

22. 23a—32b+ 46. 

24. .754? — .Tb xy + 8 y%, 
26. 5a? — 8 ab — 262, 

28. x8 — 8 xy — 2 ay? — 37. 
30. a? + 21 43, 


Pages 45-47. 
2. 8a—15a+45y, 
4.a+3b. 
6. 422 4+72-—6, 
8. —22+32?-6246. 
Io. xy — xy. 
12. 2x2y + 2 y3, 
14. —10m2+38mn—6 2, 
16. 2 —224+62—7, 
18. 4B—140C. 
20. 2, : 
22. —9a3+8a?-4¢+493 
24. 10273 — 622+ 92 — 12. 
26. 7a—-b—8c—4d. 


27. 5—42%+47 42 — 2043 — 5 xt, 
28. 4a5 + 10a*—1148— 16a2—8a+1. 
ag. 2 — Saty + 6asy? + 11 4%3 — Ld ayt + 45, 


es Se 


ANSWERS 


. 25n? — 21n24+3n—4. 


31. 228 — 5 wry + ary? 


32. — 2623+ 2227+ 2-5. 33- }m+n— yp. 
34. lka— Wb— Whe. 35: Ut }wt we. 
36. 56 b?— 6ab— 5a, 37- 54¢—7b+4+4e. 
38. 3a—2b+¢. 39- 5a+4b-—5. 
40. 4a2—4ab. 41. 2a? —6ab+ 100% 
42. — 523+ 1022 —-22 -1. 43. 2 —12y—2. 
44. —5¢@4+90-—8c—8d. 45. 2.52%—2y+ 22, 
EXERCISE 24. Pages 51-52. 
7. James, 15 yr. ; John, 30 yr. 8. A, 20yr.; B, 10 yr.; C, 80 yr 
g. 35°; 140°. ro. 41 rd. 
11z. 32,000 sq. mi. 12. 20,400 ft. 
13. Nile, 3500 mi.; Mississippi, 4200 mi. 
14. Highest, 102 mi. per hr. ; lowest, 4 mi. per hr. 
15. Mobile, 62 in. ; Yuma, 3.1 in. 
EXERCISE 25. Page 54, 
15. $37,500. 16. 33 yr. 
17. 4%. 18. 1.04 P; 1.06P; 1.07P. 
1g. 1.08P dollars; 1.15P dollars. 20. $2800. 
21. 62 yr. 22. 162 yr. 
24. 6 yr. 25. 23.8 + %, 
EXERCISE 26. Page 58. 
21. 6—2e. 22. —3a. 
23. —a+86. 24. 2a. 
25. 34—2. 26. —b — 16. 
27. 32. 28. 7x2? -2 +6, 
29. —r+8 go. — 49. 
31. 8m—TR. 32. 13r—28s—f. 
33. —22%—4% 34. 4a—1. 
35. 8b +11. 36. 127. 
37- 52+12¢—-4 38. 6ab +17. 
39. —4c+2. go. —6r-+n, 


ALGEBRA 


EXERCISE 29. Pages 62-64, 


x. 17. 2. 20. 
cy Ate 4. 2 
5 —19. 6. —8. 
ri dle 8. 9 
Q: +L, to. 0. 
11. 13, 17, 12. A, 51 yr.; B, 64 yr. 
13. 28, 95. 14. A, 64 yr.; B, 38 yr. 
15. 58, 35. 16. 14 ft. ; 21 ft.; 29 ft. 
17. 840 ft. 
18. $3800, gold leaf, $5000, appropriation of 1800. 
1g. 2, nearer; 5, farther. 20, Lif, 18: 
21. 35, 36, 37. 22. 53, 54, 55, 56. 
23. 97, 99. 24. 76. 
25. 42°, 126°, 116°, 76°, 26. 105°, angle ; 75°, supplement 


27. 35°, angle; 55°, complement. 28. 75°, 
29. Nitrogen, 20 lb. ; phosphoric acid, 30 lb.; potash, 50 Ib, 
30. Rhode Island, 1248 sq. mi. ; Texas, 265,896 sq. mi. 


EXERCISE 34. Page 71. 


15. 72% — 354. 16. — 60 a3} + 42 ab3, 
17. xy — 4 aty8 + 22y5, 18. — res + 7252 — 753, 
19. —3a%d + 6 ab? — 3 ab?. 20. 4828 — 40 25 — 96 25, 
21. — 12 a5b? + 8 atht + 16 805, 22. — 40 m8 + 5 mo + 1b ms 
24. 50a+7b. 25. — 5ay. 

26. x2? —2ay — 72. 27. 16m + 12. 

28. —6cm— 3c. 29. 73 — 88, 

30. w+ 1. 31. —™. 

32. 18r — 5, 33. 2 — 20s, 

34. 8 —2248, 35- 822 — xy + 2y2, 

36. t+ 7. 37. 14% — 10, 

38. —3824+2. 39. —7m. 


qo. — 28 + 28at — Bax, —4t. g mn ~— Dy mn? + Ae mn’, 


52. 


54: 


ANSWERS 


EXERCISE 35. Pages 73-174. 


. @+4+824 15. 2. r2>— 117 + 28, 
. 28?—118s4 15. 4. 3m2—10m—8., 
424 3¢—27. 6. 622+ 232 +4 21. 
10 m2 + 23 m — 5. 8. 12 p2 + 36p — 21. 
. 807 — 46y +8. to. 2822+ 5z— 50. 
. 2@+4+3ab+4+ 02. 12. 6c? —cd — 2:a2. 
. 157? + 8 rs — 12 82. 14. 152?— 262y + 8y2 
. 24m2 + 18 mp — 15 p?. 16. 42y? + 2Qyz — 72 22. 
- 66a? — 14 ad — 20 a. 18. 96 p? — 28 ng — 49 q?. 
. 2a4—TaeyP?+ 3 yt. 20. 99 wt — 50 w2v — 21 v2 
. m+2m—b6m—9. 22. 10 a3 + 33 a? — 62a49. 
. 8B—Sxy+9rzy?— 9y3. 24. w+ y?, 
. 2 — 64y3, 26. m*+ m2n2 + n‘4. 
. @®—-680+4+60—744+6. 28. 2a4*§—7@—18a—a-+3. 
. 624+13 23-70 22471 r—20. 30. 8nt— 50 n? + 82. 


. 68 rt + 114 ry 4 49 r2y?— 16 ry? — 20 y4. 
. 12 a4 — 47 ab — 8 a2? + 107 ad} + 56 bt. 


. @—2ad4+ —c2 34. 7 —s—2st—#, 
35- 4n*—5 men? + m4. 
36. a— 5a4d + 10 a8b? — 10 a2h3 + 5 abs — D5, 
. m5 + 248. 38. 8a?+ 40 ac — 180? + 50c2, 
. © — 82. 40. @ — 8abe— 3 — c3. 
_t@— 7B 42. £m?— tn. 
. 7e—Ay. 44. 2a2+2ab—1 02 
. @—TAray+y?. 46. 92? — 302 + 25. 
47- 8 m3 — 36 mn + 54 mn? — 27 n’, 
48. 6473 + 24072 + 300 r + 125. 
49. 1624 — 96 23 + 216 27? — 2164 + 81. 
50. 27 a — 108 a2b + 144 ab? — 6463. 
51. a+ a?— 14a — 24. 
2m3 — 5m? — 37 m+ 60. 53. x — y®. 
mt = nA. ‘ 55. ro — 8, 


ALGEBRA 


EXERCISE 36. Page 75. 


xr. lla? —111. 2. 12m. 
3. 2a? — 12 x2, 4. 29 b? — 28 ab. 
5. hk? +3h4 18. 6. 247 —12%—% 
7. 1207—382—6. 8. 10a? — 76a — 50. 
g. 2424 79% + 22. to. 2.ab? + 2 ad. 
EXERCISE 37. Pages 76-77. 
Tels “te 3. 9 
ancl 5. 2. 6.2. 
7. 3. 8. 4, g. 6. 
to. 5. re he 12. 9. 
13. — 13. Tavares 15. 10. 
16. $2, 43. 17. 42, 58. 
18. Paris, 4020 mi.; London, 3740 mi. 
19. 40, 47. 20. 25, 35. 21. 24, 56. 
22. Length, 470 ft. ; width, 340 ft. 
23. 15, 16. 24. — 21, — 20. 


. Chicago, 2,185,288 ; Philadelphia, 1,549,008 ; New York, 4,766,883, 


EXERCISE 39. Pages 79-81. 


xr. A, 45 yr.; B, 5 yr. 2. Father, 27 yr.; son, 8 yr. 

3. Father, 40 yr. ; son, 15 yr. 4. A, 45 yr.; B, 9 yr. 

5. A, 42 yr.; B, 84 yr. 6. 8 yr. 

me LT yx g. 15 lb. at 70%; 85 lb. at 40¢. 


10. 81} Ib. at 86¢; 683 lb. at 209. | 
11. 33} lb. clover seed; 1662 Ib. blue grass seed, 
12. 6 quarters ; 13 dimes, 

13. 5 half-dollars ; 15 dimes. 

14. 7 quarters; 9 nickels, 

15. 8 $2 bills; 13 fifty-cent pieces ; 24 dimes, 


i i ele il 


To. 


15. 
17. 
19. 


23. 
25. 
27. 


29 ie 


ANSWERS 


EXERCISE 40. Page 82. 


un 
bo 
© aw 
—_ 
= 


TEolGs ta) 10; 

14. }. 15. 2. 

17. 3. 18. $. 
20. $. 


EXERCISE 41. Pages 83 84. 
2. 15, 20, 30. 
3. 56. 
8. 105. 


30. 
750, 
. 90°, 60°, 30° 


o aw 


90°, 45°, 45°. rr. 12, 18, 14. 


12. 
3 
14. 
35. 
16. 
17. 
18, 
19. 
20. 


12 dimes, 3 dollars, 15 cents. 

Length, 450 ft. ; width, 250 ft. 

Michigan, 1800 ft.; Huron, 1000 ft. ; Superior, 900 ft, 
Length, 760 ft.; width, 130 ft. 

1820, 9.6 million ; 1910, 92.2 million. 

Phosphoric acid, 12 1b.; potash, 60 1b. ; nitrogen, 27 Ib. 
Length, 751} ft.; width, 350 ft. 

$ 20.50. 

Water, 3740 mi. ; rail, 3250 mi. 


EXERCISE 46. Pages 94-96. 


n? — 10. 16. x— 12a. 
a—6b. 18. +52. 

x? +8y. 20. xy — 12. 

a1. 54-7. 22. 3a—7. 
2a—8. 24. 5x—8. 
8a—3y. ; 26. 5m+4n. 

a? +4 — 12. 28. 8a2+2a—4. 


202? — Bay +4y% 


go. 3a? — 2ab — 63. 
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gr. 2274+ 2ay + y? 32. n +2; remainder, 2 
33- 4x —3. 34. a2 ++ a—1; remainder, 20. 
35. m@—3m—4, 36. x2 + xy + 2. 
97. e2—2xe+4 4. 38. w8+207+47 1: 8, 
39. 03 — wy + ay? — 3. 4o. 23 + ay + zy? + 8 

41. x* — a8y + 4?y? — ay8 + yf. 

42. xt + x8y + oy? + xy8 + yt; rem. 2 5. 
43 — 2034+ 42?-—84-+4 16. 44. 1—2a+4a?-8a3. 
45. n—2. 46. 2474+ 9x" —5. 
47. 4m? — 2mn? + nt. 48. 722+ 8444; rem. 40. 
49. “8+ 207-6245. 50. 4a? + ab — 56% 
51. %—H. 52. 2£—38. 
53- 3a+h. 54. 3@+2. 

EXERCISE 47. Pages 99-100, 

Toate 2. —5. 3.16 

4. 3. 5. —3. 6. 5. 

gj. 2. 8. 4 g. ¢. 
ro. 2. ir. — 5. 12, — 10. 

13. —#. 14. 3, TSa2- 
16. — Z. 17. —1 18. 6. 
19. —12 20. 7. 

EXERCISE 48. Pages 100-103, 

1. 81, 13. 2. —5. 

3. 9, 10. 4. 24, 14. 

5. Father, 85 yr. ; son, 7 yr. 6. 15,17, 19. 

7. A, $7.50; B, $5.25; OC, $9.25. 8. 35, 14. 

9. Width, 430 ft. ; length, 780 ft. ro. 10 in.; 20 in. 15 in. 
tr. 27, 107. 12. 278 ft. below sea level. 
13. B, $36; A, $12. 

14. 8 quarters, 5 nickels, 16 half-dollars, 18 dimes, 


15. Pink variety, 300; yellow variety, 200; searlet variety, 800. 


55°, 55°, 70°. 


ee 


17. 
18. 


IQ. 
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285 in. ; 285 in. 
55° below zero. 
Virginia, 42,627 sq. mi.; Nebraska, 77,520 sq. mi.; California, 


158,297 sq. mi. 


20. Girls, 516,536; boys, 398,525. 
22. $700, at 5%; $2000, at 6%. 
23- $5000. 
24- $9000. 
25. U.S. Steel Stock, $3000; Chicago Edison Bonds, $15,000. 
EXERCISE 49. Pages 105-106. 
rr. 7 hr. 12.00 lars 
13. 12} hr. 14. 6 hr. 
15. 21 mi. per hr. 16. 15 mi. per hr. 
x7. A, 29 mi. per hr.; B, 21 mi. per hr. 
18. 6 mi. 1g. 45,5, mi. 
2o. 5 hr. 21. 24 mi. per hr. 
22. 334 mi. an hr. 23. 1 hr. 62 min. 
EXERCISE 50. Pages 108-109. 
Foret Oy AD CAO. 5) a1 80 
2. 6, 86°; c, 181°; d, 14°. 
- 5. 4592° below zero. 
6. Tin, 4493°; iron, 2192°; mercury, — 384°; paraffine, 131°. 
7. Fahrenheit, $°; Faraday, — 1513°; Dewar, —4393°; Onnes, 
— 4524°. 
8. a, 10°; 6b, — 114°; c, — 222°. 
g. Alcohol, 78°; turpentine, 160°. 
10. — 2953°. 
EXERCISE 63. Pages 134-135. 
4 1. 247+ 82+46. 2. 224+7246. 
4 3. 207 +7243. 4. 62411243. 
| ss. 622413246. 6. 6a?— 7a +2. 
7. 8a?—10a+8. 8. 8a?-— 18a + 12. 
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g. 6a? -—194 + 15. 10. 8a? — 30a + 265. 

1. 677 +7r—5. 12. 872 +2r— 21. 

13. 2077+ 6r—8, 14. 217r?4+4r—12. 

15. 8272 + 127r — 27, 16. 18s?—3s—10. 

17. 40s?— 18s—7. 18. 55s?— 16s — 48, 

19. 36s? —3s— 60. 20. 45s? — 30s — 40. 
21. 18 a2b? — 24 ab — 10. 22. 42m?n2 — 45 mn + 12. 
23. 7274 + 57? — 12. 24. 652% — 443 — 21. 
25. 24p* — 10 p? — 21. 26. 55 m* + 46 m2 — 24, 
27. 54c8 —3c3— 2. 28. 150 n§ + 5n? — 12. 
29. 28a4+422—5. go. 48+ 522 — 18. 
gi. 7072s? — 37s — 27. 32. 8a? — 2ab — 15% 
33. 42 m2 + 11 ms — 20 s?, 34. 722 — 854+ 322. 
35. 12 — 25 y?, 36. 422 — Oy. 
27. 4m? — 20 mn + 25 n?. 38. 97 + 24 nt + 16 n2, 
39. 27 a2b2 + 33 abc — 20 c?. 40. 380 x?y? + xyz — 42 22, 
41. 5674 + r2s — 72 82, 42. 110 28 — x8y3 — 132 y6, 
43. 54 m?2nt — 3 mn? — 12, 44. 6+ 31a + 1822. 
45. 30 + 37 — 68¢t. 46. 80 — 223 — 12 26, 
47. 85 + 122y — 36 22y2, 48. 86 — 53 xy? + 11 ady!, 
49. 90 atb? — 74 a2bc + 12 c2%, 50. 60 a4 — 13 22y — 28 y2, 
51. 63 ¢4 + 10 f2x?2 — 25 x4. 52. 82 m* + 4m2n — 45 n2, 
53> 85 at + xy? — 6 yt, 54. 44c#— 75 cd + 25 a2. 
55. 185 pt — 12 p2q — 4 g2. 56. 160 a? + 4ab — 2152, 
57. 90 m? + 63 mn — 10 n?2. 58. 24m?7+4m+1. 
59. 722? — 10 ay +4 y% 6o. 120 a? — 4ab — $02, 

EXERCISE 65. Page 138. 
9. 8. 10. 34, 


EXERCISE 68. Pages 142-143, 
I. 1242 — ay — 6y?. 

3. a& —1, 

5. 21 at — 53 a2b? —8 bf, 


2. 497 2? — 36 y?, 
4. 4a2?—4 ab? + 4 
6. at — d4. 


7. 924+ Tay — 2 y? 


ANSWERS 


a 


. 8a2x—8 bx. 


g. 25 a? — 50 ab? + 24 bt. ro. 3 m> — 12 mn? + 6 mn! 
11. 72? — Tn. 12. 83a@—3a. 

13. at —3 a’y — 108 y*. 14. 2&— 78, 

15. x27— ay + sy y% 16. m?@—3m+H. 

17. 623 — 2242 — 82. 18. Bt—10 AB?C + 24 A202, 


Ig. a?’—9a. 
2i. 380y + 3y?— 9y?%. 


. 10a27+5ab—15 b% 
. 21m? — 119 m — 42. 


23. 2 — x4, 24. xy2 +12 xy — 64, 
25. 227— 16 xy + 82 y2. 26. x*—4277+3. 
27. 28+}. 28. x24 — 35 


29. 4n?—2n+1}. 


> 


EXERCISE 69. Page 145. 


14. 3, 4, 5, 6. 15. 7, 8. 
17. 6 mi. per hr.; 6 hr. 


13. 11, 9. 16. 125, 126 


EXERCISE 70. Pages 145-147. 


x. a. 600sq. in.; b. 300 sq. in.; c. 600 sq- in. 
2. a. 24(¢—5) sq, in.; b. x(x —5) sq. in.; c. 2a(@ — 5) sq. in. 


3. a. y(y + 4) sq. in. ; 6. we sq. in.; c. y(y +4) sq. in. 


4. a 8? sq. in.; b. base, (s+ 4) in.; altitude, (s — 3) 
ce (s +4) (s — 3) sq. in.; @. (944) (a= 8) = e850, 
5. a. Altitude, ain.; base, (2a¢+5) in.; area, a(2a+5) sq. in 


b. altitude, (a +8) in.; base, (2a+9) in.; area, (a+ ules Bad) 


tans Ce a@a+5)=-GtDCat + a5, 


6. Altitude, 6 in.; base, 14 in. 


7. Altitude, 79 ft.; base, 96 ft. 


: 

: 
8. Width, 40 ft.; length, 50 ft. 
g. Lower square, 34 ft. ; upper square, 55 ft. 


ro. 144 trees. 
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EXERCISE 71. Page 149. 


1. 4,8 2. 11, —5 3. 1g == 9. 4. 6, 12. 

5. 10, 11 6. 1,-—2 7. 0G 8. 7, —3. 
9 +2, —# to. +3, —3 she WUE YD x27 0; 2: 

13. 1, —. 14. §, —. 15. % —% 16, 2,3: 

17. —4, —2. 18. — 5,2 1g. 3,2 20. —2, —} 


1. —7Ta, 5a. 2. + $6, —26. 
3. —13m, — 10m. 4. +c, —te. 
5. —3a, —34. 6. b, 20. 
Cc 5¢ 14¢ 
_ oa. se . 
BS aaa RSA 
13 v 
9. —2, or 10. ‘, —6k. 
Ir. —a, 3a. 12. —10p,2p. 
13. 8c, +12¢ 14. 4n, 12n. 
b 5 
8 Oa ORT. 
15 ? 2 16. 10’ 3 
uae — 52. ee aaa 
9 8 . > 3 
OSES 
19. —27, 1 20. = 
EXERCISE 73. Pages 152-153. 
1. — 3, or 3. 2. 8,4,5; —1, 0,1. 
Beadle te 4. 5, 2. 
5. Altitude, 3 ft.; base, 10 ft. 
6. Length, 2} mi.; width, 4 mi. 
7. $75, or $25. 
8. Length, 30 rd.; width, 10 rd. 


Chicago lot: length, 125 ft.; width, 25 ft. Indianapolis lot: 
eee 130 ft.; width, 35 ft. 


ro. 6 ft 


° 
. 


ANSWERS 
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EXERCISE 75. Page 156. 


- m+2m+4. 
~at+4. 
- 38a+2b. 


EXERCISE 76. 


sow bird © 11. 

- 6(r+s)(r —s)(r—2). 
- (l1-—-2#)8(14 2). 

- @-a2)(8—2)4—-2). 


22. 3ab. 


24. x—5y. 


Pages 158-159. 
6.85959 29.926: 
21. (a—4)(a—3)(a—5). 
23. 8(2—32)2(22 + 32)2, 
26. (r—4)(r+4)(r+7). 


27. (a+%x)?(a?—ax+ 2%). 
28. yz(2e4 —1)(422+224+4+1)(1l¢+). 


29. (b—7)(b —5) (0 +9) 


. (22 —5)2(2x + 5). 
32. 
34- 


(b — 12). 
31. 12(m — 6)2(m + 8) (m + 4). 


(83n —8)(8n —1)(n +2). 33- (+82) (1—-324+922)(1—8 2) 
(a +7)(@ —6)(@ + 5). 35. a(a?— 1)(a— 10). 
EXERCISE 78. Page 164. 
, 2yte, Pepe ale 
8y—22 2u+y 
a+4 a _ 3(m +n) 
a+6 5Bm+n 
x—2 6 P+3t+9 
5-2 t+3 
, 2 ne a ees 
o2+42+16 237+ 8) 
3c(d—c) 2m(3%+2y) 
5(d+c)- ~ 3n(922 + 6ay + 4y2)° 
EXERCISE 79. Page 166. 
6 y 6 21 
9- Gs si tae ea rg oy 
16 68 
2 402 0 
oe 12, a2+2ab+4b by ey 
2 yt 18 48 ' 
33. Ske «fee 7 an aE: Sag 8 girs 
eT, 37a + 35 
ars, 8a+24+7°>-7° 16, A i ee Ea 


14 


23. 


25. 


27. 


29. 


33- 


35: 


37- 


39. 


4I. 


43: 


45- 


47: 


49. 


5I. 


53 


57- 
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EXERCISE 81. Pages 172-175. 


20?~ab+3a) 
ab? 
axe + byz—cxy | 
xyz 
14a—5 
6a 
8% +42 
6 xz 
m?+1° 
m?—1 
13—4m 2 
(5 m — 2)(2m + 38) 
2 x2 — 9 y? 
@y—z)@z -3y)° 
29 
(83a—7)(6a+ 15) 
8a 
e—4 
2ab : 
8 a3 + b8 
8 e 
xr+2 
a —2 28 
(a + x) (a8 — 2)" 
20 —32 
(a — 2)(%—38)(%+ 5) 
2a?+18a+8 


(2a—1)(a+2)(8a+1)° 


ee 
(@ + 1)(@ —2)(@ +8)" 


c+y 
xy(y — %) 


24. 


26. 


28. 


30. 


4 oe 


36. 
38. 


40. 


st+2ri—3rs 
rst . 
5 an? — 10 bmn — 2 cm? 
10 m?n? 
3 y? — 6 2? 
Qaxry2 ° 
ac+bc+ab 
abe 


38 Bb 7 
(a—4)6a+6) 
8 x? — ay + 2 y? 
6(a? — y*) 
29 p — 12 
62p—3)(5p—4)° 


4 
retp ey Be 


4p?—1° 


44- 6x(@ +8), 


46. 


48. 


50. 


52. 


54- 


58. 


a) 
0. 


0. 


a@+2a-—2 
m4 6ar+3 a2 
(r—8aP@+7a) 
a—3 
@—at+l1° 


56. 2a+15 


D = ants 


'10%+4+1 


12(% —2)° 


ANSWERS 1a 
; 4a 12 
eta 60. : 
99 a6 — ma) 1— a 
2 a—b 
ss 62. ——.. 
61. ak 2 a+b 
 — 208 
a sees ee Gi. = 
+ @+b(@—2)@438) Sas 
2 ae 
65, 3@—a+2. oe, 
3a “+y 
2b 6a2?—6 
° 68. 
4 b6a+0 2a—3 
382 
$ le 0. . s 
9 * 4—3m 
71. c= 
r+s 
EXERCISE 82. Pages 176-177. 
ay 56 
3. = 4- an 
5. i, 6.04; 
; 9 xy 
2 abe. 8. A 
i 8 mn? 
9. = 4), figs Ait 
BY 7 m—4 
a—5 op sr 
Ir. 3a2° 12. 4(p—9) 
2(a—3 a(x—1 
13. 14. -—— 
3 (@—6)? * @+D@FX) 
y(e—2y 6 td 
x(a — y) ™ Ba 
3r—2s m — 8 
8. 
a 3r+2s ; 2(m — 2) 
; 5(@+y) 24-3 
m 19 Oe is on very 
ar, Mtl 22. a. 
2 —2a 
= 23- — i. a + 
: 25. — 1: 


i6 


It. 


16. 


19. 
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EXERCISE 83. Page 179. 


3(a + 8) 


"2(@—2) 


2 e 
ems 
4(r+s) 


T—s:s 


a(a+7) 


” m?(a — 8)? 


(a+2b)(a— 5b) 


"(a+8b)(a+4b) 


if 
20r(r + s)(2r—38s) 


* 3s(2r+3s)(r+ 2s) 


8. 


10. 


12. 


14. 


16. 


18. 


J 20. 


r(2r+5e) 

v(4r—38) 

(c+ 4)? 
c—d 

t(t +28) 


$ 


w(w — 2) | ; 
w+o5 


J 
= 


a 
a—b 
m—n. 


EXERCISE 84. Page 181. 


1 
il: ety a 
2 3 a+y 
2b—3a 
a. 5. ———_. 5. 22 — be 
26+3a ad + be 
times DS 8(2a—5b b+a 
4b242ab + a? 4 5(4a4+3b) ne lor 
2Qe+y x—1 
. 2ab(a— 2b). ir. ——.. ' ; 
: ) “ p+2y Se 
a—b a+6 2 r2 
foe mares} Ney aaa 
82+4 1 
. 17- i 8. —. 
e+1 74 I = 
a 
wet 20. 3. 
EXERCISE 85. Pages 183-184. 
—7. 2. 4. 3- is, 
‘ aes Gs Mee 
it 5 oa 
ee Bee 9. ee 
u—y a+2 2m™—1 


m(m? + n*) 


n(m?+2mn—n?) 
x+3y 


ANSWERS 


A ant 


P 
2e—3y 
<7 e 

a*— 4b? 
qa pt 


14. 
17. 


20. a—1. 


382—2 


23. , 
: e+il1 


2i. 


EXERCISE 86. Pages 186-189. 


3.6. 4. 
g. —5. Io. 
15. 4 17. 
22. 1. 23. 
29. 23. 30. 
35- —}- 36. 
41. —qy 42. 
48. x. 49. 
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x 
x + 5 
xr+2 
x—2y 

a 
a— b 
a+b 
z 
7. 6. 6. 
-3 12, —4 
4, 19. 4. 
—}. 25. —65. 
zs 32. 4. 
24. 38. —1. 
3. 44. < 
3. 


— 2. 5. 
10. TT. 
3. 18. 
—1. 24. 
6. 31s 
1. 37- 
— 5. 43 

$. 50. 


EXERCISE 87. Pages 189-191. 
2. Base, 13 ft. ; altitude, 5 ft. ; area, 65 sq. ft. 
6. A, 24 yrs.; B, 64 yrs. 


4. 21,5 18. 


5. #. 


Oklahoma, 1907 ; Washington, 1889. 
12. 18 at 50¢ per dozen; 36 at 75¢ per dozen. 


Engine, $18,700; sleeper, $19,000 ; parlor car, $15,500. 


17. $2150 at 5%; $1800 at 4%. 


8. 79. 


18. $. 


EXERCISE 88. Page 192. 


22. 
. 8x-y 
25. 2a%+ 30? 
5ab 

Toe Se a. 2: 
7. 15. 8. 1. 
13: 3. 14. = 7 
20. 2. 21. —4. 
26. 3. 28. 6. 
33-5 —1. 34. —#- 
39. 2. 40. 2. 
45 —2 47. —1. 
x. 82, 24, 
3. $25. 
7. 
10. 3. 41, 69°. 
13. 
14. $2800 at 5%; $700 at 6%. 
16. 24. 
‘gs. 8§ da. 

9 hr. 36 min. 


6. 32 da. 
g. 6 hr. 


7. 


Ito. 


g. 48. 


15. Wyoming, 1890; Maine, 1820. 


1g. 30°. 20. 1. 


1} hr. 


22 da. 


18 
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EXERCISE 89. Pages 193-194, 


1. 120 Ib. 2. 8 ft. from the fulcrum. 


- 6 ft. from A. 4. 22 ft. 


5. 7 ft. from the fulcrum, 
6. On the left side, 7 ft. from the fulcrum. 


' EXERCISE 90. Pages 196-197, 


a. (r+ 5) mi. per hour; 


b. slow train, ek hr.; fast train, = hr. 
r r+65 


a. 50 hr, Lge b. 2 
r 3r 38r fr 


a. Slow train, “ mi. per hour; fast train, me mi. per hour. 


150_ 100 
b. —=—+ 20. 
: ; a 


Slow train, 15 mi. per hour ; fast train, 45 mi. per hour, 
12 mi. per hour, 


. Freight train, 15 mi. per hour. ; passenger train, 85 mi. per hour. 
. 40 mi. per hour. 
- a Downstream, 8 mi. per hour. 0. Upstream, 2 mi. per hour, 


12. a. 3hr.; b. 12 br.; ¢ 15 hr, 

13. a. 4 hre3, 6: g hr.; ¢. $49=5,; d. 8 mi. 
14. 12 mi. 15. 21% mi. 

EXERCISE 91. Pages 198-200, 

x. 20. 2. 21 yr. : 
3. Width, 36 ft.; length, 60 ft. 4. 30°, 15°, 60°, 75°, 180% 
5. 33°, 67°, 80°. 6. A, 32 mi.; B, 25 mi. 
7. Shaft, 500 ft. ; pyramid, 55 ft. 

8. Slow train, 27 mi. per hour; fast train, 45 mi, per hour, 

g. 10, 12, 14. to. 10 da. 

tx. 44 mi. per hour. 12. A, 8l yr.; B, 12 yr, 
13. $10,600. 


Ee 


—— 
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14. Slow train, 30 mi. per hour; fast train, 45 mi. per hour. 
15. 6 hr. 16. $630 at 41%; $810 at 31% 
17. 8 mi. per hour. 
18. 35. 19. 2.65. 20. .90018. 
EXERCISE 92. Pages 201-202. 
2a 8s 
Sans Sate : > a 
r a. 2 3 3b 4 oe 
Bae. 6. a—b. 7. £48. 
m—1 
8 c?—cd + a. 9- oe 10. m?— mn + n2. 
rr. 20 +4. 12, @—1. 13. 2m. 14. —@. 
10m eee 
15: on 16. 12(a— 6). 17. m+n. i8. Es 
1 
iS : = 2a 
Ig. a+b. “ay ENT 2. : 2a. 22. — 35 
2 a? OS) 25. —: 
a 2a—56 a - 
EXERCISE 93 Pages 204-205. 
A, 2 2 
t. @. >? b=: 2. a 24; 6 “4, 
Cc. ve V 
= 27 bs a? B lo 
eh RNS Foe hae 6. C=§(F—82). 
h 7) 
2A 2A —ac 
2 a 330; b. 20; ¢. ; zl Poel i0F- 
7. a. 3380; 6 sc. WEE = 
100 A 100 (A— P) 
ig 1s 3; b&b t= . 
Bt a Fe Pr 
aT—1 1 
mac ee O 
9. @ = ? T—t 
10, a. m(g—f); 5. Ls Mage MES 
m g—f a 
Mu * m(v—uU x Cb . a . 
tae! b. mio) 12, @. Hb? G- Ka 
satc, sb—c+b_ 273 (h—k), Q73h 
13. @. rs 6. ; 14. a. i 3 2738 + t 


2 


1. Mississippi, 


84,3 0. 
vidas 
. 685.98+; vb. Ms ¢ 
Fa 


120; b. 9 
q 
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L 


. IMt+M; 6b. —— 


ltt+ i 
ad 
—d 

mv 


165) G7 69.151 3) 0, 


3000 d2 
nH Or ie n(£—CR) 
WR rile on Clee 0 ’ 


w(600 d? + 1?) 


EXERCISE 94. Pages 206-208, 


3000 mi. ; 


St. Lawrence, 2200 mi. ; 


Arkansas, 2000 mi. ; San Francisco, 1400 mi. ; Columbia, 1200 mi. 


2. Corn cracked, 28 oz.; 


12 02. ; 
Ev 


2. 7 3.80,.162: 


Bey Jet, es 
T, 4: 30. 
8. $33. 


3. EH, (+4, 


ABD “ie. 10: 
GD S:b 9 Weies li. 
EF 3. 200; 
GH 1 oie 2 
LW on el.» 10! 
MN 4. dey teh 
AG; 2 OW. Okabe 


EXERCISE 95. 


S305 a19o* 


corn meal, 20 oz.; 
wheat, 80 oz. ; cottonseed meal, 20 oz. 


11 : 80, 20.5°; 
C,1:80; D,1:48; H,2:24; G,3:380; H,4:06; 


oats, 


40. 3. 
68. 5.1 
1.8 
6 
3. 
2.4 
1.5 


16 02.; 


Pages 210-211. 
2:30, 9°; 


5:80, — 5°. 


EXERCISE 96. Pages 212-213. 
tr. A, +2; B, —4; C, —8; D, +6. 
2. A,+5; B, +2; C,—2; D, —5 


+ 2.5); 


A, (+4.5, — 8). 
5. A parallelogram ; point (+ 6, 3.5). 
6. A hexagon ; point (5.5, — 5). 


F, (- 


2.5, +8); 


EXERCISE 97. Page 214. 


= 86, 


I. 
2. 
5- 


B (5, —6); yes. 
They do not. 
A straight line. 


C, (1, 2); yes. 
3. A straight line. 


6. They do. 


D, (— 2, 8); yes. 


4. They do. 


Yukon, 2100 mi. ; 


oats ground, 


on ff 


ANSWERS 


EXERCISE 99. Pages 219-220. 


(7, — 2). 30(8, 1): 3. (2, 5). 
(— 2, 3). 5. Dependent. 6. (4, —5.) 
. Dependent. 8. (—2, —8). 


. They have a common solution ; (38, 4). 
. They do not have a common solution. 


EXERCISE 100. Page 220. 


. Simultaneous; (6, — 2). 5. Simultaneous ; (— 3, 2). 


EXERCISE 101. Page 224. 


eae x 


II. 
ek 
15. 
17. 
19. 


cet Sa YY ieee 2. @=25 b=—38. 
31s — 4. Ae Te = 2 se 
c=3;d=—65. Ooi 8 0 es 
=—8;y=3 8. s=6; t=—2. 
p=-—1;q=-3 Io. r=—3; y=— 3 
c=5; t=— 4}. 12.03 ey = 
T=—§;y =f. 14. 0=33;9=4 
oles BAT) eet 16.) 0) — 9707 =, 
a=4;y=-2 TS ise 
m=2;n=—}3 20. a=—4; b=10 
EXERCISE 102. Page 226. 

ie 3; = 4 2. r=—4;8s=—1. 
Hire an Wiel 40 —al y= 3. 
Bi Lye 62) = 5.09. —— i. 
m=—5;n=}. SD =A sag/iai6; 
eg=1;y=t. IO, P= 35 b= — i 
p= Lis 12. ©=—3; w=— §. 
A=—2; B=2 144. M=5; N=—2. 
p=i;q=l. 16) f= 37 = +4. 
c=}; d=—}. 18. e=— 3; f=—2. 
g=—2; k=} 20. r=4; s=—65. 
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EXERCISE 103. Pages 227-228. 


t 2=6; y =—10. 2. p=12;¢=~—12, 
3. mals y==—2, 4 f= 6 782: 
5. ¢=$; w=—j. 6.7 18.7 = 6; 
FC sa Lig = Oy 8 2=434=—8, 
9. m=—3;n=5, Io. a=—8;b=5. 
1. =—1;y=—5. 12. x=—6; y=—8, 
13. m=3; n=—5, ior =45 = — 1p, 
15. p=10; w=7. 500 = 05 yi Ae 
7, @=4;6=—2 
EXERCISE 104. Pages 229-230. 
1.a@=—38;6b=65. 2. c=4; d=—6. 
3: P=4t3q=-% 4. %= 33 y=}. 
5. r=4;s=—-}. 6. w=—5;3;0=2, 
7. A= 3 B=}. 8 r=%;t=—}. 
g «=—6; y=—2, 10. ©=3; y=4, 
EXERCISE 105, Pages 231-236, 
zr. 24, 85, 2. 12,.20, 3. 4p. 4 4. 
5. Anthracite, $4.50; bituminous, $2.60. 6. A, 24 yr.; B, 40 yr. 
g. 16, 26. 8. Tower, 510 ft.; statue, 37 ft. 
9. 75. to. Length, 486 ft.; width, 470 ft, 
tr. Base, 40 in.; equal sides, 50 in. 12. A, 35 yr.; B, 27 yr. 


. Yale, 1700; Princeton, 1746, 


Short side, 15 in. ; long side, 25 in. 


. Oxford, 872; Harvard, 1636. 
. First weight, 15 lb.; second weight, 20 lb. 


7, 5. 18. 3, 4. 


- 18 dimes, 21 quarters. 20. A, 68 yr.; B, 18 yr. 


Length, 21 ft.; width, 17 ft. 22. Length, 85 ft.; width, 64 ft. 
First weight, 611 Ib.; second weight, 95 Ib. 


. John, 70 lb.; James, 80 Ib, 


Crew, 10 mi. per hour in still water ; current, 2 mi. per hour. 


Ee 


ANSWERS 


26. Distance, 72 mi. 3 current, 3 mi. per hour, 
27. 
28. 
29. 


30. 


Length, 75 ft.; width, 54 ft. 
Fore-wheel, 9 ft. ; hind-wheel, 15 ft. 


Distance, 8 mi.; crew, 4 mi. per hour in still water. 


Slow train, 25 mi. per hour ; express train, 40 mi. per hour. 


31. 
33- 
35- 
37- 
38. 
40. 


$1500 at 6%; $1000 at 43% 
$1200 at 4% ; $500 at 5%. 
105°, 75°. 


32. $2000 at 5%; $3000 at 6%, 
34. $800, 6 yr.; $300, 10 yr. 
36. 35°, 13.5°, 131.5°. 


Ordinary train, 37 mi. per hour; fast train, 55.5 mi. per hour. 


A, 14 da., B, 10.5 da. 
First man, $15,000 at 42%; 


39. A, 12 da.; B, 18 da. 
second man, $18,000 at 34%; third 


man, $13,000 at 53%. 


EXERCISE 106. Pages 237-238, 


Se 


6. 84. q- 72. $2,907. g- 83. to. 59. 
EXERCISE 107. Pages 239-241. 
reigce ae, y= tae ee. 
aaa Pre Wem eh ee 
er a. pee ee 
6. x=a+b;y=2a. 7 %*=—2a; y=. 
8 x= 525 y =f. 9. x=2a;y=a—b. 
io. e=c—d;y=2c+d II mais y at 
Ben Sage 1 13. £= BERS y= ce 
entas ieee op Aisin 
16. Larger, a ai sates 5 v2 a OF Larger, ae t. smaller, foo “ 
18. A, At ; 3B, At. 
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19. 


20. 
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24. 


14. 
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Aes b—a : cee KUN? 
’ digit, @ ; units’ digit, : 
Tens’ digit, O40? ig’ O46 
poe; 21. First, W+4. second, pe de 
2b—34 a+b a+ 
a— b2 ar— b2 mng mg 
t ; less, ———. . f= Ss f= . 
Greeters acta bemad = ° m+n m+n 
T= SCE (m—n)g_ 
m+n m+n 
EXERCISE 108. Pages 242-243. 
a=—4; b=—5;c=-6. 2. f= — 13 y=— 25 22. 
Ti 2 ee ea lh 4..7°>25 s=—37¢t='5. 
r=4;t=-—3; 27=—5. OMA =e SO 
t=4; y=}; z= 8. =—$;y=7,; z=— 3. 
Ba Oe een, 6 8 he, 
6 6 2 
ae ag coke eal 
b+c a+e a+b 


A, 60°; B, 40°; C, 80°. 


. a, 80 in.; b, 50 in.; ¢, 45 in. 


a, 84in.; b, 68 in.; c, 72 in. 
Atlantic, 35,000,000 sq. mi.; Pacific, 71,000,000 sq. mi. ; Indian, 


28,000,000 sq. mi. 


15 


17. 
18. 


16. 
IQ. 


4. 
6. 
8. 


Water, 1 cup; sugar, 21 cups; glucose, 4 cup. 
896. 
A, 15 days; B, 30 days; C, 60 days. 


EXERCISE 109. Page 245. 


+ 56. 17, +54 a%. 18. + 65 ab. 
+ 75 m2n8, 20. + 72 rs. 21. + 105 ay2z, 


EXERCISE 110, Pages 246-24'7. 


+(20? +241). 5. +(@—38a+41). 
+(82? — 4a — 2). 7, +(8@—5a+44). 
+(622?— 2ay —3y?), 9. +(2a3+ 8a2—1). 


i et 


—_e 


To. 
Ea. 
14. 
16. 


18. 


20. 


25 


+ 94. 
+ 205. 
+ 4.28. 


+ 2.645. 
oma le 
+ 4.582. 


SEORVTUS ~ 
. +2,.828. 
. +38.464. 


+ 4.000. 
4,472. 
+ 4.898. 


. + 5.2915 
. +5.656. 
- +6.000. 
. + 6.324. 


+ 6.633. 


. + 6.928. 


ANSWERS 
+(4m2 + maz? — 324). ir +(1—a@+4+22— 23), 
+ (#3 — 2aa? + 5 a8). 13. +(87+5y— 42). 
+(a—b-—c). 15. +(8a?—2ab—5 02). 
+(2a?+52-—7). 17. +(7m?— mn — 4n?). 
2 3 y2 
+(m+4—2). Ig. a(a-2—"). 
4,2 292 
- (5 = a @ ): 
EXERCISE 111. Page 250. 
+ 39. 2. -- 67. 3. + 75. 4. 
+ 153. 6. + 234. 7. 4417. 8. 
+ 21.5. to. +3.14. rr 423.46. 12. 
EXERCISE 112. Page 250. 
+ 1.732 2. + 2.236. 3. + 2.449. 4. 
+ 3.162 6. +3.316. 7. +3.605. 8. 
+ 3.872 ro. +: 4.123. rr. + 4.358. 12. 
EXERCISE 118. Page 251. 
+ 1.000. 2. +1.414. 3. 4+1.782. 4- 
+ 2.236. 6. + 2.449. 7. + 2.645. 8 
-- 3.000. ro. = 3.162. Boe, Ses st loe I2 
+ 3.605 14. +3.741. 15. +3.872. 16. 
+ 4.123 18. + 4.242. 19. + 4.358. 20. 
+ 4.582 22. + 4.690. 23. +4.795. 24. 
+ 5.000 26. + 5.099. 27. + 5.196. 28 
+ 5.385 zo. + 5.477. 31. + 5.567. 32 
+ 5.744 34. + 5.830. 35. + 5.916. 36 
+ 6.082 38. + 6.164. 39. + 6.245. 40 
+ 6.403 42. + 6.480. 43. + 6.557. 44. 
+ 6.708 46. + 6.782. 47- + 6.855. 48 
49. + 7.000. 50. + 7.071. 
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EXERCISE 114. Page 252, 


. £+4V8, or + .866. 2. +4V65, or + .745. 


. +47, or + .661. 4: +4V83, or + .677. 

« £42, or + .707. 6. +4¥V10, or + .632. 

- +4V21, or + .654. 8. +4V10, or + .790. 

. £430, or + .912. ro. +428, or + .755. 
+ 4V45, or + 1.841. 12. + yy V30, or + .547. 
+ ,V77, or + .797, 14. +4410, or + .527. 


15. +46, or + .272. ; 


EXERCISE 115. Page 253, 


. 7V38, or 12.124. 2. 4V2, or 5.656, 

. 2/5, or 4.472. 4. 5V3, or 8.660. 

. 5V7, or 13.225. 6. 4V2, or 5.656. 

. £V8, or 4.041. 8. 3,V10, or .948. 

. $(8V6 + V3), or 1.008, 10. — 3V6, or — 4.285. 

. $(2+ V5), or 1.412. ' 1a. $(1— V3), or — .866, 

- $+ V2), or .882. 14. +(V2—1), or .059. 

. =, or —.272. 16. 2(1 + V3, or 1.821. 

. $(V6 — 5), or —.425. 18. 4(V14 —8), or .105. 

. ¥(—8 +2V10), or.415. 20. $(3 —V95), or — 1.849, 


EXERCISE 116. Pages 255-256. 


+ 5. 2 44, 3. + 6. 4. £2. 
+ V8, or + 1.732. 6. +V165, or + 3.872. 
+ }V7, or + .881. 8. + + V11, or + .603, 
. 2+ 4 V8, or + 1.154, to. + V6, or + 2.449, 
- ep 12. +V11, or + 3.316. 
- +8. 14. + i 16. +Vm— at 
» £4V2(c —a). 18. = 7 Vam. 19. +1 Ve, 


1 1 
5 £5 V2ch. 2I. +3 V3 m(n +2). 
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EXERCISE 117. Pages 257-258. 


z. 27+ ft. 2. 37.4 ft. 3. 21.5in. and 64.5in. 4. 4.14. 
5. a. t Vb?—c?; b. 4 V02— a. 6: 12. 7. 48. 8. 2.84. 

g. 8.6. to. a. .8 8; .4:8%. 11. 254.5 sq. in, pe eet ra 
13- @. a5 V 154 A; 2- ee a 14. 1021.4 cu. ft. x5, Sve. 

TT 
i 1 a 

Gi 7 . —wvr8. ay es 

er ee aL are aS. 18 V3 0 vh. 
1g. a. 144 ft.; 6. 400 ft. 20. 7.5sec. a1. 58sec. 22. 5288. 

1 
23- on ‘fmr. 
EXERCISE 118. Page 259. 
z. 8, = 6: 2 SoS. Pee etme ae for 
a —m —3m 

5.0, 1-46 6. 0, 5%. pa eg 8. hr ay ae 
-g. 8k, —3k. 10. 5p, $p. 1x. 5, —3.5. iz, — 2, 3. 

13. }, 2. 14. —10, —1.6. 15. 0, —5. 16. 5, 5} 

17. 10, 5. 18 2, 13. 1g. — 3, 2.8. 20. — 7, 1.5. 

EXERCISE 119. Page 262. 
3. —-3 235 3.4,—-4 4 4,-3. 5. 6,1. 6 -5,—1. 
EXERCISE 120. Pages 265-266. 

sg, 6, — 1. .2.. 8, —11.- 43: 9-8 4 —4,-6 5. 5, —3. 
6. 242 V2; or 4.828, — .828. 7. —84V10; or .162, — 6.162. 
& 14-2; or 2.414, —.414. 9. 44+2V5; or 8.472, — .472. 
ro 5++80; or 10.477, —.477. Ther ee ee ee? 

rey 745 ale 14% — 6, 5. 15. 10, 3. 16. 6, —1. 

17, = 94 V8, or 1,090, — 10.090, 18, = IT or 18.844, 1.156, 
oe ee arias te alee as: =S2V68 ; or .659, — 1.616 
pete 24. age Tee east fax V473 . or 8,348, — 2.098, 
Seed. a7) SE. eh KL ae sed 
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31. —, 8. 32. a v22,; or — .888, .238. 
33- aoe ae Or 778; —,089,, © 34.-= 9/4. 
35: 1£¥2, or 1.207, — .207. 36. —64v42; or 480, —12.480, 
aie 38) tava ; 8.701, — 2.701. 
ao? 11; 4. 40. ba VOT, or 4,395, — 1.061. 
at. Stu or 6.898, —.565. 42. %, — 8. 
43. 843; or 4.782, 1.268. 44. 6,8. 
45- seus, or 2.535, .181. 
EXERCISE 121. Page 267. 
Ir —atve?+3. 2) —G@Lva—o: 
cy —-24+V4+6¢. 4. — os V0 4m a. 
5. ahi Ven 4), 6. ~2a+ Vi@—2d, 
2 
g, —Satvibt+ 9a? ee $5313;5(0 441). 
9g. 2a+3b. 10. -1l4vi—a, 
a 
rr. D2tsV4A + br SP re fe PA ete De 
tid ¢ c 
13. ea mm 4n te —bive'—4ae 
2 ‘ 2a 
EXERCISE 122. Page 269. 
x. 1, §. 2 —%,—} 
3. 12, —6. 4. 10, —38. 
se 6. —— 18. or, — 1.484, ~.282.5 
54+V6 Vv 
7. ==; on, .728, 276, g, ENTS: or, 1.628, .204. 
84Vi7 Lay, | 
9. = 7 We ence 1.780, — .280. Io. ss 


; 
; or, 618, — 1.618, ; 


11. 242; or, 3.414, .586. 


13. 
15. 


17. 


#, —2. 


}, —4. 
—14V145 
6 


: evi, or, 1.271, — .471, 


EXERCISE 1238. 


gee we 
ss By 


—5+ v181 
6 ? 


5+V30; or, 10.477, — .477. 


5+45V5 
2 


6+V29 
2 


re 


= 3) § 


~o-L 


ais —t 


rd av7) 
8 


ptvp—-4+4e 


; or, —2.178, 1.840. 


or, — 3.075, 1.408, 


3 or, 8.090, — 3.000. 


3 or, 5.192, — .192. 


ANSWERS 


12. 


14. 


16. 


18. 


2. 


2, }. 
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Save, or, —.218, — 1.564, 


Pius 
5+ V19 
2 


Pages 270-272. 


4 8, At 


; or, 4.679, .321. 


4. 6438; or 7.732, 4.268, 


6. 


8. 


Io. 


12. 


Bans. 


=32,8. 


. —1,4. 
. 2, 48, 


—11+ v329 
4 


a 


SEDC aCe 


- pivp? —c%, 


* or, 1.784 —7.284, 


—atva?+2gs 
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EXERCISE 124. Pages 2'72-275., 
1, —§. 2. —2, 3. 3- 17,18; —18, = 17 


. 4,5,6; ~6, ~5, —4. 5. 18,19; —19, — 18. 

. ack. 7. Width, 17 ft.; length, 21 ft. 

. 2. g- Length, 220 ft. ; width, 180 ft. 
. Altitude, 7 in. ; base, 18 in. 11. Altitude, 32 ft. ; base, 18 ft. 

. Altitude, 49 ft.; base, 25 ft. 13. Altitude, 125 ft.; base, 80 ft. 
. Altitude, 63 ft.; base, 27 ft. 15. Altitude, 12 ft.; base, 16 ft. 

. Altitude, 24 ft. ; base, 10 ft. 17. 15 in., 15 in., 5 in. 

. 21 mi. per hour. 1g. 30 mi. per hour. 20. 6 mi. per hour 
. 20 mi. per hour. 22. Large pipe, 3 hr. ; small pipe, 6 hr. 


. 8mi. perhour. 24. 10ft. 25. 15rd. 26. — 


. Inside city, 10 mi. per hour ; outside city, 25 mi. per hour. 


g. 29. Bicyclist, 8 mi. per hour; automobilist, 20 mi. per hou. 
Fore wheel, 12 ft. ; hind wheel, 16 ft. 


EXERCISE 125. Page 276. 
+72. 2. + 6% 3. +£10%. 4. +9ai. 
+ 5%. 6. +87. 7. £1274. 8 + 1labi. 


- thi. to. + 27. Ir + $4 12 + $4 
Rely Se 14. 447% V2, 15s. +38i v2. 
. + 6tv2 17. tivo. 18 +38tv3. 


. £2tv3. 0. -b2¢ vi. oe 21, 


rERey 2%. os. 422 V2, 
a StV8, 27. a 21¥8, 28. 
biv5 8ivi 
as eS eine 


EXERCISE 126. Pages 277-278. 
97. 3. — 64, 4. t. 5288.) 6, 0.0 ee Te 
2 ai. 9. 6x. 10. 4iv3, Tee Eee 12, biv5 


. 4iv7. 14. —2iv6, 15. iV11. 17. La tvs 
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18. 22H, Ig. Sz tv’, 20. 84 2iv7 24Vi. 2I. Tt Siv8’ 
22. 6 + biVv3. 
13 
EXERCISE 127. Page 279, 
r% —1+iv2 2 Sa ivT, 3 ta tv. 
1+4ivi4 Fy T+ivil 6. 2tiv79, 
3 10 16 
7, 1+ iv39, g 8tiv3l, g. Ot tVv89. 
22 4 6 
Io. =5£1vil, II. Hb 1v99, 12. Gxivsta a, 
xs. Cx ivew, 14. Cx tViDe 
EXERCISE 128. Pages 281-282. 
I. a? + 2ab-+ b? — 25. io, a— 462+ 12 bc — 9¢2, 
2. m?+2mn-+ n?— 4p% 11. 92?— 164? — 16 yz — 4 22, 
3. 100 — r?— 2rs — s?. 12. g¢$—5 972+ 4, 
4. 9p? —c? —2cd-—- 13. a?+2ar+72?—c?4+2cd—@ 
5. &@+4cd+4d—121a% 14. a@—2ab+ b?— m2—2mn— n2 
6. @—2ab+ b?—-—c2. 15. 42?—4 ay + y?— 22-2 zy— wy? 
7. w2—2Qey+y?— 2. 17. m?+2mn+ n?—9m—I9n+ 20. 
8 at—a?+2a-1, 18 2? —2ry + y2+2x2—2y—48 
9. at + a2b? + Bt. 19. 627-6 ay—5x2+y?2+ 2 ye+ 22 
20. 22+ 62y+94?+ 5x2 + 1b yz — 150 22, 
ar. 2+ 4rs+4s?+47rt4+8 st — 212. 
22. 12p2?— 31 pq — 31 pr + 20g? + 40 gr + 2072. 
23. at +423 —84%—5. 24. a? +2ab+ b2?—10a—100 + 25 
25. 86+12m—12n+ m?*—2mn- n?2, 
26. 4a2-—4ac—4ad+2+2cd4+ a. 
27. a? +2ab+0?+2ac+2be+c% 
28. at +6ab+9b?—2ac—6be +c 
29. a? --2ab + 6? + 2ac—2ad—2bc¢4+2bd+c?—2cd+ @. 
go. 4r24473+4+ 8?—4rt—28st+4re+4+2sx4+ —2te+ 2% 
31 9a?—6ab + b? + 12ac—4bc—6ad + 2bd+40—4cd + dt, 
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EXERCISE 129. Pages 282-283. 


. fat+db+ch{a + b— ch. 11. (a +2)2(a — 1)(@— 8). 

. {m—n+ah{m —n— x. 12. (3m—38n— 2%. 

. ftytatia—y— zy. 13. {e—yt+m—n3fe—y—M+N§ 

. {m+n — piim — n + p}. 14. (a—1)4. 

. le—yiia—3y. 15. (n+1)2(n — 1)?. 

. fa +b + 2}{a+ b 4+ 3}. 16. (© +2)2(@ + 1)”. 

. f2—y + Rie —y — TF. 17. (8a + 2)2(8a— 2). | 
fa +y — Ria +y + 4. 18. (a2+7a + 24)(a? + 7a— 4), 

.ft+s+bRir+s— t. 19. (m+n+16)(m+n—9). 
fp —q+10rip—q —2r}. 20. («#+.8)(% — 2)(« + 4) (a — 8). 

. ty—2) (4+ 2ay 4+ y2 + 02+ yet+2). 

. (r+s+2t) (7 + 27s + s?-—2rt—2st +40). 

. 2n(3 m2 + n?). 27. —(8at+3a?+4 1). 

. (2a44+1)(@+a+41). 28. (2m-+ n) (13m? —5mn + n?). 

. —(a+2b)(7a?+10ab4+46%). 29. (a —3b) (7a? +3 ab + 3d?). 
2a(a? + 3 y?). 30. 18y(a?+3 y?). 

EXERCISE 180. Pages 283-284. 

. fa—b+ ch{a —b-ch. 8. f4a+2y—52h{4e—2y+5 2} 

. {m+ n+ prim +n— ph. 9. {m—2n+a{m—2n—2}. 

. fat+atyia—x — y}. ro. {2a +b+43}{2a—b — 3}. 
fe+y— 2 {e—y + 2. rr. f5aty+32fouat+y—32zh 

. fa+b4+2la+b— 2. 1. fa—b+c—d{fa—b—c+ap 

. {l+m—n{l—m + nh. 13. fa+xe%+b—y{at+a—b + yf 

. a-4b42ch{Ba—4b—-2ch. 14. fo-—m+yt+ nj iz—m — yaa 


15. f@t+ty+tatdiic+y—a—bd}. 

16. {2a+0+4+3c¢—22a+6—38c-+ 2}. ; 
7. {je—4y+2+63f—4y—2—- 6. | 
18. {m—5a+38n—bdi{m—5a—8n + B}. ; 
19. {2a—8b+c—adi2Qa-3b—-—c+ a. 
20. {8a?—2+24+5y}{82%—z—2e— By ; 


ab WO HB HM 


© MI AX hw YP 


Io. 
. (1—2a)(1+2a)2+3a). 24 (2? +y?—2) (e+). 
. (827+ 1)(@ + 2). a5. (2a—8b+¢)(4—y). 
. (6%—1)(2m—8n). . 


- {24+ 24 1} {e2—-2 + 1}. 


be & 
I2. 


ANSWERS 


EXERCISE 131. Page 285. 


{2a? + ab +307} {2 a? -— ab + 3b. 
{8 m2 + 4 mn + 5 n3 {3 m2 — 4 mn 4+ 5 n%. 


13. {277 +2rte—TAQr—Wt-—TR. 
14. {3 mnt + 5 mn? + 43 {3 m2n*t — 5 mn? + 4}, 
15. {2 p*+ 2 p*r — 5 r?} {2 pt —2 pr — 5 rr. 
16. {8a?+5ab +7 67 {3 a? —5 ab +7 b%. 
17. {207+ 3 ay? + 4y8 222? —3 ay? + 4 yt 
18 {2+ tr—5 228 eP—te—5 x}. 
19. {4m?n?+ 5 mn + 5} {4 m?n? — 5 mn 4+ 5}. 
20. {5 p? + 6 py + 7 y% {5 p? —6 py + 7 y%. 
ar. fe? +24" 423 fo? 2H 4 2h. 
22. fy2+4y+8hfy?—4y+ 8}. 
23. {2274+ 2ary +2 y%} {x2 — 2 ay + 2 y%. 
24. {204+202+4 1} {2at— 202 + 1 
EXERCISE 182. Page 286. 
. (2a—3)(x4+y). 14. (ax — by) (a? + be). 
. (6m+2n)(r+s). 15. (ac + bd) (ab — cd). 
(8p—r7)(22-—y). 16. (6a?—11)(5a—2). 
. (8—m) (t+). 1g. (8+ 82%)(7-—42). 
-. (a—d)(b+¢). 18. (a@+36)(82%—y). 
. (a+m)(b+n). 19. (x?—4y)(4u+ 47). 
(a+ b)(@—y). 20. (r+s)(t—7n). 
(a—b)(c—4@). 21. (a+b-—c)(r+s). 
(a?+1)(a+1). 22. (a+ b)(%+y-—2). 
(x? — 1) (4a—5). 23. (m+p)(a—b—c). 


33 


6. 1+3r44r31—8r4 4 rh, 
- {a? + am + m3 {a2?—am + m2. 7+ {ar +4 xy 42 y} {a2 4 ay 42 y%, 
. fe? +204 df —2c+ . 8. {8 m?+5 m+ 1}{8 m2—5 m+ 1h. 
- + 3y + 6} fy? — Sy +6}. 9. 2y°+6y+R2Qyr—6y+ 1. 
- (142¢4+38A91-244+3. ro. {5 27y?+ay —1} {5 wy2—zy—1} 
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10. 
bi 
12. 
736 
14. 
15. 
16. 
17. 
18. 
IQ. 
20. 
2%. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 
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EXERCISE 133. Pages 288-289. 


. a& — ab + ab? — 0. 3. vt + ay + ay? + ay8 + yt 

. @& +a2b + ab? + 6. 4. mt+m+m?+m+i. 
a®b® — atbte + a3b3c? — a2b2c3 + abct — c°. 

. a& + atb? + a2bt + 0. 8, l—-a+@—a+ a. 

. ot — 9828 + 226 — oz? + 212, 9. 164+8a+4a?+ 2a? + at 


mo + min + min? + mn? + mnt + mnd + n°. 
1—2a+4a?-84a. 

Q7 23 — 9 xy + 8 xy? — y?. 

84+ 4442224 23, 

at +8 a8a + 9 a2x2 + 27 ax? + 81 at. 

27 c? — 18 c?d + 12 cd? — 8 d3. 
(832—2y)(9a2+ 6ay +4 y?). 

(a? + y?)(a+y)(u—y)- 

(x — y?) (act + 23y? + x?yt + ay® + 98). 

(2 — m) (16 + 8m + 4 m? + 2m + m*). 

(rs — y) (998? + rsy + y2) (rs + y) (9982 — rsy + 9%). 
(a + b) (a® — abd + ath? — 03d? + a?b* — ab> + 6°). © 
(2+ r)(16 —8r+44r?—27r3 + r*). 

Not factorable. 

(a? + y?) (act — xy? + y*). 


(a + y) (at — ay + 02y2— ay + y4) (w — y) (at + 28y + 299? + ay® + 94) 


Not factorable. 

(m — 8) (m4 + 3 m3 + 9m? 4 27 m + 81). 
(2—#)(4+2a+4 x)(2+%)(4—2a +4 x). 

(at + 16) (a? + 4) (x 4+ 2) (a — 2). 

(2a+ 3b) (16 at — 24 a8d + 36 a2b? — 54 ab? + 81 Bf) 


EXERCISE 184. Page 290. 
—4; —6. 4. 5; — 100. 
310; — 150. 5 5. 126; 16. 
—6; 26. 
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EXERCISE 135. Page 291. 


x1. Quotient: 2?—2#2+1. 3. Quotient: y?+2y+41, 
Remainder: — 4. Remainder: 12. 

2. Quotient: 222?—62”+412. 4. Quotient: 2343 249 2-18. 
Remainder: — 27. Remainder: 11. 


5. Quotient: #+4+28+4+47482¢+4+16. 
Remainder: 0. 

6. Quotient: 3m?+9m?+2m+6. 
Remainder: 0. 

7. Quotient: 4a?—2a+410. 
Remainder: 0. 

8. Quotient: 6c3—38c?+9c+1. 
Remainder: 2. 

g. Quotient: 3822+ 7mzx+5m?. 
Remainder: 0. 

ro. Quotient: 423—8ba2+ bx — 268, 

Remainder: 0. 


EXERCISE 136. Page 293. _ 


1. (x+8)("%— 2). 9 (¢—-HEC+1C44+t-1. 

2. (x+1)(e—2)(@—1). to. (m— 1)(m—3)(m—2)(m+1) 
3. (© +1)(@+ 2)(@ — 2). Ir. (%— m) (a? + 2mx + 2m?). 
4. («—1)(@—2)(x—3). 12. (4—p)(3x?+38 px + 4 p?), 
5. (ec —1)(*#—38)(*+8). 13. («+7r)(a?—6re+4+67r?). 

6. y¥—1(2y?+3y+4+38). 14. (t—t)(~+2t)(@+ Zt). 

7. (2+1)(2—382+8). 15. (w—c)(x%+c)(x—3c)(x+2 c) 
8. (r+2)(r2 +27 +4 2). 


EXERCISE 137. Pages 293-295, 


x. (ab + cd)(ac — bd). 4. (2+y2) (a+ y)- 
2. fa+d+ch{a—b— ch. 5. (1+a*)(1+a2)(1+ a)(1—a). 
3. 407b%(a + b)(a?— ab + 5%). 6. Ba—7b)(5c+6dq). 


q. (t—1)(@+38)(4+4+ 2). 
8. 3ab?(a — b) (at + ab + a?b? + ab? + b*). 
9. {a2 + 2a—93 fa? -2a—9}. 


10. 
II. 
12. 
13. 
14. 
15. 
16. 
17. 
18, 
IQ. 
20. 
ai. 
22. 
23- 
24. 
25. 
26. 
27- 
28. 
209. 
30. 
gr. 


32. 
33- 
34- 
35: 
36. 


37- 
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(a +1) (% — 2)(2? +4” +42). 
(* —6)(@+1)(@—4)@-—1). 
(422 + 2 xy —9y*) (402 — 2 ay — Oy). 
(a — 1)*%(a? 4+ a+ 1)% 
(8m+3n— 2)% 
{2%+ y% {16 at — 8 ay? + 4 a?yt — 2ary? + yh 
(a +1)(a—8)(a +1). 
Sat 5yt42Br+5y—4z. 
(a — x)(a? + aw +2*)(b +y) (0? — by +”). 
{m2 + 25} {m + 5} {m — 5}. 
{fa —2 {a +2a+43 {e+ fat—a+ lh. 
(2 — m) (64 + 82m + 16 m2 + 8 m3 + 4m* + 2m> + Mm). 
2befa+b+ch{a—b—ch. 
(@ + 1)2(at — 0 + 22? — 2% +1)% 
(a? + 2)(a — 5). 
(a —1)(a —4)(a?+ @+ 2). 
(a + 1)(at—a? + @—a+1)(a—1)(at+a8+a?@+a41) 
(at + 1)(a+1)(a—1). 
(+ 1)@+D@-Yet+)@—x+h. 
fet+y—2ie—yteatfetyte2fe—y— zs 
(a + b)(a?—38 ab + 0°). 
H.C. F.=a—7. 
L. C. M. = (a— 7) (8 a? —1)(a+ 18). 
H.C. F.=a—b. 
L.C. M. =(a — b)(¢ + d)(a— 5b). j 
H.C. F.=a+b—-ce. 
L.C.M.=(a+6+c)(a+b—c)(a—b+¢). i 
H.C. F. = m(m — 2). i 
L. C.M. = m(m+2)(m—2)(m+11) (2 m? — 8). t 
H.C. F.=8a-—b. 
L. C.M. =(8 a — b)?(9 a? + 8 ab + b?) (a? + Bb). 
Heh 8) a =2m—n. 
= (2m + n)?(2m — n)2(a@ + y) (4 m? + n?). 
< =a—4%. 


L.C 
H. 0. 
L. C. M.=(a — &)?(a + x) (3 a? + 52%). 


es 


‘oo pet 
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38. H.C. F.=2x—1. 
L.C.M. = (x + 2)(@—1)(a2 + 2 +2). 
39. H. C.F. = 2—2. 
L.C.M. = (@— 2)(@? +241)(@+8). 
40. H.C. F. = 23 — a2. 
L. C.M. =(x? — a?) («+ 8a)(a+2a). 
ety+e2 aty—z)? - 
> aty—z 45- eae 52. 256 
2m—5_ 46. (a+b)(@a—b—c). _3. 2a 
3m+4 at+tb+e a: tay 
47-5 ———. 
2—y a—b+e p.m 
"a+b 48. 1. Shaws a 
— 50. —a; 0. oe) 6 
" @4+2ce 51. —(m+n); m+n. ne ep 
EXERCISE 138. Page 296. 
rt +1; —1; +5; —5. 11. —2; 14 V2, or 2.414; 
DO ee ee oe ek eee 1— v2, or — .414, 


+4; —4; +V—1;-—v-l. 42. 1: ae EM) wire Vioson 

? ye Ses Fo 
Oe ek tik te 
a gy 3 = Ve a ee OE oN =e 
tba ist = 1, 


. 1; 2; —3. es =P: 
? i550 13 —2 2s oy 1s) —9\/ 
. +38; —3; —2. 
: 16. —2;3; V—1; —vV—1. 
—1;4; -—38. 
ee aes 17. nm}; —n; m; —m. 
6 
=1tV®, or eit; 18. ¢; —¢c; oon 
=a So? or — 1.61+. 19. @; =a +av3, =a-—av3 
aniD 2 2 
2. 20. rV—1; —rV—13; 7; —r. 


EXERCISE 139. Page 300. 
Circle of radius 6. 
. Parabola, with y axis as axis. 
Parabola, with y axis as axis. 


SW Aas 
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Ellipse, with axes 12 and 6. 

Hyperbola with axes 12 and 6. 

. Hyperbola, with « and y axes as asymptotes. 
: Circle with radius V55. 

Ellipse with axes 4 and 8. 


EXERCISE 140. Page 303. 


tej tad sda ta Te its FRR a Has 


ae ena oce S&F SB QV. Q 


=6,y=8; 5. 2=71,y¥s—1; 7. ©=4,y=0; 

=— 8, y=—6 z=1,y=—7; e£=—5,y=3; 

=8,y=5; pl ayesit “2=—5,y=—3. 

=—$;y=-6 z=—T,y=1. 8. ©=2,y=2V5; 

=0,y=-8; 6 t=%y=4; a =2,y =—2vb; 

=4,y=6. r= 2y=—4; ws — 2.9 SAVER 

ee ‘Sor e=—2,y¥=4; %=—2, y=—2 V5. 

4 1, y=1; 

Se Ps 7. x=—2,y=—4. 9, Anellipse and three 

parabolas. 

EXERCISE 141. Page 305. 

Fin be Gin 4 10) A = 7. ©=—10,¥=1; 

=—8,b=—7. m=—3,n=4. x=1,y=—10. . 

aE AY amt 5. «=6,y=—9; 8. v= 5, y=—7; ; 

= 10, y =— 18. z=-—9,y=6. x=—T,y=5. 

=-—4,y=—3; 6. x=6,y=9; 9. = 2,y=4; 

=$; y=—43. x=—9, y=—6, v= y=2. 

=}%,d=-2; 12. =—a,y=—(a+1); | 

=4,d=—7. Wi ey she 

=—4,6=8; 13. e=a—b,y=a+b; 

= 4, b=-—# x=a+b,y=a-—b. 

= eget 15. ©=—3, y=; 16. r=— 358, t¢=—}f, 

=i 6= 6. w= 8, = 16. =a, Cee 
EXERCISE 142. Page 307. 

c= 38, d=— }; 2. e¢=4,y=-8; 

c=—8, d= $; %=—}4, y=8; 

e=56, d=-}; %=V2, y= V2; 


c=-6, d=}. g=—V2, y=-Vv2. 


5 a=—7, 


e=—2, y=5; 
2 =$V2, y=— v2; 
g=— v2, y = fv2. 


SoG tere b—6:; 


a=—3, b=—6; 
a=4Vv3, b=—5V3; 
a =—4V3, b=5v3. 


EXERCISE 143. 


2=9, y= 65. 


le a4, Y= 25 


e=4, y=-—2; 
*x=—4, y=2; 
2=—4, y=—2. 


. ibe y=—2; 


C= 2, y=— 5. 


. 2=—3, y=—A4; 


D— 44 =, 


. 2=—1, y=—6; 


x=— 6, y=—1. 


C= 2s 
@=2,; b=—7. 


. m=2,n=5; 


=— 6, n=-2. 


Io. 
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- m=4, n=—2; 7. SS Zi — 1's 
m=—t, n=2; e—— 2 ys 
m = $V3, n=1V38; x= 5 V—138, y=3,V_-1B; 
— §vV3, n=—1V3. ¢ = —,V—13, y= — 8, V— 18 
Orb Boge 14 ic ds 
h=-10, r=—5; x=—4, y=-1; 
h=§V2, r=—15v2; %=}Vv2, y=—4¢v2; 
— §V2, r=35 V2. a=—iv2, y=4v2. 
. 2=2,y=-—5; 9g. e=2V2, y=—v?2; 


2=—2V2, y=v2; 
z=Vv19, y=ivi9; 
x=—v19, y =— $v19. 
m=6, n=—4; 

m=—6, n=45 

m= ees —8; 
m =—iAvV/— 8, n=—16/—3 


Pages 308-309. 


8. 


Io. = 


II. 


12. 


13: 


14. 


15. 


c=, d=—38; 
c=-—1, d=65. 


» = 2, 47=4 5 


z= 4, y= 2, 

8, y=—2; 
e©=-2,y=8. 
x=— 2, y=—5; 
P= 0, 2 

x= 8, y=—1; 
x=— 3, y=— 3. 
%=— 8, y=—4; 
C= 2, iss; 
a=38a, y=-—@; 
t=—da, y=3@ 
f=1, g=}4;3 
S=4 g =}- 
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EXERCISE 144. Pages 310-311. 


Fe a 

Py eo, Ze 
w.2olardtiaA 
ie HL AT (Pte 
fitaa lee ll 
> Rotor = os we em 
oo | | we | | oo 
Hee ay Be a 
Besse eee8 
Ye) re) 

ee a ae ck 

rt rt | Se HO hn lo 
ete (elle easel eal 
tyres ats 
Hod oF DQ oho Q ws 
os os | | of | wo | 
St OES Seat 
StS tS Seeveceae 
roe) + 

a Oe sa 

| ln Sees 
allo | Il low 
|e» i il I 
Se a 
Slat | | oO oad 
tt 
eeeseerddd 
ro a 


4, 


18. m=— 6, v= 25; 


17) P= Silo, 7 


— 6. 


8, d=—11; 


c 


8. 


m=— 25, 0 =6. 


11,d=—8. 


c 


9. & 


Igo C=2a,y=—aQ; 


3,¥=9; 


2a. 


c=—a,y 


9 4¥= 3. 


= 


<n 19D 
aan 
ne 
ots 
a <a a 
$i) | Gos 
sfal @a 
he 
lh SS el 
eet i ies 
SS | > lod 
eh es 
ioe] eae 
sxeeteSa 
bine, BIS wee | 
i US aaa 
RRRR BB 
4 a 
a a 
Nit 
oO 
wt oe 8 8 
Sauce ike alannah 
Pit lil | ee | Weare 
Visco See 
a eee 
Refit |e eM iay tS) 
fact St Seer 
Bss 83 e8 
4H a 
Lal al 


. 
. 
| 


=— 2Vv2; 


g= 273, y 


e=— 2V3, y =— 2V2. 


on 3 Ste ES 
on eee 
rica S a oo | ae i sh 
La al i ia ilo tl 
Vi ddr et = 
7D BMOW BM Boa 
oo SS] | wo Ia i 
aie ai Wore ae a 
es RSBRRBHRBRBRB 
° + ” 
a a a 
eid 
ie 
0 em. 
= oo 
+ ; A 
ite eee ie ose 
Oo) Tero eee 
1 wt = | pelle 
le aw yell > I 
Wes $+ eg 2? Sasa 
- « <3 - 
ol | Sa@wilrif-e 
OS ab es a ea 
i ees Bed ow! G0 SS 
+ re) 6 
Lal - 
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. 
? 


-—ljn=—38 


m= 3,0 — 1; 


m=—2,n=1. 


m=—1,n=2; 


33. m 


ee 
ih 
enh coke 
metal 
i |) 
aS 
on -|—4 
we iS, 
Bosal 
219 oho 
1S | ae | 
(a ee 
| 2 Yah ~ ae ~ 
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— 13. 


. 
> 


43 5 


2=— 6—V43, y =6 —V43. 


=7v—1 
=— 4 


— 13, w 


— 13, w 
4,y=-—8; 


5 
i3 


5 
mo: 


8,y=—4; 
e=—64+V43, y=64 


¢=— 2, w=1; 


t 


x 
EXERCISE 145. Pages 311-314. 


36. t= 2, 0o=—1; 


37- © 


3. 9, 16; — 19.5, — 12.6. 


2. 5,14; — 14, —5. 


ee cel 


xe 
ol 
1 (8 
o § 
<a 
Ses gat 3 
1D © a 
| 
cee 
oO 
7~ 
“= 
Yes) 
ay 
oO 
| 
ee . ° 
of E& 
ee i 
oes as 
Nea here 
on on on 
% © 10 
A ar 
+ vn oO 
i ig Milt: 


11. 73. 12. 82. 


to. 35. 


. 7- 3, — 2. 


ALGEBRA 


13. Width, 12 rd.; length, 18 rd. 

14. Base, 6 ft., and altitude, 8 ft.; or base, 8 ft., and altitude, 6 ft. 

15. Base, 2 in., and altitude, 6 in.; or base, 6 in., and altitude, 2 in. 

16. Length, 30 rd., and width, 12 rd.; or length, 60 rd., and width, 6 rd. 
17. Side of square, 6 ft.; base of rectangle, 13 ft. 

18. Width, 7 rd.; length, 10 rd. 

1g. 7rd., and 5 rd.; or 8} rd., and 23 rd. 

20. A, 10 days; B, 15 days, 22. 25° > 80°. 

21. 4in.; 8 in, 235 10> sel iO>s 

24. Passenger, 50 mi. an hour, and freight, 40 mi. an hour; or passenger, 

35 mi, an hour; and freight, 25 mi. an hour. 
25. Rate of crew, 6 mi. an hour, and rate of stream, 8 mi. an hour ; or 
rate of crew, 22? mi. an hour, and rate of stream, 3 mi. an hour. 
EXERCISE 146. Pages 316-317, 

xr. Sum, —7; product, 6. 5. Sum, #; product, — i, 

2. Sum,1; product, 12. 6. Sum, —}; product, — 4. 

3. Sum, 4; product, — 2, 7- Sum, — $p; product, — 5 2, 
4. Sum, }; product, 4. 8. Sum, — $¢; product, 2 2, 

“Io — 3, 13. 42k. 16, 9. 1g. 2. 
rr. — $, 14. 3p. 17. 18. 20. 23. 
12, — %, 18. — 15. 
EXERCISE 147. Page 317. 

I. 2—5e2+6=0, 9. 5a7—17tr—122=—0, 

2. 224+9%+418—0, 10. 28a2?—cx—150? =0, 

3. @+8e—54=0, 11. 2—19x%+4 30-0, 

4. @—Te—60=0. 12. x? —2ax+a2—9 m?=0, 

5. 22%—7746=0, 13. #—4ax+4a2?—R=0, 

6. 847-24—1=0, 14. 2—64%+4=0, 

7- 8#—-1024+3=0. 15. #@—4de%—14=0, 

8. 27-+2 me — 15 m?=0, 


ANSWERS 


EXERCISE 148. Page 319. 


x. Real, rational, unequal. 7. Imaginary. 

2. Real, rational, equal. 8. Real, irrational, unequal. 
3. Real, rational, unequal. g. Imaginary. 

4. Real, irrational, unequal. ro. Real, rational, unequal. 
5. Imaginary. ir. Real, rational, unequal. 
6. Real, irrational, unequal. 12. Real, rational, unequal. 


EXERCISE 149. Pages 321-322. 


xr. ol, rs. yi. 29. yz8wt, Me eo 
2. m3, 16. m*. 30. m5n1%p?, “gam 
yt. 17. a, gr. a", Pes —— 
4. m°>*, 18. br+?, 32. bm. re 
5. a, 1g- cnt2, 33- — cing3m, 42. = 
a ort, 20. ort, 34. atmysm, bed 
7. Mtl, 21. 2% 35. retst, 43- cae 
8. drt, a2. t. 36. 2™"y"", he 
oF rae 23. 40. a8 44- pe" 
ro. intl, 24. g@—3tl, 37 a" i kn 
eS eee 25. x4, m5? em 
38. ——-. 
12. g"t. 26. y. n3P 
soe Ge 27. m2. a’? 
14. 2 28. — abl. 39: hep 
EXERCISE 150, Page 323. 
3 m 24. — xty*. 
i. 2 9- a8 err 3 fia 
2. —8 y? 3 25. ab’. 
. 2a 26. ab. 
mae t 18. ——< : 
3- 2 10 eH 2 : am 
eae 2 ab 3 m8 ™ oy 
< 5. 30 II ab. 19 ares che 
r 52 12. 5470. A 23. ——. 
-_ 2n8, pu ot Bde es 
/ x2 13. —3 mn’. 7st : a 
4 z ye 14. —2mn?. aI. a”™ peers 


30. —. 
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e 


Jn Ole 


38° 


i) 
=] 
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EXERCISE 151. Page 324. 


9. 


Io. 


It. 


12. 


Tg. 


14. 


15. 


V—64 xy; —4ay. 25. 
. V32 aD; 2ad4. 6. 
. VBL atyt; 8 ay. 3 
s V2, 28. 
Va, 
ic 29. 
V58, 
go. 
V4n. 
. 4Vvz. ie 
3V, 3? 
2 avd? 33 
_V@ aby, 34 


64 | a2 
43? 1 16. Be" 
1 
ay x 17. Cty 
vi6 4 8 a8 
; 1 ; mel 18. Bee 
V-27 «8 oe 
ee A force 
Te 3 9 a?” 
v8i 3 ane 
Sa! ; 20. rh 
m5 
2I. ——" >. 
3 : > -2. 4 nt 
— 125 
1 1 22. 4D 
. eee ae aps 
vV— 32 2 oA 8 a8 
9 52° 


ANSWERS 


EXERCISE 153. Page 326. 


z 3 bc? 1 
1. ——: 6. : : =a 
ays 2 aba! se Ay 
2n6, 
en 83 tr. 2 a*bic5. 
> 8 aty 12. d-8mn-, 
5. 2. “aie 
iB ; 13. Tantye , 
5 atc® ; 
8 a2y8 8. : 14 a tote t 
4. - 3 : : 
5 6 b> a> . cet 
4h8c2 
6 mip? 9. 32ty-2 15. 4a*b®c*d *. 
5 ee $4 -5 tnd 
Tn 16. 2a7b->m'n?. 
EXERCISE 154. Pages 327-329. 
Be a. 8s 9125 post; rls? 5 r2g-6 5 ret tam. 


4. 


a 

De eB sr ir ba-2 = plat sg Os 5.7 Ba, 

c. 13383 r7s83 s71; 1535; 1-88-85 rngm ts, 

d. r5s3; 1983; r2s-1; 1755; r-ls-8; rnt2gm+s, 
e 


. amlg-5 ; 83-5 ; 48-9; rs-3 5 r-Ta711 5 rm—4gm—6, 


a. 2; x23; xty3; xbyd; 2ttty?, 

b. x8; ats; xhy3; yt; xtthy?, 

c. whyt; atyt; yt; xdyh; ty. 

d. adyd ; abyd; xty’; atty; 2ttdy?t2, 

b. m; mint; min 18; mon’ ; mint. 

Cc. Bo oe no; min 2 ; mint? m$n-1, 


d. m-en2;. mnt; ment ; intn'; ment, 


a—b. ’ Ir. 727 — 2 p%s™ + g2™, 


<2 igig tt 47 aba 

ea es See 12. a+ 72% — 78, 

3 — 16. To 
pp 13. 1 —2r%s? + 8° 
a-1—b. 14. a? — aeb-! — 56 3, 


be wtiagty ty yt 
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16. a t; ¢-15, 72-8, 7-4. 4-82. 2—F, 
b. re Mabe ogee Lats Y £6, 
e. OF; 2-18: o-4; 1. ¢- 2, t?, 
d., 098 ; ¢-118; gat; 28; pty; 728, 
17. a. c~*d3; c®-1g5; o—8g-4; clig?, 
b. c-8d?; c®+2qi; ¢2kqi; cial, 


18. a+ aq? + qi. 21. at— aoe + 3%, 

Ig. 2444+ 32-246. 22. ge i 

20. a°? + a7 + qld + qi. : 23. at—2qt de 
ve 12; y-%. ge; pols ¢48, 


29. 125. 
go. 248. 
gr. 128. 


32. 27. 


a 

b. a8; ys ZFS ph, ye, 
ce. a8; y 6; 
QD ay > “$. re; t—8, 

e a9; yl; 28s hs p20, 


3 1 
2; 9 F; 412, 


27. a. atb-§; mp; yt, y—2ag—2, 
a-8h2 ; m2%p-2 ; xy? ; ptagdd, 
C. ath; mpl; aby 2 16; ant 
ab 
d. ab ; mp7* 3 aty® ; 7333, 


33. 343. 37. 82 mi, 41. 16 a2b4, 
34. 9. 38. — 128. 42. — 8m, 
35. 128 27. 39. 32 a5y10, 43. 64 x5y6, 
36. 27 23. 40. 625. 44. $2. 


46. a. 10275; 10828; 10447, 1Q10.82 ; 1010.86, 
b. 10875; 104.28. 109. a, 1011.22 ; 1011.88, 
c. 108; 10848 10472, 101027 , 101.11, 
47. The exponent is increased by 1. 
The exponent is increased BY. 2. 
48. a. 10-75; 101-23; 10247 , 1088 10886, 
6. 10-25; 1028 ; 101. 107: 22 107-86, 
c. 100; 10.98 , 10222. 10807 , 108, 


49. a-em, 50. aan, 


x V5 =2.23+. 

2. V10 =3.16+. 
3. V2=1.41t. 

4. V6 = 2.447, 

5. V3 =1.73+. 

6. V7 =2.64+. 

7. V2=1.41+. 

8. V3 =1.78+. 

1. 2V7 =5.29+. 
2. 2V3 = 3.464+. 
3. 4V5 = 8.944+. 
4 3V7 = 7.935+. 
5. 7V2 = 9.898+. 
6. 4V6 = 9.796. 
7. 4V7 = 10.580+. 
8. 6V3 = 10.392+. 
9. 5V5 = 11.180+. 


4V6 = .816+. 
£-V35 = 1.183+. 
4V15 = 1.290. 


. 4V10 = 1.581. 


av 33 = .522+. 


ANSWERS 


EXERCISE 155. Page 331. 


g. V2=1.41+. 17. V3. 
10. V7. 18. Vilab. 
11. Vb. 19. V5 ay. 
12. V3. 20. V2m. 
13. V2=1.41+. ar. V3w. 
14. VE 22. V2 23m, 
15. V6. 23. V3 ae. 
16. V10. 24. V4 aa. 
EXERCISE 156. Page 332. 
10. 8aVv11. 19. 3/2. 
rr. 2ay2V15. 20. 2ab2V4 ab. 
12. 10 mnV2m. a1. 2acv2 ac. 
13: 2a. 22. 3 npvVn. 
14. 3V2 m. 23. 2aV2 yp. 
15. 5a2V3. 24. 2y Vay. 
16. 3uV4 a. a5. (a—2b)va+26 
17. 4yV2 zy. 26. (3a—2b) V3ab. 
18. 5mnV9n. 27. (+8) V5a. 
28. (a— 8) V(@ + 2) (a + 5). 
9) 6 
Vd, seen ee 
2¢ 2 mn? 
55. 5H, 
ay? 
EXERCISE 157. Page 333. 
6. Vib a. 9. es 
8a az 10. $V12. 
74> ; 11. $V50. 
3, Vem. 12. + V2 a 
107 2a 


47 
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4 
13. 2 Vibe. 18. 4V12. 24. av 100 62, 
* 19. | V5 ae, ay 
—v12b 
14. 29° S6e, a ; oo ae ; 
5 20. — V45 min. ikee 
9m 3n 26 aaa 28 mint 
15. —vV20y. 174 
4 » — Vilaid. 
y ais cd : 27. : Va? — 6%, 
16. 4V2. 22. 1V9, a: } 
4 5 28. £3. 
17. iv6. 23. iV6a. 2 
EXERCISE 158. Page 334. 
1. V50, 7. V128 a3. 13. V1— ai. 
2. V192, 8. V294 a7. 14. V22—1, 
3. V320. 9. V135 aes, Pea 
4. V500. 10. Vallyl, ceed re. 8 
4 a 
ev S05 - V162 m%, ( 
: 6 ry 5 16. Ve=m8. 
6. vV486. 12. V224 a8, 41 
EXERCISE 159, Pages 334-835, 
& 2 6 ‘Q 
tr. 8V2 = 4,242+, 9. 8v3. oe (2 a ) 5. 
2. 14V6 =81.304+. x0. 0, 
3. V6 =2.449+, ir. 42V6-a. 17. vn + iv 2m. 
4. 52. 12, V2 =8.888+, ys (m se +) Vaca 
3. 8V3m. 13. $V6 = 1.904+, 1 bd i 
6. 8Vei+2V8e 14. 1 V6. 19. aM ag = oy a8, 
7 —V23. 15. 2%V10 = 1.429+, 2 i 
2. 2. sare 
EXERCISE 160. Page 336. 
1. V27; 25. 8. Ved; Ybi2; X/169. 
10 ———— 
2. V32 j V0. 9. Va—a); Yapayh 
3. Val; Val2p9, 10. Via+b)8; Va—bs 
4 14 
4. V128; Vida, 11. V2 is less than 1/3, 
12 Veer 
5. V256; 216. 12. V11 is less than Vb. 
6. Valyi0 ; Vere; Vote, 13. 10 is less than */4. 
7 Vibat; V8; 36a, 14. V16 is less than V3. 


ne 


BO HPIAM RY PH 


be pn 


wn 


To ' &s 


et 


© PWAwAA w PH 
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. V7 isless than V5, and V5 is less than V3. 
. VI76 is less than 1/14, and 4/74 is less than V6. 


EXERCISE 161. Pages 336-337. 


. 2V6 = 4.4724. 10. 56V7 = 148.12+. 20. 34 16V3. 
6. 11. 3802v2. 21. 26—17V3, 
7V2 = 9.898+. 12. 18mV5m. 22. 214+ 8V5. 

. 5V3 = 8.66+. 13. V2—1. 23. 67 — 12V7. 

. 6V7 = 15.874. ee pen: ag: 47, 
30-V2 = 42.42+, 15. 9(@ +2). as. — 13, 

30. 17. 22, 26. a—b. 
27. 18 4a?— bd. 27. ©+2+2Ve+4+1, 
50. 19. — 53 —V3. 28. a+18—8Va—8 
. 22 +5—2Vz(@ +5). 30. 22—2Va?—1. 
EXERCISE 162. Page 338, 
2. 6. 22V3x. 11. V25, 
6V2. 7. 6xyVy. ‘12. 2V6. 
15aVz. 8. Va. 13. 3aV37ba. 
SVE. 9. Vb. 14. V320%, 
. 6V3. 10. mV. 15. 5mnvVo. 
EXERCISE 163. Page 339. 
2: 11. 22Vx. 

/ V2 = 14144, 12. $V10 = 1.581+. 

- V8 = 1782+. 13. $V15 = 1.2904. 
8V3=5.196+, 14. #V21 = 1.3094. 

. 15. 1V55 = 1.483+. 

e 16. 5. 

3V3r. 17. 8+5V3= FH 
4cdV6c. 18. 2(V6 + -V30) = 5.284+, 


5V3 = 8.66+. 19. §V10 —4V3 =— 2.186+, 


roa 


50 ALGEBRA 
3m 
ao. is 24. 25 aa. 27- “Vb 
21. V9. 
2: ig 
22 1 V162¢ - 25. y V2. 28. ees 
23. 2mv2. 26.0 oe af a ees 
y 
EXERCISE 164. Page 340. 
t. V4, 6. V2. <1 10 3+ 2° 
== 6; 
2. Vit. 7. Vi 12. 8Vay, 
3. 436. Ssh 13. A 
— I4. e 
4. V5. 9- v 2 Xe . 1 15 
we . -NV4 gig 
5. Val. 10. Vi8a. ae aes 
EXERCISE 165. Page 341. 
1. 83 = V5) _ 1 46+, 9. tty 2vay 
2 x—y 
2. VE +2 _ oon, 10. a 225+, 
3. 34+ V5 = 5.236+. 6+5V2_ = 933+. 
a (v5 +4) — 2,204+, ae Ges 
te 114+ 8Vv2 
5. 14(2V6 — 8) =.802+. sleep nets 1" 
6, L+V3 _ 1 s¢6t, 13, 2—4—VE-2 
2 *x—6 
;. 2—V? 2034, af Patan tva(a—2), 
g, E+22+2dbVa ag eee 
Sen a © Te aapaes 
EXERCISE 166, Page 342, 
V5 = 2.236+. 5. 4/4, 9. 3473, 
ee eee 6. 82 a5d Vb, ro, 50 m°V3 m. 
3. 4/32, 7. avila. 11. V(8a—2)% 
4. V6 =2.449+, 8. 5V2 ay, 12. 2y V8 xy. 


V2 = 1.414+ 
V3 = 1.782+, 
Vo. 


+(V7 + 2). 


. +(8—2Vv?2). 
. £(V6—Vv5). 


ANSWERS 


16. V2a. 19. 
17. vi 20. 
18. V10. 21; 
EXERCISE 167. Page 343. 
4. +(V5—v8). 7. 
5.ok(9 + V2). 8. 
6. +(V5—1). 9. 
EXERCISE 168. Page 344. 
8. — abe. 15. 
9. — mnvrs. 16. 
10. Vad. le 
Tio. 18. 
m2. 14. 
13. 37 + 21iv6. 19. 
14. 102 —2iv3. 20. 


EXERCISE 169. Page 345, 


6. va II. 
a 
7. 10. 12. 
8. 9, 13. 
9. 8av3. 
14. 
to. 2V2 2. e 
EXERCISE 170. Page 346. 
TEV/E. la-V5 
2. n=; LO ae 


a. mn=1+v3; fe =1—Vv3. 
$+V5, 3—Vv5 
P aes 2 


n= r= 


51 


+(Vv6—V3). 
+(V6 +2), 
+(V11 —8). 


4, 

11 —8ivé5. 

ety. 

—1~iv3 
2 


=—1+4-7V38 
2 e 
1. 


1+4iv3 
ig ie ‘e 


a. 


40iV6—71 
12 


— 32 ivV3 — 16 
21 4 


iy 
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<inpaeee Shae Tea 
= otty 8 =a? 


Ved 
— 


7 1=2; re=—-14+V-—38; rs=-1—-V—3. 
8. c=}4V2;t=1; S=v2; C=v2; T=1. 
9. c=}; ¢=V38; S=2; C=2V3; T=} V3. 


3 73 


to. (a) (% +V2)(a—v2) ; (1) (aV3 — 2) (av3 + 2); 
(0) (@ + V5) («— V5) ; (9) (v6 + 3)(av5 — 8); 
(c) (v+38%)(@—824); (h) (2V2 + V5) («V2 — V5); 
(d) (@ +iv2)(«—iv2); @) («Va +vb)(aVa —V5). 
(e) @+2i)(@—2i); 
EXERCISE 171. Pages 348-349, 
r. 3. #55406; 7. —2, 10. ye 
2. —6. 5. 3% 8. 3. Ir. 2a. 
3. 2. 6. 2. 9. 242, 12. 7. 
13, 6: 22. (8a@+56)% 
(— 6 does not satisfy the equation.) (—@a — 6)? is not a root.) 
14. 3. (} does not satisfy.) 23. 0; 4a 
15. —1. (7 does not satisfy.) a6 
16. 2. (26 does not satisfy.) 24. No roots. 
17 —7; —4. 25- 2a. (42a is not a root.) 
18. 1, (—3 is not a root.) gt? ee 
19. §. (0 is not a root.) Sle we oe a 
20. —8; —4. v2 V2 
21. —48, (§ is not a root.) aaa cp eh 29° 
EXERCISE 172. Page 353. 
Dio ee ohy Seer ew Ole | 6, BT iy op! rg. 6. 354 15 (17, 4 
BP Si 4c On: GBF) Bi sd, Mo. “By xa. 6 14. 8. 936,-2; 18..6 


ANSWERS 


EXERCISE 178. Page 353. 


—2. 3.°—4. “s. —b.. ey. —1. 9. 2. 11. 4. 13. 3 
— Se) fo Gap — 2. 8. — 1. 10. 0. Tae ds 
EXERCISE 174. Page 354. 
. 8-10. 4. 8—10. 7, 9—10. x0. 9—10. 13. 6—10. 
2. 7—10. 5. 5—10. 8. 9—10. rr. 5—10. 
6 — 10. 6. 8—10. g. 7—10. 12. 8—10. 
EXERCISE 175. Page 355. 
t2-2.3il1 5. 1.8578. g. 1.7497. 13. 7.6675 — 10 
2. 2.8859 6. .9031. to. .8938. 14. 3.9390. 
3. 2.9258. q. .5051. rz. 9.9657 —10. 15. 4.3927. 
4. 2.9542. 8. 2.7924. 12. 8.5182—10. 16. 1.78382. 
EXERCISE 176. Page 359. 
Tig RAE 3. 9. 5. 5. 7. 8. g. 14 
201s ANS: 6.1e: 8. 6: 10. 8. 
1x. 2.5126. 16. 1.5073. 21. 2.5147. 26. .4971. 
12. 2.4202. 17. .2068. 22. 2.3861. 27. .0192. 
13. 2.8956. 18. .9010. 23. 1.7974. 28. 9.3567 — 10 
14. 2.6922. 19. 9.9275—10. 24. 2.9052. 2g. 8.8025 — 10 
15. 2.8472. 20. 8.7304—10. 25. .7961. 30. 7.6087 — 10 
EXERCISE 177. Page 360. 
x. 411. 4. 900. 7. 58. to. .631, 
De PIC 5. 8490. 8. 50400. 11. .0345. 
| 3. 4980. 6. 6.55. g. 7.75. 12. .00259, 
i EXERCISE 178. Page 361. 
i 1. 64.257. 6. 7.488. 11. 344.25. 
2. 2272.63. 7. 8143. 12. 50875. 
3. 461.22. .0642. 13. 291.33. 
! 4. 5.06125. g. -00385. 14. 1456.66. 
5. 356.76. to, .01994. 15. 853,166. 


54 


Yanko pn An aw vm 


- OW YN 


21. 


24. 


An A, P. Diff, =— 8, 


ALGEBRA 


EXERCISE 179. Pages 362-368. 


. 1.8222. 7. 2.6104, 14. 1033.33. 2x. .07378. 
1.6282. 8. 2.5774. 15. 25088. 22. .01381. 
1.5562. 9. 2.2252. 16. 1004.41. 23. 4.89. 
2.1008. 11. 903.4. 17. 18969.5. 24. .31185. 
2.1070. 12. 163.62. 18. 824.33. 25. .000106. 

. 24018, 13. 105.48. 19. 37766.6. 26. .00005, 


EXERCISE 180. Page 364. 


.3680. 8. 9.8172 —10. 15. 2742. 22. 1.007. 

.6690. g. 5.3125. 16. .329. 23. 8.788. 

1091. to. 4,53, 17. .110. 24. .000009. 
.2340. 11. 3.02. 18. .215. 25. .00353, 
.2589. 12. 1.56. 1g. .0065. 

-4192. 13. 95.625. 20. LOLs 

-0670. 14. 217.5. 21. 242.16. 


EXERCISE 181. Pages 365-366. 


. 8.9897. 5. .4407. g. 55287.5. 13. 1017.9. x7. .642, 
1.5050. 6. .2112. to. 8.55. 14. 3691.6. 18. 92.06 
8.8804. 7. .1556. 21. 1.85. 15. 144, 1g. 1.98. 
. 4.2939. 8. .38820. 12. 1.77. 16. 523.75. 20. .402. 
(a) 9177.5, 22. (a) 7240. 23. (a) $248.64, 
(b) 6990. (b) 998.2. (b) $464.10, 
(a) $369.75. (b) $125.48. ~~ ag. 42 bbl. (about). 


EXERCISE 182. Page 367, 


An A.P. Diff. =3. 5. An A. P. Diff. =.75, 
Next two terms: 16, 19. Next two terms: 5.5, 6.25. 


. Not an A. P, 6. AnA.P. Diff. = 2.5m. 


Next two terms: 12.5 m, 15 m. 


7, ADAP. Diff. =—2.5p, 


Next two terms: —2, — 6. Next two terms: —3.5p, —6p. 


. An A.P. Diff, =—5. 8. An A. P. * Diff. = .06, 


Next two terms: 5, 0. Next two terms: 1.24, 1.30. 


10. 


It. 


pepe 


ANSWERS 65 
An A.P. Diff. =b. i Cee een 
t ‘ E 
Cee eg PATA 14.8, "18; 908, 
An AP. Diff, —2s. 


Next two terms: 87r, 9r—2s. 
15, 21, 27, 38,39. 


EXERCISE 183. 


€9; 117. 5. 1.55; 2.30. 
— 40; — 80. “perae 
— 67; — 157. 8. 41. 

SOF S27. g. 35. 


EXERCISE 184. 
me. 7, 11.16, 19: 
3. 3, 5.5, 8, 10.5, 13, 15. 


. & «—4,e—8,x%—12, 2-16 
15. a,a+d, a+2d, a+8d, a+4d. 


Pages 368-369. 


to. 21. 14. — 10. 

Ts 2. 15. 61. 

12. 8. 16. $10.95; $11.20. 
13. i. 

Page 370. 


2. —10, —4, 2, 8, 14, 20. ' 
5, 18, 20.5, 28, 25.5, 28. 


13 D, 28; BEAL, & 
5- — 4, — lj, — 24, — 3}, — 5, — 4}, — 5. 


11 re a+b. 
2V2. 2 
= hones = Ls 
EXERCISE 185. 
ee cn Oh eg B80. 
_ —630. 4. $18.80. 6. 620. 


Salary, 10th yr., $810. 
Total earnings, $5850. 


Pages 371-373. 


7. 36. g. 5050. tz. 2500. 
8.. 2. to. 2550. 12. 15750. 
18. 19D; (2t—1)D. 


1g. 25D; 100D; ?D. 


. $1330. 20. 209.04 ft. ; 16.08(2¢ — 1) ft. 
15. 325. ar. 402 ft.; 16.08 2? ft. 
16. $990. 22. S=}g0. 
17. $323.25. 
EXERCISE 186. Pages 374-375. 

1. a=1; S=540. Ann 225 5 — 4. 7. n=18; d=—§. 
2, d=8; S= 5852. 5 a=— 0; = 5. 8. n=15,1=—8; 
3. n= 385; d=}. 6, a@=4; 1—6. n= 6,1=13. 


56 ALGEBRA 
ged sees 14. — 60. 
: = ‘6 a sy Cl 
— a= a . 
10. 2 P ior, 
Pe (be 17. 10,2, —6, — 14, 
n 
- ga 28a—nd(n—1 ; 18. —6, — 2, 2, 6,10; 
ol E 21, %4, 42, — 32, — 98. 
13. a a, ig. —8, 7, 17; ke ieee 
Be ceue ts Oe a0. = 5,4, 18. 
EXERCISE 187. Pages 375-376. 
Tees. 4 r=—3. oh ee Pe 
64, and 128. — 162, and 486. 2424, and 48 25, 
Not a G. P. Bat re 7. NotaG. P. 
cb ipeste 5m and 5m, 8 r=(1+7r). 
8, and 1. 8 16 (1+r)4, and (1+7)5 
9. 1 oa 11. — 5, 10, — 20, 40, — 80. 
m 
i 12. 100, 20, 4, 4, sf. 
art and ne 
es 3 bEEEM 
10. r=—-: 
5% 14. $2, $%, Ye @, wea, phy oe. 
_? ,and_2_, 
25 at 125 a 15. @, ar, ar’, ar, art. 
EXERCISE 188. Pages 376-377. 
r248. -a Hb 3. —1250. 4g hy 5. 1280. _6.0dae 
he! m3 mntl 
gal pr). 8. gu? dea” 9. a areas 
to. 8. Tig Oc Gran, ES: 14 8. 15. 2. 
EXERCISE 189. Page 378. 
x. 8, 9, 27, 81, 243, 729. 4. 8, 16, 82; or 8, — 16, 82. 
2. 2, 4, 8, 16, 82, 64, 128; or 5. 8t, = re or 
2, — 4, 8, — 16, 32, — 64, 128, eee 
8t, ——, —. 
3. $,4 1,8. 4 Qt’ 19% 


ANSWERS 57 


6. spc hea 9. 3, 3V2, 6, 6V2, 12; 
oh ie i na 3, — 8V2, 6, — 6V2, 12; 
7. >, Feige ea 8, 8V—2, —6, —6V—2, 12; oF 
a 2 = 3 = 3V= 2) ~ 6: BV 2, 12: 
8. a, Vab, b; or a, —Vab, b. 10. a, Va2b, Vab2, b. 
EXERCISE 190. Page 379. 
xr. 1276. 6. 3 m(1 — m*) | g. 2046. 
2. 47}. : rat 10. 88,572 
3- 2735. 7: — rr. $4118. 
4. 542. “i, (4+rn8—-1_ 12. 1984. 
5. — 1042, r 13. $6553.55. 
EXERCISE 191. Page 381. 
r. 9. 5. 14. g. — 5d. 14. 35: 
mis er 6. 22. 10. Sz: 15. #4. 
. 21}. 7. 32a. T2504: 16. 35. 
. 58. 8. 3. 13. $. 17. oy 
EXERCISE 192. Pages 383-384. 
1. xt 4+ 4a8y + Gary? + 4 ay? + y'. 
2. m®—5 min + 10 m3n? — 10 m2n3 + 5 mnt — n°. 
3. ¢+480+4+6ce%+4c+1. 
4. © — 10 rt +40 7? — 80 72 + 80 r — 82. 
5. m& + 6 min + 15 min? + 20 m3n? + 15 m2n4 + 6 mnd + v8. 
6. a8 —4 ad? + 6 atbt — 4 a*b® + D8. 
7- 32 a> + 80 at + 80 a3 + 40a? + 10a+1. 
8. at — 12 a%b + 54 ab? — 108 ab? + 81 4. 
go. 14+ 622+ 1524 + 202% + 15 28 + 6 xl? + 2, 
10, 1—82 +28 2? — 56 23 + 70 xt — 56 a + 28 28 — 82" + a, 
1 a —$at+$3a—f0?+750— 3h. 
a arty t part gatas 
w 84m! — 192 m? + 240 m8 — 160 mé + 60 m4 — 12 m? + 1. 
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14. 
15. 
16. 
£7. 
18. 
IQ. 
20. 


21. 


22. 


23% 


24. — 


28. 


ial 
. 


> WO DN 


ALGEBRA 


a8 + 4 a®b2c + 6 atb4c? + 4 a2b8c? + Sct. 
243 + 405 x3 + 270 28 + 90 #9 + 15 xl? + gb, 


qs — 45 ql4 +945 ai8 — ... 


m* + 40 mn + 760 mn? + ---. 


a6 — 8 a5 + 30 ql... 


a — 10 ai8b8 + 45 @i806 « 


238 + 36 a88y5 + 504 ai0yl0..., 
m2 — 44 mn? + 880 mi8nt ---. 


ee eek 
a’ a’b- ab? 
Ma ON, LOL As 
a at aq - 
as a at 


EXERCISE 193. Page 385. 


25. a-> + 5a-4b-2 + 10 q@-8b +, 


26. ai— 7 apt +21 aibt wean 


27. 8—24V6 + 180..-, 
a" + na®™—le + n(n = 1) n—2y2 + Mn — D2) gna ee, 
a ea -2. 


Seas rele rg 


56 aba’, 5. — 792 mn?1, to, 5005 a2 
. 165 men’, 6. 61236 aldx25, b8 
. 2016 g®. q- 2995 09. rx. — 2202", 
. — 11440 ga? 8. 210. 64-81. xl, y° 
9. — 792 aTmysn, 12. —1716. 128 2-6y%, 
EXERCISE 194. Pages 386-387. 
. 27, 86. tr. 25; 1. 12. 98.5 ft. 13. 22, 88, 44. 


. 270 acres, and 450 acres. 15. $200, $3800, $500. 


EXERCISE 195. Pages 387-388, 


§. Os oem Oe. ri, Set 
43, ac s a+b 
i. chek 

Io. pet 12. pene . 
8. s 8 ac m n—a@ 
= Oth sa HA 


* ae t 


i oe 


Rene eee et 


I. 10. 9. + av2. 16. am 
2. $. 10. +6mnvVmn. - 
3. 6. : fre eanay. 17. at 
“4. 8. 12. +(a?+ ay+ y?). 9 y? 
ee x 13 1388 18. Oe) 
6. 14 15: 19. 3 
f ch v4 
7- +80. ge ee 20. = 
8. +3 V365. 
EXERCISE 197. Pages 392-393. 
Le 227. oD Oe ep 
= 15 2m” a &£ 
Bie: (a ee b 2285, Gab 
15 20 Mm £ Aa 
3. @ 7 35, b 7 mtn. Cc a+b_x+y 
4 20 5 x b y 
—1_—-5 —3_m—£ a—b_“%—y 
. —— = —— > Fb: — = 3 © = A 
ei. 200 5s B y 
ga, PE@LatY, 5, axel dmy, , a4b_b, g, By 
a x x y ety y a—b “-y 
EXERCISE 198. Pages 393-394. 
5. 44. 6. 5%. 8. AE, 213; EC, 8}. 12. 105 ft. 
7. AE= EC. 11. 60 ft. 13. 887 ft. 
EXERCISE 199. Pages 397-399. 
1. Axcba; A=kab. 4. den; d=kn?. 
2. Acd?; A=kd*. 5. Loe Pri; [= kPrt. 
. Vaolwh; V=klowh. 6. raf. 
. yaad. : 5. 
7. pe. 9. Bre 13 y 52? ol! $37 
¢ Us 14. 4. 18. $6400. 
, k 10. v = kar’, 15. —18. 19. 150. 
So wW=—. ; ’ 
P 12. 72. 16. 576 ft. 20. 64, 


ANSWERS 


EXERCISE 196. Pages 388-389, 
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EXERCISE 200. Page 400. 

piieed, a lod. 93: Sata © 4, 2 Soe oa 
EXERCISH 201. Page 402. 

i c+d. 3. a +4b. 5. w—2e—1. 7. 2y?+y— 
2 r—s. 4. 8m+5n. 6. 2a?+8a+4+1. 8. a@—38a—2. 
EXERCISE 202. Page 404. 

fe 2is 3. 3.9. 5: 9.5. t Pee ye g. 92.4. 
2. 538. 4. 136. 6. 3.59. 8. 7.63. 
EXERCISE 208. Page 405. 
1-5. See answers to examples 21-25 of Exercise 35. 
6-10. See answers to examples 21-25 of Exercise 46. 
EXERCISE 204. Pages 409-410. 
I. ©—8. 5. 44—38y. 9. 8a?+ ax — 222, 
2. ¢%—2. 6. n27+3n—2. Io. x—2, 
3. 2m?@—m+1,. 7, 8a82+4a2—a@—2, 
4. ya +3). 8. 3b?—b—1. 
EXERCISE 205. Page 410. 
Toe, OC, ho a— t 
L. C. M. =(a — 4)(8 a2 + 14a¢—5). 
a. HOC RR. =2a+:3\b: 
L. C. M. =(8.a@ + 8b) (12 a? + 16 ab — 3 62). 
3. H.C.F.=m—8 cs 
L.C. M. ark +15) (4 m3 — 11 m?— 6 m+ 9). 
4. H.C. F, =a?—4¢@ —8. 
L.C. M. ee anecad ears 
5. H.C. F,=2e2?—4 +1. 
L.C.M. =(8a —2)(424 — 5a +42 —8). 


Z. ©. 6. 
2. ©. 7- 
3: 0. 8. 
4. ¢. 9. 
5 0, 10. 
ri —1;1; 8. 

ae Bis Lb, 

1. —8. 5 
2. — 41. 6 
3. 48. 7 
7 a 8 


Lal 
. 


oh Gaye 
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cms 

x=. 

a ==". 
~t=— ©. 

yf 100s 
;—v10; V10: 


eles: G6. is — BV es ove 


ANSWERS 
EXERCISE 206. Page 415. 
©. ir. —4. 16 
00. I2. 0. 17. 
0. 13.0; 
2. 14. 2. 18. 
0. 15. —ti. 
EXERCISE 207. Page 416. 
3. — 3; 0; 2. 5. —1 
4. —38;-1 
EXERCISE 208. Page 417. 
. — 36. * my. “a 
om 
. 8a—8e. oad - 
. 2mr +2 np. eb 
; ue ; 14. 
. 15ae—8ca. 2 11 
EXERCISE 209. Page 419. 


1-10. See answers to examples 1-10 respectively of 
Page 224. 


12. 


a=3;b=4;¢ 


x=—38; y=—4; z=1.5. 


EXERCISE 210. 
2. 20. 


e=1;7=8; z=—9. 


Page 420. 


2el 

5d 3] 

(64 _ 
ay a 

38m —28 

hd n 


Exercise 101, 


3. — 164. 


8. ©£=—2; y=- 


Sh Pits ra i 


9. ©=— 3 = 93 2=— Ff. 


=— 5. ro. e=—$; y=}; z=—$. 


3 - 
wr 


Secu de 


